GENERALIZED n-LAPLACIAN: QUASILINEAR NONHOMOGENOUS
PROBLEM WITH THE CRITICAL GROWTH

ROBERT CERNY

ABSTRACT. Applying the generalized Moser-Trudinger inequality, the Mountain Pass Theorem
and the Ekeland variational principle we study the existence of non-trivial weak solutions to the
problem

Vu
[Vul
where ® is a Young function such that the space W1L®(R") is embedded into exponential or
multiple exponential Orlicz space, the nonlinearity f(z,t) has the corresponding critical growth,
V(x) is a continuous potential, h € (L®(R™))* is a nontrivial continuous function and pu > 0 is
a small parameter.

we WILE(R™)  and  — div(q>'(|vu|) ) + V(@) (Ju) = = f(z,u) + ph(z) inR",

|ul

1. INTRODUCTION

It is an often studied problem to find solutions to the Laplace equation
(1.1) ue Wy (Q) and — Au= f(z,u) inQCR?,
n+2

! (;’t) = 0 uniformly on @ with ¢ < 2%5, there are many
results using the compactness of the embedding of the space W, *(Q) into L" () with r € [1, 2n)
(see a review article by Lions [21] and the references given there). Problem (1.1) under condition

lims_ o0 % = 0 becomes much more difficult thanks to the fact that the embedding of WO1 2(Q)

tn—2

For n > 3 and f satisfying lim; o

into L%(Q) is no longer compact. This difficulty has been overcame by Brezis and Nirenberg [6].
Their method uses the Mountain Pass Theorem by Ambrosetti and Rabinowitz [3].

When n = 2, we do not only have the Sobolev embedding into L"(2) for any r € [0, 00) but there
is also the Trudinger embedding [30] into the Orlicz space exp Lﬁ(Q) In particular, there is so
called Moser-Trudinger inequality by Moser [23]

sup / exp(K|u|71) < C(n, L,()) if and only if K <nw'} .
Q

H“HW&,H(Q)SI

Therefore, in the literature, there is often used the variational approach by Brezis and Nirenberg [6]
together with the Moser-Trudinger inequality to study the n-Laplace equation

(1.2) weWy™(Q)  and  —Apu= f(z,u) inQ,

where Anu = div(|Vu|?"2Vu) and f(z,t) ~ exp(b[t|7=1) for some b > 0. See for example
Adimurthi [1], de Figueiredo, Miyagaki, Ruf [18] and do O [26].

In recent paper [11], above techniques are modified for a differential equation corresponding to
the embedding of the Orlicz-Sobolev space WyL™log® L(Q)), n > 2, @ < n — 1, into the Orlicz
space exp Lﬁ(Q) (this embedding is due to Fusco, Lions, Sbordone [19] and Edmunds, Gurka,
Opic [14]). The result is the existence of a non-trivial weak solution to the equation

%) = f(z,u) in Q,

(1.3) weWoL®(Q) and - div(cb'(\vup
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with @ being a Young function that behaves like ¢"log®(t), o < m — 1, for large ¢ and with the
nonlinearity f having so called critical growth (corresponding to the choice of the Young function ).

The results from paper [11] were further generalized in papers [9] and [8] in several ways (general-
ized n-Laplace equation corresponding to the embedding into multiple exponential spaces, singular
nonlinearity and the case of W L®(R™)) motivated by some recent results concerning the n-Laplace
equation, see for example [2] and [24].

In this paper, similarly as in papers [29] and [25], for a version of (1.3) we employ the Eke-
land variational principle to show that besides the Mountain Pass-type weak solution there is also
a distinct minimum-type weak solution. When showing that the two solutions are distinct we use
a new estimate concerning the Concentration-Compactness alternative for generalized Trudinger
inequalities.

On embedding into exponential and multiple exponential spaces. If / € N, n > 2 and
a<n—1, we set

n « n

= 0 B=1- = 0
TS e—i—a n—1 (n—l)fy>
14 S
(1.4) and Koo = Bfm;n_l for (=1
Bow)y  forf>2.

The space WoL"™log® L(€2) of the Sobolev type, modeled on the Zygmund space L™ log® L(Q), is
continuously embedded into the Orlicz space with the Young function that behaves like exp(t?) for
large t (see [19] and [14]). Moreover it is shown in [14] (see also [15]) that in the limiting case o = n—1
we have the embedding into a double exponential space, i.e. the space Wy L™ log™" ™" Llog® log L(9),
a < n — 1, is continuously embedded into the Orlicz space with the Young function that behaves
like exp(exp(¢7)) for large t. Further in the limiting case @« = n — 1 we have the embedding into
triple exponential space and so on. The borderline case is always a« = n — 1 and for a > n — 1 we
have embedding into L>°(Q2). It is well-known that the Zygmund space L™ log® L(€) coincides with
the Orlicz space L*®(£2), where the Young function ® satisfies

d
lim 7@3 =1,
t—oo " log™(t)
the space L™ log" ™! Llog®log L(Q) coincides with L*(Q) where
o(t)

lim — =1
t=o0 tn log" ™ (t) log® (log(t))

)

and so on. For other results concerning these spaces we refer the reader to [14], [15] and [16].
The following notation enables us to work with the multiple exponential spaces comfortably. For
k € N, let us write
logj(t) = log(logp,_y)(t)), ~ where  logp(t) = log(t)
and
expyy (t) = exp(expyz_1j(t)), where expyy(t) = exp(t) .
Let £ € N, n > 2 and o < n — 1. Then we have above mentioned embedding results for any Young

function @ satisfying

(1.5) Jim — @(_tl)
o o (15 oy () Togfiy (8)

(for £ =1 we read (1.5) as lims—, o0 % =1). As € is bounded, all Young functions satisfying
[

(1.5) give the same Orlicz-Sobolev space.

=1




GENERALIZED n-LAPLACIAN 3

Assumptions on ®, V and f. In this paper, we are interested in C'*-Young functions ® : [0, 00)
[0, 00) satisfying (1.5) and in addition we suppose that there is C' > 0 such that

1 1
. —t" < < n — ).
(1.6) SUSO() <Ot forte [070)

Let us also give two conditions that are often used when discussing the critical case concerning the
generalized Moser-Trudinger inequality (Theorem 3.1 bellow)

(1.7) ) > " (Hlog[ ; ) logfy (¢ )(1 n 1og[;f(t)) for ¢ € [te, 00)
for some € (0, min{1, f}) and te > 1,

(1.8) )< t"(H logl}* ) logfy (t )(1 - 1og[;f(t)) for ¢ € [te, o)

for some 8 € (0, min{1, B}) and t¢ > 1 . Notice that assumptions (1.5) and (1.6) together with the
fact that ® is a C'*-Young function imply the existence of cg > 0 such that

(1.9) ca®'(t)t< D), t>0.
We are dealing with the differential equation
(1.10)
u € WL®(R") and - dlv(q)’(\VuD Vu |> +V(z)® '(|u\)ﬁ = f(x,u) + ph(z) inR"™.
u
Here 1 > 0 is a small parameter, h € (L®(R™))* is continuous, the potential V : R" — R satisfies
(1.11) V is continuous and V(z)>Vy >0 forallz e R",
(1.12) V(z) — o0 as |z| — oo .
Next, let

expyy (¢ Z a;t’

be the Taylor expansion of the the function exp. We set
Se, n, a Z a; .
0<j <z ko

The function f: R"™ x R — R is supposed to satisfy the following conditions.
There are M > 0, tpr > 0, A € (0, min(co, %)), Cp > 0, Cp > 0 and b > 0 satisfying

f is uniformly continuous on R" x [—#g, to] for every o >0 ,

1.13

(1.13) f(xz,00)=0 and tf(xz,t) >0 forall z € R" and t # 0 ,
t 1

(1.14) 0< F(x,t) := / f(x,8)ds < M|t|* 1 |f(x,t)| provided |t| >ty and z € R™ |
0

(1.15) 0< F(x,t) < Af(x,t)t provided t #0 and x € R" |

(1.16) |f(z,8)] < Colt|" ™t + C) (expm(b|t|7) - Sg7n,a(b|t|7)) for every t € R and x € R" |

