Optimal Orlicz domains in Sobolev embeddings

Vit Musil

Abstract: In this paper we present a method for determining whether there exists a largest
Orlicz space L#(Q) satisfying the Sobolev embedding

WmLAQ) < Y(Q)

where Y (Q) stands for an arbitrary so-called Marcinkiewicz endpoint space. The tool devel-
oped in this work enables us to investigate the optimality of Orlicz domain spaces in Sobolev
embeddings and also in Sobolev trace embeddings on domains € in R™ with various regularity.

1. Introduction and main results

For a given Banach function space Y (2), we study the question whether there exists an optimal (i.e. largest) Orlicz
space LA(Q) satisfying the embedding
WmLAQ) — Y(Q),

where Q stands for a bounded domain in R™, n > 2, and W™L4(Q) is an Orlicz-Sobolev space (for the definition see
the section below). By optimality we mean that the space L4(Q) cannot be replaced by any strictly bigger Orlicz
space, i.e., every embedding of an Orlicz-Sobolev space to Y () factorizes through the space W™ L4 ().

In the general setting of rearrangement-invariant (r.i.) Banach function spaces, such questions were investigated
using the method of reducing the Sobolev embeddings to the boundedness of an appropriate modification of the
weighted Hardy operator. In the setting of r.i. spaces, the optimal domain and the optimal target spaces are then
explicitly described (see [10], [11], [16], [17]).

However, for certain specific applications such as to the solution of partial differential equations, it is often useful
to investigate the optimality of spaces in Sobolev-type embeddings restricted to the context of Orlicz spaces. This
creates a difficult and important problem that has been studied by several authors (see e.g. [3], [4], [5], [6], [8], [10],
[12], [13]). In particular, the situation in this setting is significantly different than in the broader sense of r.i. spaces.

Consider, for instance, the well-known classical Sobolev embedding W!LP(Q) < LP'(Q2), where 1 < p < n,
p* =np/(n—p) and  has a Lipschitz boundary. Both the spaces LP(£2) and LP*(£2) that appear in this embedding are
clearly optimal in the context of Lebesgue spaces, the former as the domain and the latter as the range. It turns out
that they are optimal even in the broader context of Orlicz spaces, but that is a deeper observation and more difficult
to prove. The optimality of the range space LP"(2) follows from a general result of A. Cianchi [6]. On the other hand,
the optimality of the domain space L?(€2) has not been known so far and will follow from our more general statement
below (Example 5.2).

In the limiting case when p = n, the situation is different and more interesting. First, if we fix the domain space
L™(9), then there is no optimal range Lebesgue space L7(Q) that would render the embedding W1L™(Q) < L9(12)
true, because it holds for every ¢ < oo, but not for ¢ = co. This discrepancy was remedied in the 1960s by a clever use
of special Orlicz spaces of an exponential type. In particular, by now classic results of N. S. Trudinger, S.I. Pokhozhaev,
and V.I. Yudovich (see [24], [25], [26]), one has

WIL™(Q) < exp L™ (),

where n’ = n/(n — 1). Now, both the domain space L™() and the range space exp L™ (Q) are Orlicz spaces, and
therefore we may ask, again, about their optimality. It turns out that, while the target space is the optimal (that
means smallest) Orlicz space that renders this Sobolev embedding true (this was originally proved by J. A. Hempel,
G.R.Morris and N. S. Trudinger [13] and it also follows from a general result of A. Cianchi [6]), the domain space is
not. Rather surprisingly, it can even be shown that such an optimal Orlicz domain space does not exist at all. More
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precisely, given an Orlicz space L*(Q) such that W1LA(Q) < exp L”/(Q), there always exists another Orlicz space
LB(Q), strictly bigger than LA(Q) such that W'LB(Q) < exp L™ (Q). This result was shown in [22].

It is clear from these examples that even the very existence of an optimal Orlicz partner (either range or domain)
is highly nontrivial and very interesting. However, the question of existence (and, possibly, characterization) of an
optimal Orlicz domain partner, is of interest also in a more general situation when the given target space is not
necessarily an Orlicz space.

For instance, one has the embedding

WLP(Q) — LP*P(Q),

(see e.g. [14], [19], [20], [21]) in which the target space is a usual two-parameter Lorentz space. Moreover, it is known
that LP"P(Q) is the optimal r.i. range space in this embedding and the space LP(Q2) is the optimal r.i. domain space
(see [11] or [10]). Therefore, L?(Q2) is automatically also the optimal Orlicz space in this embedding.

On the other hand, when we start with the space L*°(2) at the position of the range space, then, again, as
A. Cianchi and L.Pick showed in [9], an optimal Orlicz space does not exist at all. This situation resembles the
above-mentioned embedding in which the target was the space exp v (€). Apart from these two very particular cases
the question of the existence of an optimal Orlicz space has been open.

The general question of optimality among the Orlicz spaces has already been studied (see [5], [6], [7], [8], [10],
[12]) however, all those papers focus on the optimality of target spaces. In the case of range, it turns out that the
answer is always affirmative, and, furthermore, an explicit description of the optimal Orlicz space is available. The
situation is however dramatically different when the target space is fixed and the optimality of the domain space is in
question.

In this paper we study this question in the special case when the target space is chosen from the class of the
so-called Marcinkiewicz endpoint spaces. This is not as restrictive as it may seem since the most customary cases
including those given by the previous examples are covered.

An important ingredient of our approach is the use of known reduction theorems. This method will enable us to
circumvent working with Sobolev spaces to consider instead the boundedness of the operator

(H2N0 = [ fe)s s te @)

in one dimension. Here 0 < o« < 1,0 < 8 < o0 and o+ 1/ > 1. Then, by using various special cases of « and 5 we
obtain applications not only to Sobolev embeddings but also to the trace Sobolev embeddings of different orders and
on various domains in R” at once.

Now we are in a position to state our main result which gives a complete characterization of when the optimal
Orlicz domain exists, and also its explicit description. Simply put, to a given Marcinkiewicz endpoint space M () we
construct an “optimal Orlicz candidate” LP(£) in terms of the fundamental function. We exploit the fact that to a
given fundamental function there always exists a uniquely defined Orlicz space. Next, we test whether the embedding
WmLB(Q) — M() holds. If so, then we show that LZ(12) is the optimal Orlicz domain. Otherwise, we can prove
that an optimal Orlicz domain does not exist at all. The general result reads as follows.

Theorem A. Let 0 < o« < 1, 8 >0, a+1/8 > 1 and let M(0,1) be a Marcinkiewicz endpoint space with a
fundamental function ¢ satisfying

sup @(t%)tD“l = o0.
0<t<1

Let X(0,1) be the largest r.i. space satistying
HP:X(0,1) — M(0,1).

