Weak solutions for a version of compressible Oldroyd-B model
without stress diffusion

Milan Pokorny

Charles University
E-mail: pokorny@karlin.mff.cuni.cz

joint work with Y. Lu (Nanjing) and based on a joint paper with A. Novotny
(Toulon)

Mathflows, Bedlewo, March 9-13, 2020



Compressible Oldroyd-B model |

The following model was derived in

ﬁ J. W. Barrett, Y. Lu, E. Siili: Existence of large-data finite-energy global
weak solutions to a compressible Oldroyd—B model. Comm. Math. Sci. 15
(2017) 1265-1323.

Oro + divk(ou) = 0,
9 (ou) + divk(ou ® u) + Vip() — divx S(Vxu) = divy (T — (kL + () I) + of,
O + divk(nu) = A,

. TN ko1
8T + Divy(uT) — (qu'Jl‘—i-’JI‘VX u) = DT+ onl— =T.
(1)
Above,
T
S(Viu) = p° (w - %(divx u)]I> + 18 (divy u)I,

is the Newtonian stress tensor with u° > 0 and u® > 0, T is the extra stress
tensor, p(0) = ag” is the fluid pressure, kLn + ¢(n? can be interpreted as
polymer pressure, €, k, A, ¢ and L are positive numbers.



Compressible Oldroyd-B model Il

The authors derived existence of global in time solutions for this model, under
a fundamental assumption that € > 0. A similar result was derived for a slightly
different model in

@ M. Bulicek, E. Feireisl, J. Malek: On a class of compressible viscoelastic
rate-type fluids with stress-diffusion. Nonlinearity 32 (2019) 4665-4681.
They also considered so-called stress diffusion which corresponds to € > 0.

In reality, the stress diffusion is by several orders lower than other physical
constants and therefore is often in modeling neglected. We shall try to address
this problem, at least in some specific situations.

We shall introduce several simplification/variants of the original model in order
to be able to study the problem from the point of view of existence of global in
time solution for arbitrarily large data.



Compressible Oldroyd-B model Il

The derivative
8:T + Divy(uT) — (qu T+T v;fu)

is called the upper convected derivative and it is an example of a frame
invariant derivative of the tensor field. Inspired by the famous result for the
incompressible Oldroyd-B model

ﬁ P. L. Lions and N. Masmoudi: Global solutions for some Oldroyd models of
non-Newtonian flows. Chin. Ann. Math., Ser. B 21(2) (2000), 131-146.
we replace it by the upper convected corotational derivative

8:T + Divy(uT) — (w(Vu) T — Tw(Vu)),

where w(Vu) = (Viu— V{u)/2 is the vorticity tensor. Next, similarly as in the
paper by Bulicek, Feireisl, Malek we assume that the extra stress tensor has a
simpler form

T =71
with 7 a scalar function. Assuming £ = 0 we get instead of (1)
. k 1
O + divi(Tu) = T
By introducing ¥ = 7 — kn, we deduce from (1)s and the equation above
1
0T + divy(Tu) = ——7.

2



Compressible Oldroyd-B model 1V

By neglecting the tilde we end up with the following system of equations

dr0 + divx(ou) = 0,
Oe(ou) + divi(ou @ u) + Vi (p(e) + q(n) — 7) — div, S(Viu) = of,
O + divk(nu) = 0, (2)
O + divi(Tu) =
Above, p(0) = ag” (as above) while g(n) = k(L — 1)1+ ¢n?. We consider
system (2) in Qr = (0, T) x Q with Q C R? and consider the boundary
condition
u=20 on (0, T) x 09. 3

Finally we prescribe the initial conditions for g, ou, n and 7 in Q.
The resulted problem is very similar to a multifluid system studied recently by

a A. Novotny, M. Pokorny: Weak solutions for some compressible
multicomponent fluid models. Arch. Rational Mech. Anal. 235 (2020)
355-403.
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The main differences to the problems studied before are
» The "pressure'contains a negative contribution from 7
» The transport equation for 7 has nontrivial right-hand side

Those problems can be overcome, as will be shown later.
There are further results dealing with the same problem (in the case of two

fluids)

@ A. Vasseur, H. Wen, C. Yu: Global weak solution to the viscous two-fluid
model with finite energy, J. Math. Pures Appl. 125 (2019) 247-282.