) F(z,t)
1.17 lim su <1 uniformly on R" ,
(1.17) SUD E (1)) y

where Cs >V} is the constant from the Sobolev-type inequality

(1.18) cs/"@(m) g/ B(Vul) + V(@) 0(u) ,  ue WLP®R")
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and finally

(1.19) lim inf —2 &)

— >0 uniformly on R™ .
P ey O

Variational formulation. Let us define the space

X(R") = {u € WL®(R") : / V(2)®(|u]) da < oo}

endowed with the norm
llullx &) = [|VullLe®n) + llullLe@n v (2)dz) -
Hence X (R"™) is a Banach space satisfying
X®RY CcWL*@R"), XR")CL(R"), recnoo) and X(R") cL®*R"),
where the first embedding is obviously continuous and the last two embeddings are compact by Propo-

sition 2.9 bellow. Moreover C§°(R™)-functions are dense in X (R™) by [8, Proposition 2.9].
We define

(1.20) Tu(u) = / &(|Vul) + V(@) (jul) - F(z,u) — phiz)udz ,  ue X(R").
By Proposition 5.1 bellow, this is a C'-functional on X (R") and its Fréchet derivative is
(1.21)

i, v) = [ @ (9ul) o Vo V@ (ul)

v
R [Vl |ul
where the symbol (J] (u),v) denotes the value of the linear functional .J;(u) of v.
We say that u € X(R™) is a weak solution to problem (1.10) if

(1.22) (Jp(u),v) =0 for every v € X(R") .

Now, we can state our main result.

— flz,u)v — ph(z)vdr , wu,ve X(R"),

Theorem 1.1. Let ¢ € N, n > 2 and o < n—1. Suppose that the Young function ® : [0, 00) — [0, c0)
satisfies (1.5), (1.6) and (1.8) with 5 € (0, % — B). Let V : R" — R satisfy (1.11) and (1.12) and
let f:R" xR w— R be a function satisfying (1.13), (1.14), (1.15), (1.16), (1.17) and (1.19). Let
h € (L*(R™))* be a nontrivial continuous function. Then then there is g > 0 such that problem
(1.10) has at least two non-trivial weak solutions in X (R™) for every p € (0, pio).

The paper is organized as follows. After Preliminaries we recall the generalized Moser-Trudinger
inequality and its version for unbounded domains. In the fourth section, we give an estimate related
to the Concentration-Compactness Alternative. This estimate becomes an important tool in the
eighth section. The fifth section is devoted to the proof that .J, is a C'-functional. In the sixth
section, we show that the functional J,, satisfies the assumptions of the Mountain Pass Theorem.
The properties of Palais-Smale sequences are given in the seventh section. Finally, in the eighth we
apply the Mountain Pass Theorem and the Ekeland variational principle to obtain two convergent
Palais-Smale sequences. Then we show that the limit functions are distinct.

2. PRELIMINARIES

Throughout the paper w,_1 denotes the surface of the unit sphere. The n-dimensional Lebesgue
measure is denoted by £,. By x4 we mean the characteristic function of A C R". By B(xg, R) we
denote an open Euclidean ball in R™ centered at xg with the radius R > 0. If zg = 0 we simply
write B(R).

For two functions g, h : [0,00) +— [0,00) we write g < h, if there is C' > 0 such that g(t) < Ch(t)
for every ¢t € [0,00). If u is a measurable function on A, then by u = 0 (or u # 0) we mean that u
is equal (or not equal) to the zero function a.e. on A.

By C we denote a generic positive constant which may depend on ¢, n, a and ®. This constant
may vary from expression to expression as usual.

By M(A) we denote the set of all Radon measures on a compact set A. We write that v, — v in

M(A) if [, dv, — [, ¢ dv for every ¢ € C(A).
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Properties of expy,. For given £ € N, n € N, « <n—1and p > 1, one can easily prove that there
is C > 1 such that

p
(2.1) (exb (1) = Stna(®)” < C(expig(pt) = Semalpt))  forall t=0.

Young functions and Orlicz spaces. A function @ : [0,00) — [0,00) is a Young function if @ is
increasing, convex, ®(0) = 0 and lim;_, @ = 00.

Denote by L®(A,dv) the Orlicz space corresponding to a Young function ® on a set A with
ameasure v. If v = £,, we simply write L?(A). The space L (A, dv) is equipped with the Luxemburg

norm

(2.2) lul | 2o (4 ) = inf{A >0: /
A

@(W()\x)l) dv(z) < 1} .

Given a differentiable Young function ® we can define the generalized inverse function to ¢(y) =
@'(y) by
Y(s) =inf{y : ¢(y) > s} for s>0

and further we define the associated Young function ¥ by

\Il(t)—/otd)(s)ds for ¢t>0.

The dual space to L®(A,dv) can be identified as the Orlicz space LY (A, dv). We further have the
generalized Holder’s inequality

(2.3) /A lu(y)o ()] do(y) < 21l o (aan o]l (o) -

As-condition. We say that a function ® satisfies the As-condition, if there is Ca > 1 such that
D(2t) < CAD(1) whenever t > 0 .

It is not difficult to check the As-condition for our Young functions satisfying (1.5) and (1.6).
Therefore one easily proves

(2.4) / @(L)du(l’) =1 whenever ||ul|pe(a,4,) > 0
Q ||UHL‘I’(A,du)
and
(2.5) luplles () =0 = / O (|ug]) du(z) "= 0.
A

We also need the following lemma.

Lemma 2.1. If ® is a C'-Young function satisfying the Ag-condition, then also ® satisfies the
As-condition. Further, we have

D(ty) — B(t1) < C(@’(tg)tg - @’(tl)tl) whenever 0 < t; <ty .
Proof. Let us prove the first assertion. Set P = C%. If the function ® does not satisfy the As-
condition, then we can find T' > 0 such that
PO (T) < ®'(27) .
Hence using the convexity of ®, ®(0) = 0 and the As-condition for & we obtain

C3O(T) > ®(AT) > ®(4T) — (2T) > 2T min (1) = 2T/ (2T) > 2PTP'(T)
TE s

= 2PT max, d'(1) > 2P(®(T) — ®(0)) = 2PP(T) = 2C2®(T)

and we have a contradiction. Thus, the first assertion follows.
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Let us prove the second assertion. First, let ¢ > 0 and s € (1,2]. Using the convexity of @,
As-condition for ®’ and the Mean Value Theorem we obtain

B(st) — B(t) < D' (st)(s — 1)t < &' (2t)(s — 1)t < OV (£)(s — 1)t = c(«p'(t)st - (I)’(t)t)
2.6
(20 < C(@’(st)st - <I>’(t)t> .

This gives the assertion in the case to < 2ty. If t5 > 2t;, then wefind ke Nand 1 < o < -+ < 7
so that 71 = t1, 7, = t2 and 7341 < 27; for each i = 1,...,k — 1. Next we apply (2.6) to each pair
(1i;Tix1), i =1,...,k — 1 and we sum the estimates up. O

We often use the following estimate from [9, Lemma 2.2] together with generalized Holder’s
inequality.
Lemma 2.2. If a Young function ® satisfies (1.5) and (1.6), then U(®') < ®.

Further, we need the Brezis-Lieb lemma from [5, Theorem 2 and Examples(b)].

Lemma 2.3. Let {fr} be a sequence of v-measurable functions on Q@ C R™ such that fr — f a.e.
in Q2. Let ® be a Young function. Suppose that f € L®(2,dv) and [ fxllze @,y < C. Then

[ [@15) = 0015 = 71 - @1 )| = 0.

Next, we need to be able to estimate the norm by the modular and vice versa. We use the
following lemma from [9, Lemma 2.4] (the original statement in [9] and [11] concerns v = £,, only,
but the proof is also valid for a general measure v).