Denote by LZ(0,1) the Orlicz space having the same fundamental function as the space X(0,1). Define G(t) =

t1/(e=1) B(t), t € (0,00), where B is the complementary Young function to B. Then the following statements are
equivalent.

(i) There exists a largest Orlicz space L(0, 1) satisfying the relation
HP:L4(0,1) = M(0,1);

(i)
HP:LB(0,1) = M(0,1);

(iii)
LB(0,1) € X(0,1);

Sa:LB(0,1) - LB(0,1),

2



where S, is the operator given by
(Saf)(t) == t* ! sup s f*(s), te(0,1);

0<s<t
(v) there exists some K > 1 such that
1 L G(s)
lim su / ds < oo.
oo P GKY ), s

Moreover, if B satisfies the Ay condition, then each of the conditions (i)—(v) is equivalent to the following statement:
(vi) there exists some K > 1 such that
. G(t)
lim sup

<1
t—o0 GK}(Q

Note that the condition on ¢ causes no loss of generality, since otherwise H2: L1(0,1) — M (0,1). The details are
discussed in Remark 3.7.

The proof of Theorem A relies on the next result of independent interest, which provides us with a reduction
theorem for Orlicz and Marcinkiewicz spaces.

Theorem B. Let 0 < o < 1, 3> 0, a+1/38 > 1 and let L*(0,1) be an Orlicz space with a Young function A and
M(0,1) be a Marcinkiewicz endpoint space with a fundamental function ¢ satisfying

sup @(tf%)t“_l = 0.
0<i<1

Then the relation
HB:14(0,1) — M(0,1)

holds if and only if there exists C' > 0 such that

b A(s) B(Ct)
/1 S1/(1—a)+1 ds S A/(1—a)’ t € (2,00),

where B is a Young function described in Theorem A and A and B are complementary Young functions to A and B
respectively.

Our final principal result describes the fundamental function of the optimal r.i. domain space.

Theorem C. Let 0 < a < 1, 8> 0, a+1/8 > 1. Suppose that M(0,1) is the Marcinkiewicz endpoint space with
fundamental function ¢. Then the fundamental function px of the largest r.i. space X (0,1) having the property

HP:X(0,1) = M(0,1)
satisfies

px(t) =t sup o(s7)s*7', te(0,1).
t<s<1

The paper is structured as follows. In Chapter 2 we collect all the necessary basic background material. In
Chapter 3 we prove Theorems B and C. In Chapter 4 we prove Theorem A. Finally, Chapter 5 contains various
applications and examples of the main result.

2. Function spaces

Let us now fix the notation which will be used in this paper.

By A < B and A 2 B we mean that A < C B and A > C B, respectively, where C is a positive constant
independent of the appropriate quantities involved in A and B. We shall write A ~ B when both of the estimates
A < B and A Z B are satisfied. We shall use the convention 0 - co = 0, % =0and 2 =0.

When X and Y are Banach spaces, we say that X is embedded into Y, and write X — Y, if X C Y and there
exists a positive constant C, such that ||f|ly < C|f|lx for every f € X. We say that a linear operator T' defined on
X with values in Y is bounded if there exists a constant C' > 0 such that | Tf||y < C| f||x for every f € X. We write
T:X — Y in this case.

We say that a function G: [0, 00) — (0, 00) satisfies the Ay condition at infinity if there exists K > 0 and 7' > 0
such that G(2t) < K G(t) for every t > T. We will use only A, condition at infinity, hence we shall shortly say A,
condition and write G € A,.

For a nonnegative function f we shall write fo f < oo when there exists some ¢ > 0 such that the integral f(;: f
converges. By integral we always mean the Lebesgue integral.



2.1 Rearrangement-invariant spaces

In this section we recall definitions and some basic facts concerning the rearrangement-invariant spaces, which we will
need in the following text. We shall not prove well-known results; all proofs and further details can be found in the
monograph by C.Bennett and R. Sharpley [1].

Suppose (2 is a domain in R". Let M(£2) be a class of real-valued measurable functions on Q and M*(Q) the class
of nonnegative functions in M(Q2). Given f € M we define its nonincreasing rearrangement on (0, |Q|) as

fr(t) ==if{A >0, pp(N\) <t}, 0<t<|Q],
where py is the distribution function of f, i.e.,

pr) = [{z € Q, |f(x)] > A}

, A>0,

where the | - | stands for the Lebesgue measure. The Hardy average f** is defined on (0, |Q]) as

f**(t):%/of*(s)ds, 0<t<|.

Let f, g € MT(Q). Then we have the Hardy-Littlewood inequality

2]
| r@s@ar< [ rogoa.
When E C ) is measurable, we denote by x g the characteristic function of E. A simple function is a finite sum
> ; AiXE;, where A; # 0 is a real number and E; C {2 has finite measure for every index j.
Denote by I the interval (0,1). A mapping o: M1 (I) — [0, 0] is called a rearrangement-invariant (r.i.) Banach
Junction norm on M*(I), if for all f, g, fn (n € N) in MT(I), for all constants a > 0 and for every measurable subset
E of I, the following properties hold:

P1 o(f) =0 < f=0ae; oaf) = ao(f); o(f +g) <o(f)+ o(9);

(P1)

(P2) 0 < f < g a.e. implies o(f) < 0(9);
(P3) 0 < fo 1 f a.e. implies o(fy) 1 o(f);
(P4) o(xr) < o0;

(P5) Jo f(@)dz S o(f);

(P6) o(f) = o(f").

The associate norm of an r.i. norm p is another such norm o’ defined as
1
dlo) = sw [ g0 10 fgeM ).
o(f)<1 Jo

It obeys the Principle of Duality; that is,

Furthermore, the Hélder inequality
1
| fosae< o d o)
0

holds for every f,g € MT(I).
Given the r.i. norm g, the corresponding rearrangement-invariant Banach function space or, for short, r.i. space,
is the collection

Lo(1) = {f € M(1), o(|f]) < oo},

endowed with the norm

Hf”LQ(I) =o(f]), fe€Ly).
Next, given a bounded domain 2 in R", we define the r.i. space
Lo(9) = {f € M(Q), o(f*(|€2)) < oo}

with
1fllz,) = o(F*(t1QD), [ € Lo().
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If o1 and g9 are two r.i. norms, then L,, () C L,, () implies L,, () — L,,(92).
Let ¢ be a nonnegative function defined on the interval [0, 00). If
(i) o(t) =0iff t =0,
(ii) ¢(t) is nondecreasing on (0, co),
(iii) ¢(t)/t is nonincreasing on (0, co),
then ¢ is said to be quasiconcave. We also say that a function ¢ defined on bounded interval [0, R], for R € (0, c0),

is quasiconcave if the continuation by constant value ¢(R) is quasiconcave on [0, 00).
The fundamental function of an r.i. norm ¢ on M (I) is defined by

©o(t) :=0(x(0,n)), tE€I, ©,(0)=0.