@ D. Bresch, P.B. Mucha, E. Zatorska: Finite-Energy Solutions for
Compressible Two-Fluid Stokes System, Arch. Ration. Mech. Anal. 232
(2019) 987-1029.

@ H. Wen: Global existence of weak solution to compressible two-fluid model
without any domination condition in three dimensions, arXiv: 1902.05190.



Weak solution |

We assume
0o >0ae in, g €l”(Q),
ooto € LY (2, R?), ooluol® € L1(Q),
no>0ae inQ, noe L*Q), “)
T0>0ae inQ, TologTo € L*(Q).
Definition

Let 7 > 0 and Q C R® be a bounded €%# domain with 0 < 8 < 1. We say

that (o, u,n, 7) is a finite-energy weak solution in Qr to the system of

equations (2)—(3), supplemented by the initial data (4), if:

> p>0aec in(0,T)xQ, o€ Cu([0, T]; L7(2)),
u € L2(0, T; Wy (0 RY)),

ou e L=([0, TELYQ: R)),  olu® € L(0, T; L*(Q)),
n>0ae in(0,T)xQ, ne C(0,T];L3Q)),
7>0ae in(0,T)xQ, 7logre Cu([0, T]; L*(R)).
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> For any t € (0, T) and any test function ¢ € C*([0, T] x Q), one has
/ / 006+ ou- V] dx dt’ = / olt, ot -)dx—/ 006(0, ) dx, (5)
o Ja Q Q
| [ tocomwo axar = [ ateyote ax— [ mofo. ) ax, (6)
o Ja Q Q

t 1 r_ — +)ax
/0 /Q[T(?:(ZSJrTwVLﬁ*ﬁT‘i’] dx dt 7/977(1“,')¢(t,')dx /9770‘1{’(0» )?7)



Weak solution Il
> For any t € (0, T) and any test function ¢ € C°°([0, T]; C2°(; R?)), one
has

/ot/Q [ou - Bip + (ou® u) : Voo + (p(0) + q(n) — 7) divi @ — S(Vu) : Vep]dxdt’

:_/OtAgf.¢dxdt'+Agu(t,-)-go(t,.)dx—/ngouo.<p(o,.)dx.
(8)

> For a.e. t € (0, T), the following energy inequality holds
t
/ FQ|U|2 + H(gmw)} (t,-)dx +/ /S(qu) : Veudx dt’
al2 o Ja
1 > t ,
< = 0oluo|” + H(00,m0,70) | dx + of -udxdt (9)
al? o Ja

1 [t /
+5/0 /S;(T|Og7’+7’)dxdt,

where the Helmholtz free energy is defined as

H(o,n,7) = P(0) + Q(n) — T log T (10)
with

a .
) 70 ity #AL
Q(n) =0n" + k(L—1)nlogn, Plo)={"7 "~ (11)
aplog o, if vy =1.



Main result

Theorem

Let Q C R® be a bounded C*? domain with 8 € (0,1]. Let 0 < y < 2, the
constant parameters A\, § be positive, and k, L be non-negative. We further
assume that the initial data satisfies the domination relation:

00 < Cno, 70<Cno a.e. inQ for some C > 0. (12)

Then, for any T > 0, there exists a finite-energy weak solution (g,u,n,7) in
the sense of Definition above with initial data (4) by replacing the integrability
on o and T by

0€ Cu([0, TI; L2(Q)), 7€ Cu([0, TT; L3(R))-
Moreover, the domination condition preserves for all times:

o(t,x) < Cn(t,x), 7(t,x) < Cn(t,x) fora.a. (t,x) € Qr. (13)



Multifluid system |

Recall that in the paper by Novotny and Pokorny (ARMA) we studied the
following problem

Oro + div(ou) =0,
9 Zi +div(Zu) =0, i=12 ... K,

K ) K (14)
0:((e+>_Z)u) +div((e+ Y Z)uau)+VP(0,Z0, 2, ..., 2x)

i=1

= pAu+ (u+ A)Vdivu,

together with the boundary condition u =0 on (0, T) x 99, and the initial
conditions in Q

9(07)() = QO(X)7
Zi(0,x) = Zio(x), i=12,...,K,

P (15)

(g +3 z,-)u(o, x) = mo(x).

i=1



Multifluid system |l

We assumed the following
Hypothesis (H1).

