Exercises PDEs II: Set 6 (April 17, 2026)

Nonlinear elliptic equations

1. Proof the following generalization of the Banach fixed point theorem:
Let X, Y by Banach spaces, X reflexive and X — Y. Let H by a non-
empty, closed, convex and bounded subset of X and let 7: H — H be
a mapping such that

1T (u) = T)lly < aflu—vly

for any u, v € H and 0 < o < 1. Then T possesses a unique fixed point
in H.

2. Prove the following variant of the Schaeffer fixed point Theorem; the
proof follows the same idea as the proof of the Schaeffer fixed point
Theorem.

Let K C X be convex, 0 € K and T: K — K be continuous, compact
such that

{ue K|u=A(u),0 <A<1}
is bounded. Then T has a fixed point in K.

3. Prove the following more general version of the weak lower semincon-
tinuity result.

Let © C R? be measurable, f: Q x (RY x RM) — R a Carathéodory
function. Moreover, assume that:

(a) f is bounded from below by an integrable minorant, i.e., there
exists g € LY(Q) such that for all (@,7) € RY x RM and almost
every x € () it holds

f(l’,ﬁ,’[}j Z —9g

(b) f is convex in the last variables, i.e, for each @ € RY, each v, vy €
RM each o € [0,1] and almost every x € Q it holds

flz i, oty + (1 — a)th) < af(x,u,vy) + (1 — ) f(x,u, ).
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Then for every sequence {u"}°, = {uf,...,u}}>2, which fulfils for
eachi=1,... N

ul — u; strongly in L'(€)

and every sequence {v"}22, = {v}, ..., v}, }°°, which fulfils for each
i=1,...,M
v —v; weakly in L*(Q)

it holds

/Qf(m,ﬁ(x),ﬁ(x)) dz <liminf [ f(z,ad"(x),0"(x))dz.
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