The fundamental function is quasiconcave on [0, 1), continuous except perhaps at the origin and satisfies

Pot) por(t) =1, tel

Quasiconcave functions need not be concave, however, every r.i. space can be equivalently renormed so that its
fundamental function is concave.
Let ¢ be a concave function. We define the Lorentz endpoint space A,(2) by the function norm

1
on, (f) == / P de(t), fenHI),

where dp stands for the Lebesgue-Stieltjes measure associated with ¢. We define the Marcinkiewicz endpoint space
M, (£2) by the function norm

om, (f) = sup f(t)e(t), fe€M(I).
0<t<1

The endpoint spaces A, (€2) and M,(Q) are r.i. spaces with the fundamental function ¢. If X () is an r.i. space with
the fundamental function ¢, then
Ay(Q) = X — M, ().

In other words, A,(€2) and M, () are respectively the smallest and the largest r.i. spaces having the fundamental
function equivalent to ¢.

The associate space of a Lorentz endpoint space A, is the Marcinkiewicz endpoint space My, where both ¢ and
1 are concave and (t)¥(t) =t on I.

If || < oo, then for every r.i. space X (Q)

L>®(Q) = X(Q) — LY(Q).
Assume either 1 < p,g < ooorp=¢q=1orp=q=o00. The Lorentz space LP?(Q) is defined by the functional
opalf) = 00 (5L (). f €MD),

where

Q=

e ([ rrar)’. 1<a<.

esssup (), q=os,
o<t<1

stands for the Banach function norm of the Lebesgue space L(€2). The functional g, , is a Banach function norm if
and only if 1 < ¢ < p. However, for 1 < p < 00, gp 4 can be equivalently replaced by Banach function norm

o) (f) = 00 (751 (1))

The fundamental function of the norm g, 4) satisfies

1

Do () =t7,  t€10,1).

The spaces LP'*(Q) and LP>°(f2) are equal to the Lorentz and Marcinkiewicz endpoint spaces A, (€2) and M, (1),
respectively, with p(t) = t1/P. If the first parameter is fixed, then the Lorentz spaces are nested, i.e., we have
LPa(Q) — L7 () whenever 1 <p<ooand 1 <¢q <r <oo.



2.2 Orlicz Spaces

We also need to know definitions and all the basic facts about Young functions and Orlicz Spaces. All of these can be
found for instance in the book by L. Pick, A. Kufner, O. John and S. Fucik [23].
We shall say that A is a Young function if there exists a function a: [0, 00) — [0, 00) such that

A(t) :/0 a(s)ds, te0,00),

and a has the following properties:

(i) a(s) > 0 for s > 0, a(0) = 0;
(i) a is right-continuous;
(iii) a is nondecreasing;
(iv) limg o0 a(s) = oo.

Every Young function is continuous, nonnegative, strictly increasing, convex on [0, c0) and satisfies

A
lim ﬁ: lim L:O.
t—0t t t—oo A(t)

Furthermore, one has
Alat) < a A(t), «a€][0,1], t>0,

and

A(Bt) > BA(t), Be(l,00), t>0.

Moreover A(t)/t is increasing on (0, 00) and we have the estimates
Alt) <a(t)t < A(2t), te(0,00).

For a Young function A and a domain Q C R", the Orlicz space LA = LA(f) is the collection of all functions
f € M() for which there exists a A > 0 such that

/QA<|f(/\"T)|) dx < oo.

The Orlicz space L4(f) is endowed with the Luzemburg norm

I£llza == inf{A>0, AA('f&x”) dx<1}.

The complementary function Aofa Young function A is given by

A(t) := 21;}8(815 —A(s)), te[0,00).

The complementary function Ais a Young function as well and the complementary function of A is once more A. For
any Young function A and its complementary function A there is the relation

t<ATY W) AT ) <2, tel0,00).

With the help of the complementary function, we can define an alternative Orlicz norm on an Orlicz space by

T sup{ / |f<x>g<x>\da:},

where the supremum is taken over all functions g € M(Q2) such that

/Q/T(|g(z)|) dz < oo.
The Luxemburg and Orlicz norms are equivalent, namely,

Ifllea < fllpay <20 lza-
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When LA(f) is an Orlicz space endowed with the Luxemburg norm, then the associate space is A (Q) with the
Orlicz norm. In particular, the sharp Holder inequality for Orlicz spaces has the form

/Q £(@) g(@)| do < [1Flla 1] 1z

The Orlicz space L4(£2) is an 1.i. space and

1
Ixells = =77
A~ ()

for every measurable E C Q of positive measure, thus, for a bounded domain €2, the fundamental function for the

Luxemburg norm is
1

t1€2]

(IDLA(t> tEI, QIOLA(O):O
An Orlicz space LA(I) with fundamental function ¢ coincides with the Marcinkiewicz endpoint space M, (I) if
and only if there exists § € (0,1) such that

/114(5,4—1(1)) dt < oo. (2.1)
0

(see also [18]).

For |Q] < oo, the inclusion relation between Orlicz spaces is governed by inequalities involving the corresponding
Young functions. If A and B are Young functions then L4(Q) — LZ(Q) if and only if there exist ¢ > 0 and 7' > 0
such that

B(t) < A(ct), t>T,

which we denote by B < A or A > B. If both A < B and A > B hold, we say that A and B are equivalent and write
A= B. When |Q| < 0o, the inclusion L#(Q) C LB(Q) is proper if and only if

B(t
lim sup ®)

=0

for every A > 0. In such case we write B << A or A =~ B.
If A< Bor A=< Bthen A > B or A = B, respectively.

3. Proofs of Theorems B and C

Lemma 3.1. Let A be a Young function and let £ be a nonzero real number. Assuming

/A(s) st 1ds < oo, (3.1)
0

we define .
Ef(t>=\g|—1f%/ A(s)st1ds, te (0,00).
0

Such E is an increasing mapping of (0, 00) onto itself. Moreover, if R € (0, 00], then the following relations hold.