(00, Z10, Z2o, - - - , Zko) € Oz := {(0, 21, 22, ..., Zx) € R"*}|g € [0, 0),
3,0 < Zi < 3o},

(16)

where 0 < g, <@ <oo,i=12,...,K.
Hypothesis (H2).

00 € L7(Q), Zio € L7(Q) if Bi >,

K 17
mo € LN R?), (00 + D Zio)luo|* € L}(Q), i =1,2,..., K. (17)

i=1



Multifluid system Il

Hypothesis (H3). Function P € C(Oz) N C*(O;) and

Vo € (0,1), sup  |P(o, 051, 0%, ..,0sk)| < Co” with some C > 0 and a > 0,
€n£1bi1§i]
(18)

and

K
Clo +Zzﬁ' —1)<P(0.Z1,..., Zx) < Clo" + > _ 2/ +1)in 05 (19)
i=1
with ~v > g, Bi>0,i=12 ..., K. We moreover assume for i =1,2,... K
02,P(0, 21,22, ..,Zk)| < Clo "+ 0" 1) in O3 (20)

with some 0 < < 1, and with some 0 < T <~ +78oc if 3, =0,
0 < T < max{y + vsog, Bi + (Bi)soc} if a; > 0.



Multifluid system IV

Hypothesis (H4). We assume
P(Qy 051,052 ..., ,QSK) = P(Q? 51,52y, SK) - R(Q, 51,52, .. 7SK)7 (21)

where [0,00) 3 0+ P(p, 51,52, ..., Sk) is non decreasing for any s; € [a;,ai],
i=1,2,...,K, and g = R(g, 51,52, .. .,5k) is for any s; € [a;,3],
i=1,2,...,K a non-negative C2-function in [0, c0) with uniformly bounded
C?-norm with respect to s; € [a;,3], i=1,2,..., K and with compact support
uniform with respect to s; € [a;,3], i = 1,2,..., K. Here, a;,3; are the
constants from relation (16).

Hypothesis (H5). Functions o — P(0,Z1,25,...,2x), Zi >0, i=1,2,....K
resp. (Z1, 22, ..., Zk) v 0z,P(0, Z1, 22, ..., Zk), 0 > 0, are Lipschitz on
NEL(Zi/3i,Zi/a;) N (r,00)" resp. M (a;0,310) N (r,00)K for all r > 0 with
Lipschitz constants

Lp < C(r)(1 +121) resp. Lp < C(r)(1 + ¢") (22)

with some non negative number A. Number C(r) may diverge to +o00 as
r—0".
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In the paper with A. Novotny we proved:

Theorem

Let v > 2. Then under Hypotheses (H1-H5), there exists at least one weak
solution to problem (14)—(15). Moreover, the densities

0 € Cuea([0, T); L7(Q)), Zi € Cuear ([0, T); L™153(Q)), i = 1,2,..., K,
(0+ K, Z)u € Cuear([0, T); LY(Q; R?)) for some g > 1, and

P(o, 21, 2, ...,Zk) € LY(Q) for some q > 1.

Note that also the case v = % was covered, but we do not need the case here.
Recall also that the main purpose of the paper was to study a more complex
problem which is the "real"multifluid model, the problem presented above was
only an auxiliary problem to which we were able to transform it. Finally note
that the proof for multifluid or bi-fluid problem is in principle the same and we
will therefore consider now only the bi-fluid system.



Approximation |
We first take § > 0 and a sufficiently large B > 1. Further, we take
ns(x) = n(x/d) a smooth cut-off function

1 for0<z<1/2

n(z) = 0 forl <z ,
€(0,1) forl/2<z<1 (23)
0< —n'(z) <2 forall z
and define
1 _ 1 _
Ms(o, Z) = Ps(0, Z) + 5(93 + 27+ 50" 2% + 520" 2)7 (24)
where

Ps(e,Z) = (1 = ns(v/ e + 22)) P(0, Z).