Lemma 2.4. Let ® be a Young function satisfying (1.5) and (1.6). Then for every e > 0 there is
& > 0 such that

lull7 350,40y < /Q@(\UI)dV <ullfalaa) — provided [[ul[pe . <6 -

Orlicz-Sobolev spaces. Let A be an nonempty open set in R™ and let & be a Young function
satisfying (1.5). In this subsection we consider Orlicz spaces only with the Lebesgue measure. We
define the Orlicz-Sobolev space W L?®(A) as the set
WL®(A) := {u: u,|Vu| € L?(A)}
equipped with the norm
lullwrecay == llullpecay + IVullLeay

where Vu is the gradient of u and we use its Euclidean norm in R".
We put WoL?®(A) for the closure of C5°(A) in WL®(A).

Non-increasing rearrangement. The non-increasing rearrangement u* of a measurable function
uw on € is

wi(t) = inf{s >0: Lo({zeQ: |u(@) > s)) < t} . t>0.
We also define the non-increasing radially symmetric rearrangement u# by

ut(z) = u* (%uw) for z € B(R), Ln(B(R)) = Ln(Q) .
For an introduction to these rearrangements see e.g. [28]. We need the following result concerning u?
(see [28, Theorem 1.C]).

Theorem 2.5. Let ® be a Young function and let u be a Lipschitz continuous function decaying at
infinity (Lo,({x € R™ : |u(z)| > t}) < oo for allt > 0). Then

/n O(|Vu(z)|) de > /n O(|Vu™ (z)|) dz .
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Tools from the Measure Theory. We make use of the following result from [8, Lemma 2.7].

Lemma 2.6. Let Q C R™ be a bounded set, 8 € [0,1) and let {u} be a sequence of functions from
LY(Q) converging to u € L'(Q2) a.e. in Q. Let f: QxR+ R be a continuous function bounded
on Q x [—tg, to] for every to > 0. Suppose that f(x,ur)|uxl’ and f(x,u)|ul’ belong to L*(Q) and

/umwmusc.
Q

Then f(z,up) url® — f(w,w)lul’ in L}(9).

Next, we need a suitable estimate of a radially symmetric function u € L?(R™) on large spheres
given by [8, Lemma 2.10].

Lemma 2.7. Let ® be a Young function satisfying (1.5) and (1.6). Let u € L®*(R") satisfy
l|[ullpe@®ny < P, for some P > 0. Suppose that u is non-negative, radially symmetric and non-
increasing with respect to |x|. Then there are Rs > 0 and Cs > 0 independent of u such that

()<CP for |z| > R

We also need the Generalized Lebesgue Dominated Convergence Theorem (see [27, Exercise
5.4.13]).

Proposition 2.8. Let {ux}, {vir} be sequences of measurable functions on Q C R™ such that |ug| <
v for all k € N. Let u and v be measurable functions on €2 such that up — u a.e. in Q and vy — v

a.e. in Q. Then
lim 11;.C = — lim Uk = u
k—o0 k—oo Jq Q

Finally, we recall [8, Prop051t10n 2.11].

Proposition 2.9. Suppose that the Young function ® satisfies (1.5) and (1.6). Let V : R™ — R
satisfy (1.11) and (1.12). Let {ux} C X(R™) be a bounded sequence. Then, passing to a subsequence
we can guarantee that there is u € X (R™) such that

U — u in WL®(R™)

Up — U in L*(R™)
Ug — U in L"(R™) for every r € [n,00)
Uk — U a.e. in R .

Tools from the Calculus of Variations. Our key instrument is the following version of the
Mountain Pass Theorem by Ambrosetti and Rabinowitz [3].

Theorem 2.10. Let X be a real Banach space and J € C*(X,R). Suppose that there exist a neigh-
borhood U of 0 in X and & € R satisfying the following conditions:

(i) J(0) <&,

(i) J(u) > & on the boundary of U,

(ili) there is w ¢ U such that J(w) < €.

Set
= inf J(u) >
¢ = inf max (w) = ¢,
where T' = {g € C([0,1], X) : g(0) = 0,9(1) = w}. Then there is a sequence {uy} C X such that
(2.7) J(ug) —c and J'(ug) — 0 in X* .

The sequence satisfying (2.7) is called the Palais-Smale sequence and the constant ¢ is a Palais-
Smale level. Notice that that this version slightly differs from often used version of the Mountain Pass
Theorem which requires the Palais-Smale condition (the Palais-Smale sequence has a subsequence
convergent in the norm) and asserts that there is a critical point xq € X satisfying J(zg) = ¢. We
use this version of the Mountain Pass Theorem, because we need a bit less from the Palais-Smale
sequence than the convergence in the norm. Our approach is taken from [6]. See [6, page 459] for
the discussion concerning the proof of Theorem 2.10.
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The second weak solution to (1.10) is obtained by the following version of the Ekeland variational
principle [17].

Theorem 2.11. Let Y be a complete metric space and let A :' Y — R be a C'-functional which is
bounded from bellow. Then for every d > 0 there is us € Y such that

Alus) < inf A(w) +6 and  [|A(ug)llopz) <9
u

3. ON GENERALIZED MOSER-TRUDINGER INEQUALITY FOR UNBOUNDED DOMAINS

First, let us recall the generalized Moser-Trudinger inequality for embedding into exponential and
multiple exponential spaces in the case of a bounded domain 2 C R™.

Theorem 3.1. Let K >0,/ €N, n>2 and a <n—1. Let ® be a Young function satisfying (1.5).
(i) If u € WoL®(Q), then

/Q expyy (K|u(z)|") dz < oo .

(ii) If K < Ko and w € WoL®(Q) with ||Vu||pso) < 1, then
/ expyy (K|u(w)|7) de < Cll,n,a,®,L,(N), K) .
Q
(iii) If K > Ky pa, then

sup / expyy (Ku(z)]") dz = oo .
u€WoL®(Q),[|Vull @ o<1 /Q

(iv) If K = Ky n,o and ® satisfies (1.7) and u € WoL® () with ||Vul| s @) < 1, then

/Qexpm (Klu(2)[") dz < C(l,n, o, ®, L,(2)) .

(V) If K = Ky .o and ® satisfies (1.6) and (1.8), then

sup / expyy (Ku(z)]") dz = oo .
u€WoL®(Q),]|Vull e o) <1/Q

The first assertion follows from [14, Remarks 3.11(iv)]. In the case k > 2, all four remaining
assertions of Theorem 3.1 can be found in [12, Theorem 1.1, Theorem 1.2, Theorem 4.2 and Theorem
4.1]. In case k = 1, assertions (ii), (iii), (iv) follow from [20, Theorem 1.1, Theorem 1.2 and Theorem
4.2] while assertion (v) is given in [7, Example 5.1].

Remarks 3.2. (i) Theorem 3.1(iv) and (v) tells us that when K = Ky, , we generally do not
know whether the supremum is finite. It depends on the choice of the Young function ® (compare
with the fact that all Young functions satisfying (1.5) give the same Orlicz-Sobolev space).

(ii) There is a large gap between conditions (1.7) and (1.8). In paper [13] it was possible to
remove this gap in the case £ = 1 and a = 0 showing that the borderline Young function behaves
like " log ™" (t).

(iii) From the proofs of [20, Theorem 1.1], [20, Theorem 4.2], [12, Theorem 1.1] and [12, Theorem
4.2] one can easily see that for any fixed C' > 0, we have versions of Theorem 3.1(ii) and (iv) with

[ e (K@ 4 ul) < Oty £, K)
Q
Moreover, from these proofs we also see that the assumption ||Vu||pe ) < 1 in Theorem 3.1(ii)
and (iv) can be replaced by
IVullpo@y <1, where Q = {z € Q: |[Vu| > G} ,

with G > 0 being fixed arbitrarily large number.

A version of Theorem 3.1 for unbounded domains is given in [8].
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Theorem 3.3. Let f € N, n>2, a<n—1 and let Q C R"™ be a domain. Suppose that the Young
function ® : [0,00) — [0,00) satisfies (1.5) and (1.6). Let u € WoL®(Q).
(i) If K > 0 then

/Qexpm (KJul") = Sema(Kul) < o .