3
a
||t£X(0,a)(t)HLA(O,R) = E_1 1\ € (07R)a f >0, (32)
< (3)
3
a
Htg)((a,oo)(t)”LA(O,oo) = (L) a € (0,00), £ <O. (3.3)
< (3)
If, in addition, ¢ € (0, R) and if £ < 0 then
14X () ()| L4 (0,R) = 1t X (a00) (D) |24 (0,00)> @ € (0, R —€). (3.4)



Proof. Assume (3.1). By change of variables s — ts we have

1 1
Ee(t) :\gy-ljﬁ Alts) st ds, t e (0,00),

hence F¢ is increasing.
By definition of the Luxemburg norm, we have

a tg
300 Ollrom =if{r> 0. ["a(5) ar<1}.
0

Next, by change of variables we get for £ > 0

I3 . A% %é 1_q
1t*x(0,a) ()|l A0, r) = Inf4 A >0, r A(s)se " ds <1
0

—inf{A>0, aBe(%) <1}

This proves the part (3.2). The proof of the relation (3.3) can be done in an analogous way and we omit it.
It remains to prove the (3.4). Clearly,
£ X (a,00) ) L4 0,00) = 15X (0, m) ()| L4 0,00) = 1 X0,y (B) | L4 0,m)
by the monotonicity of the norm. On the other hand, we have by the triangle inequality
18X (a,00) (D] 22 (0,00) < 18X a,m) (D] 22 0, ) + [[EEX(R100) (B) ] L4 (0,00)-
Using (3.3), the term [[t*x(g,00) ()|l 14 (0,00) €quals Rf/Egl(l/R) since £ < 0. Thanks to the assumptions, this quantity

is finite, say K. The term Htgx(aﬂ) (t)l L4 (0,r) is a decreasing function of the variable a, positive on (0, R) and vanishing
at R. Hence for every ¢ € (0, R) there exists a constant C' such that

K < Clt*X(a,r)®)llLa(o,r)s @€ (0,R—e).
For those a we conclude that

15X (a,00) ) | 24 (0,00) < (C + 1) 115X (a,r) ()] L4 (0, R)-

Lemma 3.2. Let 0 < aa< 1, >0, a+1/8 > 1 and let ¢ be a quasiconcave function on (0,1). We define

B(t) =" sup p(s) 77 te(0,1), B(0)=0.
t<s<l1l

Then B(t) and B(t*/%) t* are quasiconcave.

Proof. Since ¢ is nondecreasing, we have for every ¢ € (0,1)
2(t) = t°1= sup PN sup o(r)
t<s<1 0<r<s

— ¢B(1=a) gAla=1)

sup () sup
o<r<1 max{r,t}<s<l

= tP1=9 sup »(r) min {tﬁ(“_l)mﬁ(“_l)}
0<r<1

= sup (r) min {1, (%)5(17(1)} ,
0<r<1
hence ¥ is nondecreasing. Next, by definition, we have

S

t
(®) = tP1=)1 qup o(s) @D e (0,1).
t<s<1

~+~ ‘

The function t?(1~®)~1 is nonincreasing since the exponent B(a — 1) 4+ 1 is nonnegative by the assumptions of the
lemma. Hence p(t)/t is nonincreasing on (0, 1).
The function B(¢'/#)t* is increasing as a composition of nondecreasing functions multiplied by increasing func-
tion t*. Next the expression
- «
pz) e = sup (p(S%)Sail, te(0,1),
t<s<1

is nonincreasing. The rest is trivial. O

~ | =



Lemma 3.3. Let u be a quasiconcave, right continuous at origin and strictly increasing function on [0,1) such that

lim @—

t—0t+ ©

Then there exists a Young function B such that the fundamental function of the Orlicz space L (0,1) is equivalent
to u on [0,1). Moreover
B7't) ~tu(}) te(0,1),

where B is the complementary Young function to B.

Proof. We can assume without loss of generality that u(1) = 1. Then by continuity of v we have «(0,1) = (0,1). Let

us define )
Sui(1)’ s € (1,00),
s, s €10,1].
and

B(t):/o b(s)ds, € [0,00).

We claim that B is a Young function. The properties (i) and (ii) from the definition of Young function are clear. Let
us prove that b is nondecreasing. The function u(¢)/t is nonincreasing and u itself is increasing, hence s/u~!(s) is
nonincreasing and therefore b(s) = Su,}w is nondecreasing on (1,00) and also (trivially) on [0,1]. It remains to
show that lim;_, o b(s) = oco. Indeed,

4
= lim ut) _

lim b(s) = i
00 (s) 10t a1 t)  t—ot ¢

Now, since B is a Young function, we have that
B(t) < b(t)t < B(2t), te]0,00).

It follows by definition of b that

Applying the increasing function B!, we get

1
t< B! <2t, te(l,00),
- ( <1>>— e

that is, taking reciprocal values and ¢ — 1/s,

1
<—— <3, s€(0,1).

-1 1 -7
B ()

Finally, since u is increasing on (0,1) and «(0,1) = (0,1), this implies
)

]
2

< B_ll(;) <u(y), ye(0,1).

u(y
2

Hence by the definition of the fundamental function for the Luxemburg norm we conclude that

pre(t) ~u(t), te(0,1).

In addition

The proof is complete. O

The following proposition enables us to reduce an embedding to a Lorentz endpoint spaces only to testing on
characteristic functions. The idea of this statement is based on [2, Theorem 7], where the Lorentz space LP-(£2) occurs
as a target space, nonetheless the proof also works for any Lorentz endpoint space. For the sake of completeness, we
show also the proof here.



Proposition 3.4. Let Y (0, 1) be a Banach function space and A(0,1) be a Lorentz endpoint space over (0,1). Suppose
that T is a sublinear operator mapping A(0,1) to Y (0,1) and satisfying

ITxEelly©1) S IxEllao (3.5)
for every measurable set E C (0,1). Then
ITfllv0,1) S I1flla1)
for every f € A(0,1).
Proof. Let f be a simple nonnegative function on (0,1). Thus f can be written as a finite sum f = Zj AjXE;, Where
Aj are positive real numbers and the sets E; are measurable subsets of (0,1) satisfying 4y C Fy C ---. Then, as

readily seen, we have f* =}, AjXE,- Let ¢ be a fundamental function of A(0,1). By the definition of the Lorentz
norm we have

1 1 1
17l = / e = / S Ah de =3 / X, do = S Al laco)-
0 0 j 0 j

On account of the sublinearity of T" we have |T'f| < > A;|T'xg,|, and consequently by (3.5) and by axioms (P1) and
(P2) we obtain

ITf v 1) <D X1 Txe v S D Alxe llaoy = 1 llao.-
i i

Now if f is simple but no longer nonnegative, we use the same for the positive part of f and for the negative part of f.

Suppose that f is an arbitrary function in A(0, 1) and let f,, be a sequence of simple integrable functions converging
to f in A(0,1). Then

||T(fn) - T(fm)”Y(O,l) < HT(fn - fm)”Y(O,l) 5 ||fn - meA(O,l)v
and T'f,, is Cauchy, hence convergent in Y (0,1). Since limits are unique in Y (0, 1), it follows that im 7T f,, = T'f and
ITflly0,1) = Bm || T fully 0,1y S im || fallao,1) = 1 flla,1)

as we wished to show. O

Next proposition provides the optimal r.i. range space for the operator H. g and a given r.i. domain space. The
proof can be obtained by simple modification of the proof of [11, Theorem 4.5], where 5 = 1 and @ = 1/n and therefore
is omitted.