Without loss of generality the initial conditions are regular enough with
densities (go, Zo) out of vacuum (if not we regularize it), namely

0 < (a+6)eo < Zo <300, (00,2) € C*(RQ), (9n00:InZ0)loa = (0,0) (25)

uo € C3(Q; R®) N W2(Q; RY).

We take ¢ > 0 to regularize the continuity equations. Finally we take
{®/}2, C C3(QR?) N W, 2(Q; R®) an orthonormal basis in L2(Q; R*)) and
consider for a fixed N € N an orthogonal projection of the momentum equation
onto the linear hull LIN{®/} ¥, .



Approximation |l

Our approximation looks as follows:

Definition

The triple (o5, ZN=% uN:5%) = (o, Z,u) is a solution to our approximate
problem, provided 9:0, 0:Z, V?p and V?Z € L"(I x Q) for some r € (1,00),
u(t,x) =31, ' ()®;(x) with ¢ € C*(0, T) N C([0, T]) for j =1,2,--- , N,
the regularized continuity equation problems

Oro + div(ou) = eAp

do

ve — 26
on laq (26)
0(0,x) = 0o,

and
0t Z + div(Zu) = eAZ

0z

on laa 0 (27)
Z(O, X) = Zo

hold in the a.a. sense, and the Galerkin approximation for the momentum
equation



Approximation |l

/OT /Q (at((@ + 2)u)p — (0 + Z)(u®@u) : Vo — M50, 2) divcp)dxdt

;
:/ / (uVu (Vo + (n+ A)divudive —e(V(o+ Z) - Vu) -<p>dxdt
o Ja

(28)
holds for any ¢ € LIN{¢}J-N:1, and

u(0, x) = Pn(uo) (29)

with Py the orthogonal projection onto LIN{®}; in L*(Q; R?).
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The existence proof is standard and is based on estimates for suitable linear
problems, energy equality and a fixed point argument. We additionally use the
following comparison principle.

Proposition

Suppose that oo € WH?(Q), u € L>(0, T; WH*(Q; R?)), ul(0,7)x00 = 0.
Then we have:

1. The parabolic problem (26) admits a unique solution in the
class

o€ L2(I; W?3(Q)) n WY2(I; L3(Q)). (30)

2. If moreover 0 < ¢ < 9o < ¢ < 00 a.a. in Q, then there is
0 < ¢ <€ < oo dependent on T, 0,0 and ||div ul|1(;10(q))
such that

forall T €1, ¢ < o(r,x) <€ foraa x €.

It ensures that
(a+d)e<Z<ap

in QT.
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Note further that the estimate of the density in the energy equality are
provided via the term Hs(o,Z) = Hps (0, Z) + hs(0, Z), where
hs(0, Z) = 525 (0% + 2% + £0°Z57% + 1 7%0%7?) and

o Ps(s, sZ)
HPJ(@Z):Q/ sids if 0 >0, Hp(0,0) = 0.
1

We end up with the energy inequality
d
;( (1™ + 21" 213 ) + 110", 2V1%2 )

+/Q ’H&(QN,ZN)CIX)

N N 82””5 N N N2
1 V4 _— V4
4 ot oM amz i @ (e e
92Hp 02Hp
+2——8 (N, ZNyw N vV ¢ — 8 (N, 2Ny vz ) ax
0002 az2
. 82H,
N N Ps N N N2
ZNy(—=L8 z 31
e oM amcy @ (e e G1)
92Hp 92Hp
+2 8N, ZNyw o N ¢ — 8N, M) vz ) ax
0002 az2
9%hs N N N 2 Phs N N N N
vess [ (@ Mo E a2 N 2w vz
QN 92 8007
a2h
w2z ) ax

+/Q (mv./"\z (4 N diqu|2)dx —o.