(ii) If 0 < K < K¢ nyas [|Vullpe) <1 and [[ul|peq) < P for some P >0, then
[ e (K1) = StnalKluP) < C(E.n.0,0,PK)
Q

(iti) If K > Kpna, then there is a sequence {ux} C WoL®(Q) such that ||[Vug|[pe@) < 1,
||u;€\|Lq>(Q) — 0 and

/Qexp[@] (K |ug|") — Sen,o(K|ug|”) F220 o .

(iv) If K = Ky n,o, ® satisfies (1.7), |[|[Vul|pe ) <1 and |[u]|pe ) < P for some P >0, then
/ expig (K[u]7) = Sen,a(Klu|”) < C(f,n,a, @, P) .
Q

(v) If K = Kypno and ® satisfies (1.8), then there is a sequence {uy} C WoL®(2) such that
IVugllpe @) < 1, [lukllpe @) — 0 and

/Qexpm (K|ug]") = Spna(Kup") *=5° 00 .

4. AN ESTIMATE CONCERNING THE CONCENTRATION-COMPACTNESS PRINCIPLE FOR
GENERALIZED MOSER-TRUDINGER INEQUALITY

Let 2 C R™ be a bounded domain. The Concentration-Compactness Alternative (for the orig-
inal version concerning Wy"(€) see [22], for the Orlicz-Sobolev case see [10] and [7]) states that
each bounded sequence in Wy L®(2) can be decomposed into subsequences which either concentrate
around a point x¢ € Q or Theorem 3.1(ii) holds for such a subsequence with the constant K slightly
larger than K, . The following proposition gives us the estimate of the number K in the second
case under the additional assumption that there is u € WoL® (©) such that Vuy — Vu a.e. in Q.

Proposition 4.1. Let f € N, n > 2, a <n—1 and let Q@ C R™ be a bounded domain. Let ® be
a Young function satisfying (1.5) and (1.6). Let {ux} C WoL® () be a sequence satisfying

there is finite klim D(|Vug) and Vup — Vu  a.e inQ

—0 JRr

for some u € WoL®(2). Then for every

1
PP (0w T80

(where we define P = oo if the denominator is zero) we have

3R

/ expig (Ken,ap|uk|”) < C where C is independent of k .
Q

Let us note that an estimate corresponding to the one from Proposition 4.1 is also obtained in [22]
(after some transformation, it was obtained that it can be supposed that Vui — Vu a.e. in Q). This
estimate is not contained in [10] and [7]. Since the gradients of Palais-Smale sequences converge a.e.
after passing to a subsequence (see Lemma 7.3 bellow), we do not mind the additional assumption
concerning the a.e. convergence of the gradients in Proposition 4.1.

Before we prove Proposition 4.1 we need to do some preliminary work.
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Lemma 4.2. Let § > 0, 0 < C; < Cy and let Q@ C R™ be a bounded domain. Then there is
G = G(C1,C2,6) > 0 with the following property: )
If v e L*(Q) satisfies C; < [0l o (@) < C2 and [v] = G on Q, then

lollagy < (1+8)° [ (ol

Proof. Let us write A = |[v][ s g to simplify our notation. If G is large enough, from (1.5) and (2.4)

1= [o(5) <aa [(5) (H1 oegi" () (5 -

Multiplying both sides by A™ and using (1.5) again (for G large enough) we arrive to

I v o
A" < (1—}—5)/Q|v|"(1:[10g6.]1()\>)1ogfz](/\)
(149) /m Hlog )log,](|v|)§(1+5)3/Q<I>(|v|).

Thus, we are done. O
Proof of Proposition 4.1. Fix p < P. Let us find § € (0,1) such that

(4.1) (1+6) 5 p<(1-0)P.

Next, let us define the set M = {z € Q: 6|lup, — u| > |u|}. Then we can write

1\
Jurl? < (g =l + ) < (4 6) g = ulxng + (14 5) Tl xnar
Therefore we have

/Qexp[g] (K n,aplug|”) < /Qexp[e] (Ken,ap (1+06)7uk —ul”) + /Q expyy (Ke,n,ap (1 + %)W\UW)
=+ J.
By Theorem 3.1(i) we have J < C. In the rest of the proof, our aim is to obtain an uniform estimate
of I,. The assumptions of the proposition enable us to use the Brezis-Lieb lemma 2.3 and we obtain
(4.2) / @IV (s — w)]) — (| Vux|) + (| Vul)| “= 0.
Now, we distinguish two cases. First, suppose that limy .o [, ®(|Vur|) = [, ®(]Vul]). In this case,
using (2.5) and (4.2) we arrive to
IV (uk — w)llLe@) — 0.
Now the uniform estimate of Iy easily follows. Indeed, for k large enough so that
p(1+6)7[|IV(ux — )||L<I>(Q) -0

we can apply Theorem 3.1(ii) to obtain the uniform estimate of Ij, while for k£ small (finite number
of indexes) we use Theorem 3.1(i) to show that the integral Ij is finite. Thus, all the integrals can
be estimated by the same constant.

In the second case we have [, ®(|Vu|) < limp_o [, ®(|Vug|) (notice that by Fatou’s lemma
there is no third case). Since the boundedness of modulars implies the boundedness of norms, we
see that there is Cy > 0 such that

(4.3) IV (ur —w)l|pe) < [|Vugllpe@) +1|Vullpe@) < C2 for every k € N
We find the number C; € (0,C5) such that
(4.4) p(1+6)C{ <1-96.
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For these C1, Cy and §, there is G > 0 so that the assertion of Lemma 4.2 is satisfied. Therefore we
define for each k € N

Ak = [V (ur — u)|| Lo ({2 |V (u—u) =G}
and we decompose our indexes k£ € N into two sets
Alz{RENZ)\GJ@SCl} and AQZ{kEN:)\G’k>Cl}.

Let us find the uniform bound of I for k € A;. We set K = (1 — 0)Ky . Hence by (4.4) for all
k € Ay we have
Ké,n,ap(]- + 5)7)‘2‘,1@ S K < KZ,n,a

and thus we can use the version of Theorem 3.1(ii) given by Remark 3.2(iii) to obtain an uniform
estimate of I}, for all kK € A;.

Now, we would like to deal with the set Ay. By (4.2) for &k € Ay large enough (in view of
Theorem 3.1(i) it is enough to care about large k only) we have

(4.5) [ 2¥ =l < 0 +8)(Jim [ @9l - [ aqva)).

Finally, using (4.1), (4.5) and Lemma 4.2 we arrive to

PN Sp T H ([ eV —))”
p<1+6)7+?’%( [ 29w - wp)*

p(1 +6) 7%(hm,/) (V) — /£¢uvuo)l
1

—pﬂ+5)‘%P

Therefore we can use the version of Theorem 3.1(ii) given by Remark 3.2(iii) also for k € A, large
enough to conclude the proof. O

If © is not bounded, then there is no Concentration-Compactness Alternative (there can also
occur ”Concentration up to shifts”). However, there is still a version of Proposition 4.1.

Proposition 4.3. Let{ € N, n>2 a<n—1and L > 0. Let ® be a Young function satisfying (1.5)
and (1.6). Let {ux} C WL®(R™) be a sequence satisfying
there is finite hm O(|Vugl) , l|ukllLe@mny < L and Vurp, — Vu a.e. in R"
—0o0 Jrn
for some u € WL®(R™). Then for every
el

1
(11H1k—>oo f]Rn |VUI¢‘ fQ |VU| )

(where we define P = oo if the denominator is zero) we have

p< P:=

/ expg (Ken,aP|uk”) = Sen,a(Kenaplug|”) < C where C is independent of k .