Proposition 3.5. Let X(0,1) be an r.i. space, 0 < a <1, 8>0and a+1/8 > 1. Then
! px
Y/(0,1) = {f € M(,1), Iflly+ = [ (HE) F*|| ooy < o}

is an r.i. space, such that the associate space Y (0,1) is the smallest space among r.i. spaces rendering H?: X (0,1) —
Y (0,1) true.

The construction of the optimal r.i. domain for H? and a given r.i. range space is similar to that in [16, Theo-
rem 3.3], as well as its proof, needing only trivial modifications. The fact that p1; = iy, is denoted by f ~ h.

Proposition 3.6. Let Y(0,1) be an r.i. space such that Y (0,1) — LﬁUI*Of)’l(O7 1). Then

X(0.1)i= {£ € 20.1). 1l = sup |12 1], < o}
is the largest r.i. space satisfying H?: X(0,1) — Y (0,1).
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Remark 3.7. Now, under the same assumptions on « and S as in Proposition 3.5 one can readily calculate the optimal
endpoint estimates

HP:LY(0,1) — L7a—=1(0,1) (3.6)
and

HP: Lw1(0,1) — L=(0,1). (3.7)

The relation (3.6) shows that the assumption in Proposition 3.6 cause no lose of generality.
Let us also discuss the assumption on fundamental function

sup cp(t/%)tafl =00
0<t<1

in Theorems A and B. If this condition is not satisfied, then

p(t) < CtPU=) e (0,1),
for some C > 0, which is equivalent to

LFa°(0,1) C My (0,1),

hence, thanks to (3.6), also to
HE:LY0,1) — M,(0,1).

Since L'(0,1) is the largest r.i. space, we can see that this considered assumption cause no relevant restriction to
target spaces.

Proof of Theorem C. We first prove the inequality “>”. Let o and /8 be as in the theorem and let us set

W(t) =t sup @(s7)s*7L, te(0,1).
t<s<l1l

Then, by Lemma 3.2, t(t) is quasiconcave function on (0,1) and 9 (t) > t* p(t'/#) for t € (0,1). We claim that v is
up to equivalence the smallest function with this property. Indeed, let 7(t) be a quasiconcave function on [0,1) and
n(t) >t o(t*/P) for t € (0,1). Then

sup @(s%)so‘_l < sup —8, t € (0,1).
t<s<l t<s<l S

The right hand side of the last inequality equals 7(¢)/t by quasiconcavity of 5. Then multiplying by ¢ gives that
B(t) < n(t) for t € (0,1).
Now by Proposition 3.6 we have

ox(t) sup

h~X(0,t)
¢

Koo [t a] = o @ -5
s Y

> HX(O,t1/5/2) (S) (ta — ta27o¢ﬁ>

= [ xom ()l =17 v (E):

1 1
/ y* " h(y) dy / ¥ x0.n ) dyH
s sB Y

sB

Z ’

Y

Y

|, =t X ®lly

Hence @x (t) = t* o(t'/#) and by the claim ¥(t) < ox(t).

11



Let us focus on the inequality “<”. Let ¢ € (0,1/2) then

px(t) = sup
h~X(0,t)

e L) W) () ols)

hNX(O,t) 0<s<1 B

s 1
= sup sup @/ / Yyt h(y)dydr
hNX(O‘t) 0<s<1 S 0 rB

1 min{y%,s}
= sup sup @(S)/ yot h(y)/ drdy
0 0

h~xX(o,4) 0<s<1l

sB 1
= sup sup £ls) (/ v h(y) dy+8/ y* ! h(y) dy)
0 s

0<s<lhryx(o,yy 9 8

sﬁ z+t
= sup sup go(s)(/ ya+71f_1dy+s/ yaldy).
0<s<l g<z<s? S z 58

P <zt

1
/ y* "' h(y) dy

B

Y

Denote

sﬁ z+t
V(s,z,t)Zw(sS)(/ y”%*ldy“/ y"‘ldy)

sB

We split the area over which the supremum is taken into three disjoint regions, namely

ex(t) < sup V(s z,t)+ sup Vs, z,t) + sup Vs, z,t).

1 1 1 1
0<s<t? tB <s<(1-t)P (1—-t)F <s<1
0<z<s? B_ 8 B_ _

z<s s —t<2<s s —t<z<1—t

Now

(S) sP sB—i-t
1
sup V(s, z,t) < sup 1 (/ ytE T dy + s/ yo ! dy>

t%<s<(1—t)% t%<s<(1—t)% 5 At sf
sP—t<z<s?
< sw @(tsﬁ(alel_FStsﬁ(a*l))
t%<s<(17t)%
Stosup p(s)s7OD
tTlf<s<1
<t sup p(s?) s
t<s<1
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and

s8 1

sup V(s z,t) < sup #(5) (/s

1 1 S
(1-t) B <s<1 (1-t) P <s<1
sP—t<z<1—t

Yyt dy + 8/

sB

ya—l dy)

B—t

< sup ©(s) (tsﬁ(aq)ﬂ +s(1l— Sa)sﬁ(aq))
(lft)%<s<1 5

< sup o(s) (tsﬁ(afl)Jrl +tsﬁ(aq)ﬂ)
S

1
(1-t) B <s<1

Stoosup o p(s)
(1—t)%<s<l

$Ala=1)

St osup gp(s%) s L

t<s<l
Finally

px(t) St sup o(s)s*7h, te€(0,1/2).
t<s<l

O

Proof of Theorem B. Consider the Orlicz space L#(0,1) and the Marcinkiewicz space M (0,1) from the assumption
of the theorem. They satisfy the inequality

1
/ g(s)s*tds
th

By the L' duality, this is the same as

N ||g||LA(0,1)a geMt.
M(0,1)

¢5
ot fls)ds
0

_ Sy, feMt.
LA(O,I)

where A is the complementary Young function to A. This is equivalent to

i
tet f*(s)ds
0

Sy, f € M'(0,1).