Limit passages |
We will not discuss the limit passages N — oo and € — 0 as they are either
easy or the difficulties are similar to those appearing in the passage § — 0
which we discuss in detail.
So we look at

-
/ / (gatw + ou - Vz/))dxdt + / 00¥(0,-)dx =0,
0 Q Q (32)

,
/ / (Z0wp + Zu - Vp)dxdt + / Zo(0,-)dx =0
o Ja Q

for any ¢ € CX([0, T) x Q),

-
/ / (o4 Z)u-0p+ (04 Z)(u@u) : Vo + Ns(0, Z) divp)dxdt
o Ja
. (33)
:/ /(,LLVU : Vo + (1 + A)divu dive)dxdt — / mo - (0, -)dx
o Ja Q
for any ¢ € C°([0, T) x Q; R®), and the energy inequality

e+ 2P(O)lsm + | Hale 2)(e)ax

¢
+/ / }LIVU|2 + (u+>\)|divu|2>dxd7' (34)
0

1 Imo|?
a Zo + 0o

< ———dx +/7"55 (00, Zo)dx.
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This yields the estimates

(25 + Zs)us|? [l coe (r2(ay) + l1Usll 2w .2y + ll0slleoe i)

1/B (35)
+ 1 Zs |l oo :09v.8 )y + 7 (los || Lo 108y + 125l oo (1:80)) < C-
The Bogovskii estimates together with the comparison principle provide
llesllr+moc (ixa) + 125l 9y.5+7806 (13 0) < € (36)
T
5 / 0 / (0%F7806 4 ZPH806 ) dxdt < C, (37)
0 Q
[1P(0s, z5)laxey < € (38)
for some g > 1, and
T
) / ¥ / ZBtPeos xdt < C (39)
0 Q

if 8>~ and a > 0, where yg0¢ := min{3y — 1, 1}.
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We easily get (05, Zs) — (0, Z) in Cueax(; LY(Q)), us — uin L2(1; WH3(Q)),
2
(055, Zsus) —» (ou, Zu) in L(1; L771(Q)), (05 + Zs)us — (0 + Z)u in
— 2
Cuvear(T; L771 ().
Next we write

Ps(os,Zs) = —ns(\/ 02 + Z2)P(0s, Zs) + P(0s, Zs),

s (+/ 5 + Z3)P(os, Zs)llLa(qr) — O.

We write, using Hypothesis (H4)

where

P(os, Zs) = P(0s,0555) — P(0s, 055) + P(0s,5) + R(0s,5),

and get
|P(es, 0555) — P(0s, 055)||1a(ar) — O-

This is based on the following:
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Proposition
1. Let

— 2
un € L2(1, W32 ( R), (enZ0) € 0o 11 (C(: LY Q) N L2(Q7))
Suppose that
sup (IIQnIILoo(/;Lv(Q)) + 1 Zalleoe (i (2))
neN

+llenllzan + lunllizgwa @y ) < oo,

where vy > 6/5, and that both couples (gn,un), (Za,un) satisfy continuity
equation. Then, up to a subsequence (not relabeled)

(0n, Zn) = (0, 2) in (Cuear(l; L7(2)))?,
u, = uin L2(I; Wl'z(Q; R3)),

where (o, Z) belongs to spaces

Oo N (L*(Qr))* N (L(1, L7(1,9)))* N (C(T; L'())?
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and (g, u) as well as (Z,u) verify continuity equation in the renormalized sense.
2. We define in agreement as above for all t € I,

Z,(t, x)
on(t, x)’

Suppose in addition to assumptions of item 1. that

/Q n(0,x)s7(0, x)dx — /Q 0(0,x)s%(0, x) dx.

_ Z(tx)

s(t,x) = ) (40)

sa(t,x) =

Then sp,s € C(I;L9(Q)), 1 < g < oo and forall t €1, 0 < sy(t,x) <3,
0 < s(t,x) <a for a.a. x € Q. Moreover, both (sn,u,) and (s,u) satisfy
transport equation.

3. Finally,

/(g,,|s,, —s|°)(7,-)dx = 0 with any 1 < p < o0 (41)
Q

for all 7 € 1.
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We have that the continuity equations are fulfilled in the renormalized sense.