Sketch of proof. The same way as in the proof of Proposition 4.1 we define 6 > 0 by (4.1) and then
we obtain the estimate

/ exp[é] (Ké,n,ap‘uk |’Y) - Sé,n,a (Ké,n,ozp|uk |Fy)

< / €XPly) (Ké,n,ap (1+0)"ug —u|”) - Si,n,a(Ké,n,oep (1+0)"ur —ul”)

1\~ 1\~
+/ exp[é] (Ké,n,ap (1 + g) |u‘7> - Sf,n,a (Ké,n,ap (1 + 5) |u|7)
=I;+J.
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The integral J is finite by Theorem 3.3(i). It remains to deal with Iy, k € N. In view of Theorem 2.5
and the density of the C§°(R")-functions in W L®(R"), we can apply the Schwarz symmetrization
to the functions vy = ux —u, k € N, without disturbing the estimates of the modulars following from
the Brezis-Lieb lemma. Hence we can suppose that vi, k € N, are radially symmetric, non-negative
and non-increasing with respect to |x|.

Next we apply some ideas from the proof of Theorem 3.3(ii) ([8, Proof of Theorem 1.3(ii)]) using
Lemma 2.7. We find the radius R > R, (R, comes from Lemma 2.7) so large that

/ exp[l] (Kﬁ,n,ap (1 + 5)’Y|w|7) - Sl.,n,a(KZ,n,ap (]- + 6)"/|w|’Y) <0,
R"»\B(R)

where w(z) := % > vy, k € N (for more details see [8, Proof of Theorem 1.3(ii)]).

On B(R) we write vy, = (v — Vi) + Vi, where the constant Vj, is the value of v, on S(R) (which
is estimated by &). We deal with the functions v, — Vj, € WoL®(B(R)) the same way as in the

proof of Proposition 4.1, while Vj, estimated by the same number are harmless additive constants
(see Remarks 3.2(iii)). O

5. FUNCTIONAL J, 18 C1

Proposition 5.1. For the functional J,, defined by (1.20) we have J, € C*'(X(R"),R) and its
Fréchet derivative is (1.21).

Sketch of proof. We use the approach by [4, Proof of Theorem A.V]. In particular, we show that the
functional J, has the Gateaux derivative everywhere in X (R") and then we show that u — J) (u)
is continuous. First, it is convenient for us to split J into four functionals

hw= [ e(va) . aw= [ V@), J@= [ Few, w=p[ b

Rn
The functionals Ji, Jo and J3 are handled in [8, Proof of Proposition 4.1]. It remains to deal with
the functional J;. We need to show that

(Ji(u), ) = u/ h(z)e,  u,pe X(R")

n

and u — Jj(u) is continuous. But this is trivial. O

6. THE GEOMETRY OF THE FUNCTIONAL J,

In this section we mainly check that our functional J, has the Mountain Pass Geometry (i.e.
assumptions (i), (ii) and (iii) from Theorem 2.10 are satisfied).
First, we observe that it follows from (1.13) and (1.15) that

(6.1) F(z,t) > Clt|", teR.
Now, we can start to check the assertions of the Mountain Pass Theorem.
Lemma 6.1. If u € X(R"™) has a compact support, u > 0 and u # 0, then
Jpu(tu) 2 .
Moreover, this convergence is uniform with respect to u taken from a bounded set.
Proof. Since u # 0 and u > 0, there is 7 > 0 such that
Lo({fu>71})>7.
Fix ¢ € (n, ). Using (1.5), (6.1), the compactness of suppu and the continuity of V(z) we obtain

J(tu) = / O(t|Vul) + V(z)®(tlu]) — F(x,tu) — pth(z)udr

1

§C+tq/ |Vu|q+C|u|qdm+,ut/ |h(x)u\dx—/ C(tr)=x)dx
R® R™ {u>7}

<C+ Ot + Cut — Ct3 "= 0 .
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O

Lemma 6.2. There is juo > 0 such that for every p € (0, o) there are o, > 0 and &, > 0 with the
following property: If u € X(R™) with ||ul|x®n) = ou, then J,(u) > &,.
Moreover, g, > 0 can be chosen so that o, — 04 as p — 04 and

n—04

co = co(p) := inf Ju(uw) > Clp, 04) , where C(p, 0,) — 0— .

[Ju||x @)y <ew

Proof. Fix ¢ > n. By assumptions (1.14), (1.16) and (1.17) we can find n > 0 so that
F(a,t) < (1= 2m)Cs([t]) + O (expig (Gl1]7) — St.n.a B 7 = Fi (1) + Bo(t)

By (1.18) we obtain
(6.2) A Fi(u) = (1- 277)05/]R P(fuf) < (1 - 277)/]R O(|Vul) + V(2)®(|ul) -
Next, fix p > 1. If p is so small that bpg” < K/, o, then from Holder’s inequality, Theorem 3.3(ii)

(with P = p), (2.1) and from the fact that X (R™) is continuously embedded into L"(R™), for every
r € [n,00), we obtain

| Patw) = [ (exprglul) = St 0lul)) ul

<ol em () - Y[ )
n ||U‘|X(Rn) ||UHX(R71) n
< Cllullf, R™) < Cllull% gy < ClVUllT0gny + Cllull Lo @n vy -

Hence for ¢ > 0 small enough Lemma 2.4 with € € (0,q — n) gives

/n Fy(u) < O Vull Faiam IVl 7a Ggny + CllullTe mn v ieyan 1954 & v )
(6.3)

<o [ @(Vul) + V)(lu)
Thus, we obtain from (6.2) and (6.3) and generalized Holder’s inequality

Tu(w) = [ ®(Vul)+ V@)@(ul) = Fla.w) - (e

> n/ O(|Vul) + V(@) @(ful) = 2pllhl| v @)l [ull L @) -

Next [|u||x®r) = ¢ implies that |[Vul| e@n)y > § or [|[Vul|pe@n v(z)ds) > 5. Hence Lemma 2.4
with e = 1 and [[u|pe®r) < Cl|ul|x &) imply for all ¢ > 0 small enough

Ju(u) > n(g)nﬂ—@w

and the results follow. O

Lemma 6.3. There is v € X(R") with ||v||x®n) = 1 such that for every p > 0 there is t, > 0 with
the following property: For everyt € (0,t,) we have J,(tv) < 0.
In particular
inf Ju(u) <0 and thus co<0.
[lullx @n) <t

Proof. Since h is continuous and nontrivial, we obtain an open set G C R" such that h is bounded
away from zero on G. We can easily construct a non-trivial X (R™)-function @ supported on G with
the same sign as h has on (G. Further we can suppose that v and Vv are bounded. Normalizing
suitably, we obtain v € X (R") such that [|v|[x®») = 1 and

/ hv:/hv:Cl>O.
R G
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Finally, as F is non-negative, using above construction and (1.6) we obtain for ¢ > 0 small enough
Ju(tv) = / ®(t|Vo|) + V(2)®(t|v|) — F(z, tv) — pth(z)v dx
< Ct"/R IVo|™ + V(@)[o]" de — pCrt = Ct" — Cypt
and we conclude the proof easily. O

Finally, we need a suitable estimate of the Palais-Smale level.

Lemma 6.4. If o > 0 is small enough, then there is w € X(R™) such that

K n,x %
Ju(Ow) < co + (IZT> for every 6 € [0,00) and p € (0, po) -

Proof. By [8, Lemma 5.3], there is ¢ > 0 and a compactly supported non-negative function w €
X (R™) such that

n

/n o(|Viw|) + V(@)@ (|tw]) — F(z,w) < (%) T o

Hence, since [, [hw| < C, using Lemma 6.1 and (1.20) we obtain for x> 0 small enough

KZ n,o %
=) e
Moreover, by Lemma 6.2 we can guarantee that co > —e providing g > 0 is small enough, and the
result follows. O

7. PROPERTIES OF THE PALAIS-SMALE SEQUENCE

In this section we study the properties of a Palais-Smale sequence corresponding to the func-
tional J,. Our main aim is to show that it contains a subsequence with the gradients converging
a.e. in R™ (see Lemma 7.3) and that the limit (in the sense of (7.9)) is a weak solution to the
problem (1.10) (see Lemma 7.4).

Let {uy} be a Palais-Smale sequence from X (R™), that is by (2.7),

(7.1) Tw) = [ (Ful) + V@ (ful) - Flem) - il =,

and by (1.21) there are €, — 0 such that for every v € X(R"™) we have

(7 2)

(ool = [ | () s - o+ V@) () ko= o) = ahla)e] < eelolxcan -
Lemma 7.1. There is a constant C > 0 independent of k € N such that

(73) IVurlsn <€ [ @(Vul) <C.