LA(0,1)

Indeed, one implication follows just by passing to only nonincreasing functions with the fact that ||f[/ar0,1) =
I.f*|Iaz¢0,1), and the other holds thanks to the Hardy-Littlewood inequality applied to functions f and X(0,41/8)-

Using the fact that M’(0,1) is a Lorentz endpoint space and passing to the characteristic functions while keeping
Proposition 3.4 in mind, this is equivalent to

~ Sewm(a), a€(0,1). (3-8)
LA(0,1)

o
gt / X(0,a)(8) ds
0

Let us compute the left hand side. Clearly

_ 1
=T X (8) £ T e 1y (1) - all pr oy
LA(0,1)

o5
et / X(0,a)(8) ds
0

atLt—-1 a—
< ”t *3 X(O,aﬁ)(t)”LZ(oJ) +aHt 1X(a/3,1)(t)HLZ(o71)'

We suppose that a € (0,2_1/ B), since we are interested only in values of a near zero. We show that the second
summand dominates the first one. Indeed, for any r.i. norm we have

— a— a— a— a+1—
al[t* X e 1y (O] = allt* " X (a8 205y )] > a(20”)* 7 X (08 205 )] = T Ix(0.05) O] = 11EF 5 X 0,08 ()]
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Therefore we can state that

1

tB
e [ w1 ~ a1 X a1y B 500 (3.9)
At this moment, it is the time for using Lemma 3.1. We need the part (3.4) with (3.3) for  =a—1 <0, R=1 and
e =1-2"Y8 The assumption (3.1) can be rendered as satisfied without any loss of generality since the domain is of
finite measure, hence the appropriate Young function can be redefined on (0, 1) without any effect to the corresponding

LA(0,1)

Orlicz space. Note also that we are using the complementary Young function A instead of A. Hence we conclude that

(3.8) is equivalent to
2Ala-1)+1 .
B (ah) Sem(a), a€(0,277). (3.10)

a—1

Now we substitute ¢ = a~# and use the fact that oy (a) p(a) = a. We get
p(t7P) T S BN (), te (27, 00). (3.11)

Let us define )

F(t)=9(t 7)t'"*, te€(0,1),
where the function (t) is taken from Lemma 3.2. We claim that F(t) is the least nondecreasing majorant of
(t~1/B)t1=e, Indeed,

B(t) = t°1=Y sup o(s) PVt e (0,1),
t<s<1

hence
Bt F) 1 = sup (s ) s, te(0,1),
0<s<t
and the claim follows.
Since the function F,_; is strictly increasing as well as its inverse, we can enlarge the left hand side of the

inequality (3.11) by F'(¢). Hence we can equivalently continue by
F(t) S EJL (), te(27,00). (3.12)

Now Lemma 3.3 comes to play with u(t) = B(¢t'/?)t*. By Lemma 3.2 u is quasiconcave and strictly increasing

on (0,1). Next,
. u(t) . (s?
im — = lim su s
t—0t t t—0+ t<s£>1@

@l

)54 =00
thanks to the assumption of the theorem. Also, u is right continuous at the origin since

u(t) =t sup @(s%)sa_l < (1)t~
t<s<1

We obtain a Young function B such that B~1(t) ~ F(t). Theorem C ensures that the space L5(0,1) has the
same fundamental function as the optimal r.i. domain X (0,1) in H?: X(0,1) — M(0,1). Using this and passing to
inverse functions, (3.12) is equivalent to the existence of some constant C' > 0 such that

Eq-1(t) < B(Ct), t€ (¢,00),
where ¢ = E1,(2'/%) > 0. This is however equivalent to
Eo_1(t) S B(C), te(2,00),

which is nothing but

/051/‘4(5) as < 2D e (9 00).

A-a)+1 49~ a/(=a)’

Finally observe that the quantities fot /T(s) st/(@=1)=1 qs and flt 21(3) st/(@=1)=1 ds are comparable since ¢ € (2, 00).
One can now immediately observe that the resulting inequality does not depend on the behavior of the Young function
A on the interval (0, 1). O

4. Proof of Theorem A

Before proving Theorem A we need several auxiliary results. The next theorem is the crucial ingredient in the proof
of the main result and it reveals the constructive approach to the nonexistence of an optimal Orlicz domain space in
appropriate situations.
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Theorem 4.1. Let Young functions A and B satisfy for 0 < a < 1 and some C > 0 the inequality

b As) B(Ct)
<
/1 S1/(0—a)F1 ds 5 A/ e L€ (2,00). (4.1)

Denote G(t) = t'/(@=1) B(Ct). If

limsup G(t) = o0 (4.2)
t—o0
and L e
. G(s
hﬁs;lp GUKD /1 . ds = 00 (4.3)

for every K > 1, then there exists a Young function A; satisfying Ay >~ A and also

/t A1(S) d < B(Clt)

51/(1*01)4*1 S tl/(lfoz) ) t e (27 OO)

Proof. Let A and G be the functions from the assumptions. First, we establish an upper bound for A. Namely, for
t € (1,00)

2t A(S) 2t A(S) 2t L
_Al) Jo=D1 g  A(g) /(0D
G(21) 2 /1 e ds > /t ey ds > A() /t s ds ~ A(t) (/D). (4.4)

Using this, we obtain the existence of 8 > 0 such that
BB(2Ct) > A(t), te (1,00). (4.5)
Now we fix this 8 and, for every t € (1, 00), we define the set

Gi={se(1,00), 28 > g BECY

Since A(s)/s is a nondecreasing mapping from (0, c0) onto itself, the sets G; are upper segments. In particular, G; is
nonempty for every ¢ € (1,00). Let us define 7 = 7 = inf G;. Observe that, for ¢ € (1,00) and s € (1,t),

A At B(2Ct
() _ Al _ ,BCY)
s t t
thanks to the estimate (4.5). Hence 7 > t for every ¢. Moreover, since A(t)/t is continuous, we have the equality
A B(2Ct
(1) _ 5 BECY 4 (1, 00). (4.6)
T t
Let K be a real number such that K > 1. Then
A t
lim sup (72) . = 00. (4.7)

t—o00 Tt A(QKt)
Indeed, suppose that there exists K > 1 and some L > 0 such that there is for all ¢ € (1, 00) the estimate

A(T) t
1 AQKY)

<1,

or equivalently
A(2Kt)

t T

Now for ¢t > 2 the following holds:

Kt Kt
A(s) A(s)
G(Kt) > /1 a1 52 / Yyt

K
Y2 A(2Ks)
Jy S/

t/2 A(Ts) 81/(

ds (by change of variables)

a1 (s (by (4.8))

ds (by (4.6))

).
2.

J
).
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This contradicts (4.3) for this K.

From estimate (4.7), we can take an increasing sequence t; € (2,00), j > 2, such that

A(T; t;
m AL (4.9)
Jj—o0o Tj A(jtj)
where we define 7; = Tt,- We can also choose this sequence to ensure t;11 > 7;

. We claim that without loss of
generality we can assume that 2¢t; < 7; for every index j > 2. Indeed, suppose that there exists a subsequence jj in
N such that 7;, < 2t;,. Then A(7;,) < A(2t;,) and

A(Tjk) . 2 < A(2tjk) . t]k < A(2tjk) . z _ 3 50 as k— oo
Tin A(jktjk) N tjk A(%C2tjk) N A(2tjk) Jk Jk

which is impossible due to (4.9).