Proposition
Let couples (o,u), (Z,u)

0€ L3(Qr), (0,2) € Oo, u € L3(I; WH3(Q; R®)),
verify continuity equation. Then for any
b e C*([0,00)%), (9,b, 0zb) € L®(O0; R?)
the function b(p, Z) verifies the renormalized continuity equation
0:b(0, Z) + div(b(o, Z)u) (42)
+(00,b(0,Z) + Z87b(0,Z) — b(o, Z))divu = 0 in D'(Q7).
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Proposition
Let o, Z belong to C(I; L*(Q)). We define for all t € I, s(t,x) = % as
above. Then we have:
1. Ifforalltel, 0< Z(t, ) <3ap(t,-) a.e. in Q, then
forallt €1,0<s(t,-) <3 ae inQ. (43)

2. Suppose moreover that
0 € L(Qr) N L™(I; L7(R)), with some v > 1

and that both couples (g,u) and (Z,u) satisfy continuity equation with
uc L2(1; Wh3(Q; R®)). Then

s€ C(I; L9(Q)) forall 1 < g < o0 (44)

and the couple (s,u) satisfies the transport equation.
3. If moreover u € L2(I; Wy*(; R®)), then transport equation holds up to the
boundary in the time integrated form.
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Proposition
1. Let
0€ L2(Qr),s € L(Qr), u e L*(I; W2(Q; R%)),

and let the couple (g, u) verify the continuity equation and the couple (s,u) the
transport equation. Then s € C(I; L*(Q)) and the product sg satisfies the
continuity equation in the sense of distributions on Qr.

2. If moreover we have p € L*°(I; L7 (82)) with some v > 1 and

u € L2(1, W3 3(Q; R?)), then

o€ C(I; LX), so e C(I; L}(Q))

and the continuity equation for so holds in the time integrated form up to the
boundary:

/Q(sg<p)(7—, dx — /ﬂ(sgap)(o, dx = /OT/Q (sg@tnp + sou - Vgo) dxdt (45)

for all T € I and ¢ € C*(Qr).



Limit passages IX

Therefore letting § — 0

/ / (o4 Z)u-0wp + (04 Z)(u@u) : Vo + P(g, 0s) divep)dxdt

OT Q (46)

:/ /(,uVu iV + (u+ A)divu dive)dxdt — / mo - (0, -)dx
o Ja Q

for any ¢ € CX([0, T) x Q; R®), where P(g, 0s) is the weak limit of P(gs,50s),
and

.
/ / (00:¢ + ou - Vop)dxdt + / 00v(0, -)dx = 0,
0 Q Q (47)

°
/ / (Z0w) + Zu - Vzp)dxdt—l—/Zow(O,-)dx =0
0 Q Q

for any ¢ € CX([0, T) x Q).

It remains to prove the strong (or pointwise a.a.) convergence of gs.



Strong convergence of densities |

We can now prove the following version of the effective viscous flux identity
(Tx is the standard concave (near infinity) cut-off function)

Proposition
Identity

P(o, 05) Tk(0)—(21+X) Tk(0) divu = P(o, 05) Tk(0)—(2u+A) Tk(0) divu (48)
holds a.a. in | x .



Strong convergence of densities I

For v = 9/5 we furthermore need the estimate of the oscillation defect measure
Proposition
The sequence g5 satisfies

oscy+1[os — 0](Q7) := suplim sup/ | Tu(05) — Ti(o)|" ™ dxdt < co. (49)
k>1 6—0 QT

We now follow the idea from

ﬁ E. Feireisl: Compressible Navier-Stokes equations with a non-monotone
pressure law, J. Differential Equations 184, 97-108, 2002.
We take Ly, the solution to zLj(z) — Lx(z) = T«(z) and using that g« and o
both satisfy the renormalized continuity equation we get
/(Lk(g(s) ~ L(0))(,)dx =/ /(Tk(g)divu — T() divus)dxdt
Q o Ja
i (50)
+/ /(Tk(g)— Te(0s)) div usdxdt
o Ja

forall 7 €.