(7.4) lukllre@®n,v(@)an) < C, / V(@)®(juk]) < C,

and

(7.5) 0< A flzyup)u, < C .

Proof. Using (1.5) and (1.6) it can be easily shown that there is Ao > 0 large enough so that
(7.6) SA) > A" 2d(t)  forevery t > 0,A > Ao .
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We obtain from (1.15), (7.1), (7.2) with v = uy, and (1.9)
(7.7)

(V) + V(2)®(|ux|)
R

§C+/ (x, up +/ ph(z)uy < C+ A f(xvuk)uk+/ ph(z)uy,
R’n

n

R

<C+A( / @ (V) V| + V() (s — ey + el ) + / h(x)uy
n Rn

n

< C+AC¢/ B(|Vaup) + V(@)@ (furl) + Ack|[url xam + (1 — A)/ ()

Next, as h € LY(R") and ||ug||p#®n) < Cllug||x(®n), the generalized Holder’s inequality gives
[ h@yn < 2l oyl ey < Cllelca

Thus, Ace < 1 and (7.7) imply

(78) [ @9 + V)@(unl) < O+ Cllunllxae -

Now, from the definition of the norm on X (R™) and (2.4) together with (7.6) we can easily see that
all terms in (7.8) have to be bounded. This is (7.3) and (7.4).

The upper estimate in (7.5) now follows from (7.2) (with v = wy, see also (1.9)). The integral
in (7.5) is non-negative by (1.13). O

By (7.3), (7.4) and Proposition 2.9 there is a function u € X (R™) (passing to a suitable subse-
quence of {ug} if necessary) such that

up —u  in WLP(R")

(7.9) up — U in L*(R") ,
Up — u in L"(R™) for every r € [n,00) ,
up — U a.e. in R" .

The function u has the following property by [8, Proposition 6.4].
Lemma 7.2. The function u € X (R™) given by (7.9) satisfies

lim [ F(z,u) = / F(z,u) .

k—oo R
Lemma 7.3. Passing to a subsequence we have
(7.10) Vur, — Vu a.e. on R" .

Sketch of proof. The proof is almost the same as the proof of [8, Lemma 6.2]. The only difference
(corresponding to the fact that paper [8] deals with the case h = 0) is the following. When proving
that

d'(|Vu Vu (Vg — Vu), "0,
| (@09l s = (V) ) - (Vo = Vs =
there occurs the additional term
L=p | eh(z)m — ).
Rn
We need to show that I; — 0. But, this plainly follows from h € LY(R") and (7.9). O

Lemma 7.4. The function v € X(R"™) given by (7.9) is a weak solution to problem (1.10), i.e. we
have (1.22).
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Sketch of proof. We can use the proof of [8, Lemma 6.2] with a minor modification. Indeed, the only
difference is that in the second step we need to show in addition that for ¢y, — v in X (R™) we have

u/ h(z)(v — i) "20 .
But, this plainly follows from h € LY (R"™) and the continuous embedding of X (R") into L®(R"). O

Lemma 7.5. If the Palais-Smale sequence {ur} C X (R™) satisfies
Ké,n,a ) %
b )

then passing to a subsequence we obtain ur, — u in X (R™) (the strong convergence).

1
7.11 lim inf . <7(
( ) i | ug || x ®n) D)
Proof. We can write uy = u + wy. Further we can suppose that

1' 1 f ny = 1 ny .
imin lwr || x () kLHC}OHHkHX(R )

Our aim is to show that wy — 0 in X (R"™) after passing to a suitable subsequence.
STEP 1.
First, let us prove that

(7.12) flz,ug)u hope flz,u)u .
Rn Rn

Fix ¢ > 0. By the density of C§°(R")-functions in X(R™) we can find ¢ € C§°(R™) such that
[lu — || x@®ny < €. We have

[ () = £yl
<|[ f@ud@-w)|+| [ f@u)-v)|+] / (f (@, ur) = fla,u))0|
Rn R™ n

— L+,
Using (7.2) with v = u — 1) we obtain

|Vuk\
w/R (@) (u — )] + £kl — ¥l [ x (@)
=Ji+J+J3+Js.

<I>’(Vuk)

«vufvwﬂ+/

n

By Lemma 2.2 and (7.3) we know that \|<I>’(Vuk)%\|yp(kn) < C and the definition of the norm

on X(R") gives |[Vu — V¢||pe@ny < e. Thus the generalized Hélder’s inequality yields [J| <
Ce. Similar way we obtain |J3| < Ce (notice that all the norms are with respect to the measure
V(z)dz). Using h € LY(R™) and [|ux — ¢||pe@n) < Ce for k € N large (it follows from (7.9) and
[lu — Y|[x@®n) < €) we obtain |J3] < Ce for k € N large. The estimate |J;] < e for k € N large
follows from the fact that e, — 0. Hence we have |I;| < Ce for k large.

The same way we obtain that |I3] < Ce.

Let us estimate I3. Since ¢ € C5°(R™), it is enough to show

/ fzyug) — f(z,u) k=00
supp ¢

But this easily follows from Lemma 2.6, (1.13), (7.5), convergence a.e. (see (7.9)) and the bounded-
ness of supp . Thus, we have proved (7.12).

STEP 2.
Fix ¢ > 0. By the Brezis-Lieb Lemma (Lemma 2.3), Lemma 2.1, (7.2) (with v = v and v = u,
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respectively), (7.3), (7.4), (7.9) and (7.12) we have for k € N large enough

(7.13)
/RWQ(kal) + V(2)®(|wy])

<ct [ a(Turl) - @(Val) + Vi) (@) - B(lu))
§€+C]W¢ﬂVWmWM—@ﬂWMWM+V@m@WMWM—¢ﬂMW®
<e+C . S up)ur — f(z,w)u + ph(x)(ug — u) + Cepllur||x @) + Cerllul| x @
<e+C . [z, ug)wy + - f@,up)u — f(x,u)u + 2Cu||hl| Lo ey l|ur — ul| Lo @n) + 2¢
<Ce+C A [z, ug)wy .

Notice that the Brezis-Lieb Lemma also gives that

(7.14) [Vwg|[e @) < |[Vug|[Le@n) +o(1) -

In view of (2.5) it is enough to show that the last integral in (7.13) tends to zero. From (1.16) and
the fact that t — exp;(t) — Sen,a(t) is increasing we have

I:= [z, up)wg| < C, |uk|"71|wk| + Cy expra (blu + wi|") — Sena(blu + wi|7) ) |wg]
& , - [€]
<Cy [l ol + o | (expig(t27ful) = Stnal627al)
n Rn

+@/(mW@mef&%wmmm0mM
R’Vl
S T A

Now, as uy, are bounded in L"(R™) and wy — 0 in L™(R"™) (see (7.9)), we can use Holder’s inequality
to show that I; — 0. Next, choosing arbitrary ¢ > 1, from Theorem 3.3(i) with K = ¢b2" and (2.1)
we see that

q
(expp (627 ul) = Sen.alb2[ul"))" < expg (b2 u]") — St algb?|ul") € L'(R")

Therefore (7.9) and Holder’s inequality with powers ¢ and qﬁ—l give Is — 0. Finally, we use a
similar method to estimate I3. This time we use Theorem 3.3(ii). The assumption concerning the
L®(R™)-norm of the gradients turns to

qb2’y||vwk||zd>(]gn) < Ké,n,a .

However, this is satisfied for ¢ > 1 sufficiently close to 1 and k € N large enough, thanks to (7.11)
and (7.14). Hence we have I — 0 and thus ||ux — ul|x @) — 0. O

8. EXISTENCE RESULTS

In this section we show that the Ekeland Variational Principle (Theorem 2.11) and Mountain
Pass Theorem (Theorem 2.10) give us two different nontrivial weak solutions to (1.10).