At this moment, we can define a function A; by the formula

) — Alty) + 220 (¢ 1), te (ty,7), J €N,
97 a

otherwise.

Obviously, A; > A and A; is a Young function. Moreover, for j € N, j > 2

A(T A
Aaty)  Aly) + A=)y

AQity) A(yt;)_ J
S Alm) = Alty) 4
- A(]t]) | T
2 W : % (since 2t; < ;)
1 A(Tj) tj .
23 T AGL) (since A(7;/2) < A(7;)/2),

and the latter tends to infinity as j — oo by (4.9). Therefore

lim sup Ai0) =

for every A > 2, which is precisely A; = A.

It remains to show that A; satisfies the condition (4.1) with A replaced by A;. Let ¢t € (2,00) be fixed. We find
j € N such shat ¢t € [t;,t;41). Then we have

t
Ai(s) Als A(ri) — Altr)
/1 S/ a)+1d </1 S/0—a)+1 a)+1 ds+2/ (

pa— (s — tk)> st/(a=D=1 45

LAs (tr) [T (s—tg)
<2 _— ds.
N /1 st/ Z Tk — tk /fk

1/(1—a)+1
- sl/(1—a)

We can follow with estimates of the latter integral. Since 1/(a — 1) < —1, we have for k € N such that 1 < k < j,

Tk (Sitk) * 1/(a—1 > 1/(a—1 1/(a—1)+1

23 tr

This together with the fact that 2¢; < 7 gives

/t _A) gocy /t _AG) g, ’ /@m0,
| s/=a)+1 57~ 2 Sy w1 d —
Since (4.6) implies

A(Tk

) tllc/(a_l)—H _ 521/(170) G(2ty,),

Tk
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we have
t
Ai(s)
/1 s1/(1— a)+1 )+ Z G(2ty).

Because the sequence t; could be taken arbitrarily fast growing, we can assume without loss of generality that G(2t;) >

2;11 G(2ty) thanks to the fact that G is unbounded by (4.2). Adding all the estimates together, we finally obtain
that

t
A
/1 SUUIf(i))'H ds S G(t) + G(?tj) 5 G(2t), te (2,00),

which proves the theorem. O

The following auxiliary fact is based on the idea of L’Hopital’s rule and the proof is very similar to the proof of
the original result, hence we omit it.

Proposition 4.2. Suppose that f and g are real functions having finite derivatives on some neighbourhood of infinity.
If g(x) — 0o as © — oo, then
!
lim inf F'@) < lim inf M

v g(n) e glo)

Theorem 4.3. Let G:(0,00) — (0,00) be a continuous nondecreasing function satisfying Ay condition. Then the
following are equivalent.

(i)

lim su
i) G(KT)

t
lim sup t ) / Gls) ds = oo;
1

t
/ G(s) ds =00 forevery K > 1;
1 8

(i)

t—o00 G S

(iii)
.. G(Kt)
B ew

=1 forevery K > 1.

Proof. The equivalence (ii)< (i) is trivial, since the quantities G(t) and G(Kt) are comparable for every fixed K > 1
thanks to the fact that G € A,.
Let us focus on the implication (iii)=-(ii). Let K > 1 be fixed and suppose ¢ > 1. Then

ds Kt ds Kt ds
G() G(s )—>G()/ — =G(t)log K.
1 S t S t S
Dividing both sides by G(Kt) we obtain
G(t) 1 Kt G(s)
log K < ds.
R GED = G(KY) /1 s 00
Taking the limes superior as ¢ — oo on both sides of the inequality, we get

Gt) . 1 /Kt G(s)
log K = log K limsu < limsu ds=: L,
& s8R MNP Gk S AP GKY ), s

where L is independent of K. Since log K < L for arbitrary K, L has no other optlon but to equal infinity.

To prove (ii)=-(iii), let K > 1 be fixed and let us define f(t) fl (Ks)42 and g(t fl (s)9s. Then both
f and g are continuous and have derivatives, namely f'(t) = G(Kt)/t, g ( ) = ( )/t. Since (ii) holds, it has to be
g(t) = oo as t — oo. Using Proposition 4.2, we get

. . .G(Kt)
Oghtrgioroif €0 —1
J{ G(Ks)

< liminf 2 ———~%

t—00 flt G(s)df
Kt ds t ds
G(s)€ — [/ G(s)<e
< liminf & (5) 2 fl (5) =

t—00 flt G(s)%
t

< liminf
— t—oo ft G(S)% G(t)




Since lim inf; o, G(t)/ flt G(s)9 =0, it suffices to show that ﬁ j;Kt G(s)% is bounded. To this end we use the fact

S

that G is nondecreasing and, due to G € Ay, there is some ¢ > 0 such that G(Kt) < ¢G(t) for big t. For such a t we

have Kt Kt
1 ds  G(Kt) ds
— — < — < clog K.
COT S Gy ), =

Proof of Theorem A. The equivalence of (ii) and (v) follows directly from Theorem B.
The condition (v) holds if and only if (iv) holds thanks to the consequence of [15, Theorem A].
In order to show (i)=(v) assume that (v) is not satisfied, i.e.,

1 L G(s)
i -
P GKT) /1 s 5=

for some constant K > 1. Now for any Orlicz space L4(0, 1) satisfying H?: L4(0,1) — M (0, 1) there exists a constant
C'4 such that

/t A(s) q _ B(Cat)
1

S1/(—a)+1 &% = j1/(0—a)’ t€(2,00)

due to Theorem B. If the function G is unbounded, then Theorem 4.1 ensures the existence of a Young function A;
such that the space L41(0,1) is strictly larger than L4(0,1) and still renders the inequality above true, with possibly
different constants. In case when the function G is equivalent to a constant function (which coincides with the situation
when M (0,1) = L*°(0,1)) the same is true by similar construction argument described in [9, Theorem 6.4]. Now again
by Theorem B one has HZ: L41(0,1) — M(0,1) and no optimal Orlicz domain exists. This contradicts ().

To prove (iii)=(i) we claim that LZ(0,1) is among the Orlicz spaces L“(0, 1) the largest space rendering

HB:14(0,1) — M(0,1).

Indeed let L4(0,1) be any of such spaces. By the optimality of X (0, 1), we have L*(0,1) C X (0, 1) and thus we have
the inequality between appropriate fundamental functions

QQX(t) S YrLa (t)v te (0’ 1)

Since the space LZ(0,1) is defined in a way that its fundamental function coincides with ¢x, one gets that ;5 (t) <
¢ (t) which implies A(t) < B(Ct) for some C > 0, hence L4(0,1) C LZ(0,1) and L?(0,1) is optimal.