Strong convergence of densities Il

Using the effective viscous flux identity and Hypothesis (H4) we get

/Q(Lk(g) — Li(0)) (7, -)dx :/O /Q(Tk(g) — Ti(0)) div udxdt

1 [T = I —
+m/0 /9(7’(975) Ti(0) — P(0,5) T(0)) dxdt (51)

1 T -
MRS /0 /Q (R(e,s) Tu(o) — R(e, 5) Tu(0))dxdt

for all 7 € 1. The first term on the rhs is bounded by (for v + vgos > 2 we can
proceed without the oscillation defect measure estimate)

~—1

1T(0) = Ti(@)ll 2ol div ull z(or) < climsup [ Tk(es) = Ti(0)ll.a(gy):
—

the second term is non-positive and the third term can be estimated by

CA(1+R0)/ /(glng—glng)dxdt
o Ja

for A sufficiently large, where Ry is connected with the support of fR.



Strong convergence of densities 1V

Since
| T(0) — T(o)li2(@r) — O k — oo,

we may let k — oo to get

/(gln o—olng)(r,-)dx < CeA(1 + Ro)/ / (gln o—oln g) dxdt.
Q o Ja
By Gronwall lemma and strict convexity of g — gIn g on [0, o)
0s — 0a.a.in Qr.
Hence by our previous Propositions
Zs — Z a.a. in Qr

and we also show the energy inequality. The theorem is proved.



Oldroyd-B: Existence of a solution |

We have to show that the proof applies also to the reformulated problem for
the Oldroyd-B fluid.

Hypothesis (H1).

(170, {_)o,To) S Oé’ = {(20,21, Zz) (S R?"Zo e [O, OO),

3,20 < Zi<aiZo},i=1,2 2
where 0 < a;, < 3; < o0, i =1,2.
Assumption:

00 < Cno, 70<Cno a.e. inQQ for some C > 0. (53)

Hypothesis (H1) is fulfilled with a; = a, = 0 and a; = @, = C. Note that this
choice of the domination corresponds to the fact that the estimated quantity is
7 fro which we have quadratic growth, i.e. it corresponds to the choice v =2 in
the theorem by Novotny—Pokorny. If the growth of the gas pressure is faster
than quadratic, we just use as the main quantity the density ¢ and modify
appropriately the domination condition.



Oldroyd-B: Existence of a solution Il

Hypothesis (H2).

no € LY(Q), 0o € L°*(Q),70 € L7 if B; >,

54
mo € LY R?), goluol? € L*(Q). (54)

This hypothesis is fulfilled by our assumption on the initial data. Recall that
momentum and kinetic energy contains only o



Oldroyd-B: Existence of a solution Il

We denote the total pressure

h(n,0.7) :==q(n) +ple) —7=0n"+k(L—1)n+ag” —7.  (55)

Hypothesis (H3). Function h € C(Oz) N C*(O5) and
Vo € (0,1), sup  |h(n,ms1,7s2)] < Co® with some C > 0 and a > 0,
sen? , [a;,3]
(56)
and

CO+ ™ +77 —1) < h(n,07) <CH + ™ +77 +1)in 07 (57)

with v > 2, 8, > 0, i = 1,2. We moreover assume

|0oh(n, 0,7)| + 0+ h(n, 0,7)] < Cl =+ 0" ) in O5 (58)

with some 0 < T < 1, and with some 0 < T < v+ 7ypog if a; =0,
0 < T < max{~y + ysoc, B + (Bi)soc} if a; > 0.



Oldroyd-B: Existence of a solution IV

We denote
S:={(no07)eER*:0<p<Cn 0<7<Cn} (59)

and
S:={(n07)ER*:0<0<Cn, 0<7<Cn} (60)

Then h(n, 0,7) € C(S) and h(n, ¢, 7) € C*(S). Moreover, for all n € (0,1) and
for all (n,0,7) €S

|h(n, 0,7)| < 6n* + k|L—1jn+aC n" +Cn< Cn+n") < Cn.  (61)
Next, in S,
G +0" —7—1) < h(n,0.7) < G’ + 0" +7+1) (62)

for some positive constants Ci, Cz. Using the domination assumption and the
resulted domination for all times

G+ +7—-1) < h(n,071) < G(n’ + 0" +7+1). (63)



Oldroyd-B: Existence of a solution V

Moreover,
C1(772 + 0" +1|logT| —1) < H(n,0,7) < C2(772 +o" +7llogT|+1), (64)

which follows from the form of our Helmholtz free energy (note that it is
different in comparison to [NP]). Furthermore, for each (7, 0,7) € S,

|0-h(n, 0,7) =1, |0ch(n, 0,7)| = |ave" ™. (65)