Proposition 8.1. There is uo > 0 such that if p € (0, po), then (1.10) has a nontrivial minimum-
type solution uy € X(R™) with J,(ug) = co < 0, where cq is given in Lemma 6.2. Moreover, there
is a corresponding Palais-Smale sequence {ui} C X(R™) converging to ug in the sense of (7.9) and
strongly in X (R™).

Proof. Let ¢, > 0 be the same as in Lemma 6.2. We can suppose that o is so small that

1 Kf,n,a ) %

9u<§< 2 for all € (0, po) -
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Since Y(R") := {v € X(R") : [|v||x®n) < 04} is a complete metric space, the functional .J, is a C'-
functional and bounded from bellow (see Lemma 6.2), we can use Ekeland Variational Principle
(Theorem 2.11) to obtain a sequence {uy} C Y/(R™) such that

Tulun) = o and T )l ler@nm 0
These are conditions (7.1) and (7.2) (up to the fact that we have (7.2) with the test-functions from
Y (R™) only, but using the linearity of (7.2) in v we obtain (7.2) also for the test-functions from
X (R™)). Therefore we can use all the results from Section 7 for the sequence {uy}. By Lemma 7.4,
Lemma 7.5 and continuity of J,, we obtain that ug is a weak solution to (1.10) satisfying .J,,(uo) = co.
Since p and h are nontrivial, ug has to be nontrivial (see (1.22)). O

Proposition 8.2. There is pg > 0 such that if p € (0, po), then (1.10) has a Mountain Pass-type
solution upy € X(R™). Moreover, there is a corresponding Palais-Smale sequence {vi,} C X (R™)
converging to ups in the sense of (7.9).

Proof. Since we have J(0) = 0, Lemmata 6.1, 6.2 and Proposition 5.1, we can apply the Mountain
Pass Theorem (Theorem 2.10) which together with Lemma 6.4 gives us a Palais-Smale sequence
{ur} € X(R™). Passing to a subsequence we can further suppose that we have (7.9). Finally, if we
set upr = u, where u € X(R") is given by (7.9), then ujs is a weak solution to (1.10) by Lemma 7.4.
Since p and h are nontrivial, ups has to be nontrivial (see (1.22)). O

Proposition 8.3. If uy > 0 is small enough, then the functions ug and ups given by Proposition 8.1
and Proposition 8.2 are distinct.

Proof. By Proposition 8.1 and Proposition 8.2 we have {uy}, {vi} € X(R™) such that
ug — ug in X (R™) and v — ups in WLP(R™), v, — upr in L2(R7)
(8.1) Ju(ug) = co and Ju(vg) = em
(J,(ug),ur) — 0 and (Jp,(vr), o) — 0 .

Moreover, by Lemmata 6.2, 6.3 and 6.4 we have

K n
(82) co <0 <cpy and enm — co < < Zé)n,a) 7y
For the sake of contradiction suppose that ug = ups. As both sequences converge to ug = ups

in L*(R"), h € LY(R") and we have Lemma 7.2, we see that

Tutu) = [ @(Fual) + V@B(fual) = Pl o) = () +0(1) =

Juw) = [ @(Tuul) + VE@(lon) ~ Flarvuo) (o +of1) = ey
and subtracting one from another we obtain
(8.3) / <I>(|Vuk|) + V(2)®(|ug|) —/ <I>(|Vvk|) + V(2)®(|vk|) Fope co—cpy <0
RrR™ Rn

Next, (J),(ux),ur) — 0 and (J; (vi), vx) — 0 read by (1.21)
/ O (|Vur|) [ Vur| + V() (Jug) k] — f(z, up)ur — ph(z)uy, "0

/ ' (|Vor|) [Voi| + V()@ (Jor|) [vr| = f(z, vi)vk — ph(z)vy "0
and thus

([ @ (vaIVurl + V@) (hal) ] = [ @ (Vo )[Von] + V@@’ (ual) o]
(8.4) " e

_ / fla,ug)ug — f(x,vp)vg — ,u/ () (up, — o) kooo )
Q Q

As both sequences converge to ug in L*(R™) and h € LY (R"), the last integral tends to zero.



GENERALIZED n-LAPLACIAN 19

Further, since uj, — ug in X (R™) by (8.1), which implies the convergence in W L®(R"), passing
to a subsequence we can construct a common majorant g € WL‘I’(]R”).
Next, from (1.16) we infer

7] < Colunl” + o (expyg (Olun]) = St blunl) )

< Colgl" + Cy (expig (Blg]") = SenaBlg]) 1o -

Since the right hand side is an L!(R™)-function (the first term is plainly an L*(R™)-function, while
for the second term we can use Holder’s inequality with powers n’ and n together with Theorem 3.3(i)
and (2.1)), we can use the Lebesgue Dominated Convergence Theorem to obtain

k—oo
(85) f('ra uk?)uk f(x7u0)u0 .
Rn Rn

Further, thanks to Lemma 2.1, we see that if we also prove that
k—o0
(86) / f(xavkt)vk - f(x,U/O)’LLO — 0 )
Q

then (8.4) would give us a contradiction with (8.3). Hence, it remains to show (8.6).

Since [;, ®(|Vui|) are bounded by Lemma 7.1, passing to a subsequence we can suppose that
these modulars converge. Notice that by Fatou’s lemma the limit is larger or equal to fRn (|[Vugl).
In the rest of the proof we distinguish two cases.

Case 1.: [, ®(|Vug|) = [on @(|Vuol).

In this case we have
Vur "=° Vg in L*(R™)
(indeed, we can use the Brezis-Lieb lemma to show that the modular of V(v —ug) tends to zero and
so does the norm by (2.5)). Since we also have vy — ug in L®(R"™), we obtain vy, — ug in WL®(R"™).
Hence, we can prove (8.6) the same way as we proved (8.5). Thus, we are done in the first case.
Case 2.0 limp oo fpn P(IVUr|) = Jon ®(|Vuel) > 0.
In this case, our first step is to prove that there is ¢ € (1,n’) such that

q
(8.7) [ (expia@lus) = Sematble) < €
Rn

By the Brezis-Lieb lemma, up — uo in X (R™) and (8.3) we see that

lim q>(|vuk\>+knm/ V(:C)(I>(|vk|)—/ (Vo)) /v B(Juo|) = car — co -
Rn — 00 RTL

k—oo

Further, from Fatou’s lemma and v — ug a.e. on R™ we obtain

im [ V@e(ul) = [ V().

k—oo Rn

Thus, (8.2) yields

n

Kona\~
Jm @ (V) _/ (|Vuo|) < e — o < (ZT) .
R™ n

Therefore there is ¢ € (1,n') such that

n

Kﬂna v
lim (Vv —/ O(|Vugl) < = .
[ e(Vul) - | e < (55°)

k—oo

This is

R

Kfna 1
8.8 bg < —=
( ) 7= q <hmkaoo fR" ‘V’Uk| fR" ‘VUO| )

Next, by (2.1) we have

q
(expia(Blonl™) = Stnaldln)" < [ expig(balon™) = Sealbalonl)

R™

Rn
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Now, the integral on the right hand side is uniformly bounded by Proposition 4.3 and thus we
have (8.7).

Next, we can use (1.16), (8.7) and the continuous embedding of X (R™) into L™ (R"™) together
with Lemma 7.1 to obtain

q
(8.9) /|ﬂast/'aww+c@meMw—&w@mm)gc.

Similarly we obtain

(3.10) Lﬂvwstc.