For v > 1 it implies that (58) is fulfilled for the choice a; = 0. However, for

v € (0,1) we cannot fulfil this assumption for a; =0, as v — 1 < 0 and we
need to control the function g by n from below. However, this condition is in
fact in our case not needed and we have an alternative way how to overcome
its use. It is connected with much easier form of the pressure than the general
case assumed in [NP]. Thus, the main part of Hypothesis (H3) is satisfied, the
rest can be overcome.



Oldroyd-B: Existence of a solution VI

Hypothesis (H4). We assume
h(n,ns1,ms2) = P(n, 51, %2) — R(n, 51, 52), (66)

where [0,00) 3 o — P(n, s1, s2)is non decreasing for any s; € [3;,3i], i = 1,2,
and o — R(o, s1,s2) is for any s; € [a;,3i], i = 1,2 a non-negative C2-function
in [0, 00) with uniformly bounded C2-norm with respect to s; € [a;,3], i = 1,2
and with compact support uniform with respect to s; € [a;,3;], i = 1,2. Here,
a;, a; are the constants from relation (16).



Oldroyd-B: Existence of a solution VII

For each (1, 0,7) € S, we define the following functions

e ifp>o, T ifp>o,
Se:=1 " sri=q 7 (67)
0, ifn=o0, 0, ifn=o0.
Clearly s,, s € [0, C] for all (n,0,7) €S. Then for each (n,0,7) € S, we can
write

h(n, 0,7) = h(n,nse,ms:) = 6,1° + k(L — L)n+an’s] —ns,, s,,s, € [0, C].

(68)
We write the total pressure as
h(777 7S5 7757') = P(nv So S"') - R(nv So S‘f')v (69)
with )
P(1,Sp,5:) = 00" + kLn +an”sy — (1 = x(n)) (kn + s ), (70)

R(n, So,5-) = x(n) (kn + ns).

By choosing Ry (and thus also R) large enough, it is straightforward to check
that the decomposition (69)—(70) satisfies Hypothesis (H4).



Oldroyd-B: Existence of a solution VIII

Hypothesis (H5). Functions 1 — h(n,0,7), 0 > 0, 7 > 0 resp.

(0,7) = 9oh(n, 0,7), and (o, 7) — d-h(n, 0, 7) n > 0, are Lipschitz on
(0/C,0) x (1/C,00) N (r,00)? resp. (0, Cn) x (0, Cn) N (r,00)? for all r > 0
with Lipschitz constants

Lp < COL+ (lel +171)) resp. Lp < C()(A + ) (71)

with some non negative number A. Number C(r) may diverge to +o00 as
r—0".

Hypothesis (H5) is used in the construction of the approximate problem, is
connected with the form of the Helmholtz free energy and it yields that

V2 orH(n,0,7)| < C(r)(1+n") in the set {n* + 0* + 7> > r*} N'S. Hence,
for our choice of the Helmholtz energy, we only need that

IV2a(n)| +V3p(o)| + [1/7] < C(r)(1+ 7

in the set {n® + 0® + 72 > r*} N'S. However, it follows directly with the choice
A = 0 from the form of the pressure. The modified Hypothesis (H5) is fulfilled.



Oldroyd-B: Existence of a solution IX

We are left with modifications caused by different form of the transport
equation for 7. First, by standard properties of the transport equation it follows

. - t
X'QETO(X) exp (—/0 || divi uf[foc () dt” — ﬁ) < 7(t, x)

yielding non-negativity of 7 provided the initial condition is so. Next by a
similar argument we get

0 < o(t,x) < Cn(t,x), 0<7(t,x) < Cn(t,x), forallt,xec Qr. (72)

Finally, to show that the energy inequality holds (i.e., to pass to the limit in the
energy inequality for the approximate problem) we have to employ the
renormalized continuity equation in order to show

0] — 07, nalogn, — nlogn, Talogt, — Tlog in C.([0, T], L*(R)).

Other details are standard. The theorem is proved.
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