Next, we are going to apply estimates (8.9) and (8.10) to

Rn\f(x, vg) vk — f (7, u0)uol

< [ 10~ fwwo)uwl + [ | o) on - uo) =D+ I

Rn
First, let us deal with I5. Estimate (8.9), Holder’s inequality and vy — ug in L7 (R™) yield

k—o0

I = / |f (2, vi) (v = wo)| < |[f (@, vk)|[ Lo ®n) ||k — vol| Loy " — 0 -

In the rest of the proof we deal with I;. Fix £ > 0. From Fatou’s lemma, (1.13) and (7.5) we have

[ 1 oo < o

Hence there is My > % such that

Jo 1= / |f (2, up)up| < €.
{uo>M1}

Let 6 > 0 be such that ¢ = 1 + 26. By Assumption (1.19) we can find My > M; so that
flz, ) >t  forallt>M,.
Hence from (8.9) we obtain
1
dai= [ ol < o [ 1o < 2
{ve>Ms2} 2 n

where the last inequality follows from Holder’s inequality with powers
and ug € L™(R™) for all r € [n, 00).
Finally, by (1.16) we see that we have

(8.11) |f(z,t)| < Ct" '  forall t € [0, My]

and (L) > n, (8.9)

q
140 1490

and moreover, as v; converge in L™(R™), there is their common majorant U € L™(R™). We have

I <Ji+Jy+J3 where J = / |f (2, 06) X fop <oy — F (25 %0) X fug<aray | o]

and Jo, J3 are defined above. Hence, it is enough to show that J; — 0. We observe that the
integrand converges to zero a.e. in R™, therefore it suffices to find an integrable majorant so that
we could conclude the proof using the Lebesgue Dominated Convergence Theorem. But we have
plainly from (8.11)
|f (@, vk)X e <an [wo] < Clow]™ ™ uo| < CU"Huo| € L' (R™)
and
|f (2, w0)X fuo <as}lluo] < Cluo|" ™ |uo| = Cluol|™ € L'(R™) .

Hence we have proved (8.6) also in the second case and we are done. t

Finally, we see that Theorem 1.1 follows from Propositions 8.1, 8.2 and 8.3.
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9. CONCLUDING REMARKS

Sub-critical case. Similarly as in papers [11], [8] and [9], we can use our methods to obtain the
existence of at least two non-trivial weak solutions to (1.10) also in the sub-critical case. It is, instead
of (1.16) we have

for every b > 0 there is C, > 0 such that
|f(z, )] < Clt" + Gy (exp[e](bum - sf,n,a(b|t|7)) whenever ¢ € R and € R" .
In this case we do not need to assume (1.8) and (1.19).

Case of a bounded domain. Quasilinear nonhomogenous problems are often studied on bounded
domains. It is, in our case, we consider (1.10) for the functions from WyL®(Q) where Q C R" is
a bounded domain.

Recall that the space Wy L®(R") is compactly embedded into L®(Q) and L"(Q) for all r € [1, 00)
and we have the equivalence of the Wy L® (£2)-norm of a function and the L®(€2)-norm of its gradient.
Hence, we do not have to construct the auxiliary space X () as we had to in the case of W L®(R™).
This time we suppose that the potential V' is non-negative, continuous and bounded.

Acknowledgement. The author was supported by the research project MSM 0021620839 of the
Czech Ministry MSMT.

REFERENCES

[1] Adimurthi, Existence of positive solutions of the semilinear Dirichlet problem with critical growth for the n-
Laplacian, Ann. Sc. Norm. Sup. Pisa 17 (1990), 393-413.

[2] Adimurthi, Sandeep K., A singular Moser-Trudinge inequality and its application, Nonlinear. differ. equ. appl.
13 (2007), 585-603.

[3] Ambrosetti A., Rabinowitz P. H., Dual variational methods in critical point theory and applications, Funct. Anal.
14 (1973), 349-381.

[4] Berestycki H., Lions P.-L., Nonlinear scalar field equations, I. Existence of ground state, Arch. Rational. Mech.
Anal. 82 (1983), 313-346.

[5] Brezis H., Lieb E., A relation between pointwise convergence of functions and convergence of functionals, Proc.
Amer. Math. Soc. 88 no. 3 (1983), 486-490.

[6] Brezis H., Nirenberg L., Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents,
Comm. Pure Appl. Math. 36 no. 4 (1983), 437-477.

[7] Cerny R., Concentration-Compactness Principle for embedding into multiple exponential spaces, to appear in
Math. Inequal. Appl. (preprint is available at www.karlin.mff.cuni.cz/kma-preprints/).

8] Cerny R., Generalized Moser-Trudinger inequality for unbounded domains and its application, submitted
(preprint is available at www.karlin.mff.cuni.cz/kma-preprints/).

9] Cerny R., On the Dirichlet problem for the generalized n-Laplacian: singular nonlinearity with the exponential
and multiple exponential critical growth range, submitted (preprint is available at www.karlin.mff.cuni.cz/kma-
preprints/).

[10] Cerny R., Gurka P., Hencl S., Concentration-compactness principle for generalized Trudinger inequalities, to
appear in Z. Anal. Anwendungen (preprint is available at www.karlin.mff.cuni.cz/kma-preprints/).

[11] Cerny R., Gurka P., Hencl S., On the Dirichlet problem for the generalized n, - Laplacian with the nonlinearity
in the critical growth range, submitted (preprint is available at www.karlin.mff.cuni.cz/kma-preprints/).

[12] Cerny R., Maskové S., A sharp form of an embedding into multiple exponential spaces, Czechoslovak Math. J.
60 no. 3 (2010), 751-782.

[13] Cerny R., Magkové S., On generalization of Moser’s theorem in the critical case, to appear in Math. Inequal.
Appl. (preprint is available at www.karlin.mff.cuni.cz/kma-preprints/).

[14] Edmunds D.E., Gurka P., Opic B., Double exponential integrability of convolution operators in generalized
Lorentz-Zygmund spaces, Indiana Univ. Math. J. 44 (1995), 19-43.

[15] Edmunds D.E., Gurka P., Opic B., Double exponential integrability, Bessel potentials and embedding theorems,
Studia Math. 115 (1995), 151-181.

[16] Edmunds D.E., Gurka P., Opic B., On embeddings of logarithmic Bessel potential spaces, J. Functional Analysis
146 (1997), 116-150.

[17] Ekeland I., On the variational principle, J. Math. Anal. Appl. 47 (1974), 324-353.

[18] de Figueiredo D.G., Miyagaki O. H., Ruf B., Elliptic equations in R? with nonlinearities in the critical growth
range, Calc. Var. 3 (1995), 139-153.

[19] Fusco N., Lions P. L., Sbordone C., Sobolev imbedding theorems in borderline cases, Proc. Amer. Math. Soc.
124 (1996), 561-565.



ROBERT CERNY

[20] Hencl S., A sharp form of an embedding into exponential and double exponential spaces, J. Funct. Anal. 204,

no. 1 (2003), 196-227.

[21] Lions P. L., On the existence of positive solutions of semilinear elliptic equations, SIAM review 24 (1982),

441-467.

[22] Lions P. L., The concentration-compactness principle in the calculus of variations. The limit case. I., Rev. Mat.

Iberoamericana 1, no. 1 (1985), 145-201.

] Moser J., A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1971), 1077-1092.
] do O J. M., N-Laplacian equations in R with critical growth, Abstr. Appl. Anal. 2, no. 3-4 (1997), 301-315.
] do O J. M., Medeiros E., Severo U., On a quasilinear nonhomogenous elliptic equation with critical growth in

RN, J. Differential Equations 246 (2009), 1363-1386.

[26] do 0. M., Semilinear Dirichlet problems for the N-laplacian in R™ with nonlinearities in the critical growth

range, Differential Integral Equations 9, no. 5 (1996), 967-979.

[27] Rana I. K., An introduction to measure and integration, Second edition. Graduate Studies in Mathematics, vol.

45, American Mathematical Society, Providence, RI.

[28] Talenti G., Inequalities in rearrangement invariant function spaces, Nonlinear Analysis, Function Spaces and

Applications 5 (1994), 177-230.

[29] Tonkes E., Solutions to a perturbed critical semilinear equation concerning the N-Laplacian in RY, Comment.

Math. Univ. Carolin. 40, no. 4 (1999), 679-699.

[30] Trudinger N. S., On imbeddings into Orlicz spaces and some applications, J. Math. Mech. 17 (1967), 473-484.

DEPARTMENT OF MATHEMATICAL ANALYSIS, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 00 PRAGUE 8, CZECH

REPUBLIC

E-mail address: rcerny@karlin.mff.cuni.cz