The equivalence of (ii) and (iii) follows directly from the definition of the optimal r.i. space, and the equivalence
of (v) and (vi) has already been proved in Theorem 4.3. O

Remark 4.4. Note that the proof of the implication (iii)=>(i) does not depend on the target space, so it can be used
to prove the optimality in positive cases for any r.i. target space Y.

5. Examples and applications

5.1 Sobolev embeddings on John domains

We begin by the easiest case of Sobolev embeddings, namely those acting on John domains. We will use the reduction
theorem from [10]. Recall that a bounded open set  in R is called a John domain if there exist a constant ¢ € (0, 1)
and a point 2y € Q such that for every = € Q there exists a rectifiable curve w: [0,1] — Q, parameterized by arclength,
such that @ (0) = z, ¢(I) = x0, and

dist(w(r),@Q) <er, reljo,l].

We will use the reduction principle for John domains proved in [10, Theorem 6.1]. It can be read as follows.
Let n € N, n > 2, and let m € N. Assume that 2 is a John domain in R™. Let || - [[x(0,1) and || - |y (0,1) be
rearrangement-invariant function norms. Then the following assertions are equivalent.

(i) The Hardy type inequality
1
||Hm/anY(0,1) B CHf||X(o,1)
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holds for some constant C' and for every nonnegative f € X(0,1).
(ii) The Sobolev embedding
W"X(Q) = Y(Q)

holds.
Recall that

WwmX(Q) = {u € M(Q), u is m-times weakly differentiable in Q and }Vku| €eX(),k=0,1,.. .m}.

Here, V™u denotes the vector of all m-th order weak derivatives of v and V% = u. The norm is then given by
m
k
[ullwmx @) = Z v “”X(Q)'
k=0

Now, one can select any r.i. space X(0,1) and seek to find an optimal range space. Let Q be a John domain
in R™, m € N such that m < n and consider the spaces LP log? L(Q2) or LPlog?log L(2), p > 1 and ¢ € R or p =1 and
g > 0. By [10, Theorem 6.12 and Example 6.14] (see also [6, Example 1 and 2]), we have

L7 log s L(Q), 1<p <,

gt ) s | ST, p= < oL
expexme(Q), p:%ﬂ]:%*la
L>(Q), p> orp=-,q>—1,

and np ng
L7 10577 l0g (), 1<p< 2,

W™LPlog? log L(2) < exp(Lﬁ log7—m L)), p=2=2

m’
L>=(Q), P>
and all the targets are optimal among all Orlicz spaces.
Let us investigate the optimal Orlicz domains.

Example 5.1. a) Case Y () = L5 logmms L(), 1 < p < 2. The space Y (f2) is not a Marcinkiewicz space,
but instead of Y (2) we can take the endpoint space M, (€2) with the same fundamental function as the space Y (12),
namely

n—mp

p(t) =t logr(2), te(0,1).

Now, thanks to reduction principle the problem of Sobolev embedding is equivalent to the boundedness of the opera-

tor H! .
m/n
By Theorem A, the optimal Orlicz domain space exists if and only if H}n/n: LB(0,1) — M,(0,1) where, after some

calculations, B(t) = t?log?t for large ¢. This is however the same as W™ L?log? L(Q) — M,(Q2) which is satisfied
since

W™LPlog? L(Q2) — Y (Q2) € M,(9).
Hence both domain and range spaces in
W™LP log? L(Q) < L7 log™ 7 L(Q)

are optimal among Orlicz spaces.
b) Case Y(Q) = exp L7070 (Q), p = >, ¢ < 7+ — 1. The Orlicz space Y (Q2) coincides with the Marcinkiewicz
endpoint space M, () (cf. (2.1)) where

p(t) = logm HHOTL(2), 1€ (0,1).

Again by reduction principle and Theorem A we compute the Young function B and test the boundedness of H ;1 /n
on the space LZ(0,1) or check the condition using the function G. We get

n—m(1+q)

G(t) =log " m (1), te(1,00).

Since )
n—m q
log= »—m= (Ct
lim inf % =1, foreveryC >1
t—o0 log n—m (t)
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and G satisfies the Ay condition we conclude that the space L? log? L(f2) is not the largest Orlicz space rendering
W™LP log? L(€) < exp La=—m(Fa (Q)

and no such Orlicz space exists. Just to compare, the space L?(0,1) from Theorem A is L?log'"¥~? L(0,1) which is
too large.

These two examples give us the outline how to use our results to investigate the optimal Orlicz domains. Other
cases can be done in an analogous way and we just present the results. Observe that the optimal Orlicz domains exist
in subcritical cases, i.e. when 1 < p < -, otherwise every Orlicz domain space can be improved.

Y(©) LP(Q) G(t)

L= logmms L(1) 1<p<2 LPlog? L(Q2) tmn 5T Jog T8 (1)
Lw—ms lognjigw log L(2) 1<p< LPlog?log L(QY) tmom i logl%v log(t)
exp Lm0 () p=tqg< -1 LPlog't 7P L(Q) logn_:;(}:w (t)

exp exp L7 (Q) p=,q=7—1 L?log™%log L(R2) log log(t)

exp (Lﬁ log7-m L) (%) p== LP?log" P Llog?log L(Q) log(t) logm = log(t)
L>(Q) L= () 1

Application of Theorem A for the operator H}n /n and John domain

5.2 Sobolev embeddings on Maz’ya classes

Our next applications are in Sobolev embeddings on wider family of subsets so called Maz’ya classes.
Let Q be a domain in R™, n > 2, with a normalised Lebesgue measure, i.e. |Q2] = 1. Define the perimeter of a
measurable set F in )

P(E,Q) =H" Y (QnoME)
where 0™ E denotes the essential boundary of E. The isoperimetric function Iq:[0,1] — [0, 00] of € is then given by
Io(s) =inf{P(E,Q), ECQ,s<|E| <3}, s€][0,3]

and Io(s) = Io(1 —s) if s € (3,1].
Given « € [%, 1], we denote by J, the Maz’ya class of all Euclidean domains 2 in R™ such that

Io(s) > Cs* for s € [0, 3]

for some positive constant C.

The reduction theorem in the class J, [10, Theorem 6.4] takes the following form.
Let n € N,n>2 meN, and a € [, 1). Let |- ||x(0,1) and || - [|y(0,1) be rearrangement-invariant function
norms. Assume that there exists a constant C such that

HH}n(l—a)ny(o,l) < OHf”X(O,l) (51)
for every nonnegative f € X(0,1). Then the Sobolev embedding
WmX(Q) = Y(Q) (5.2)

holds for every 2 € J,.

Conversely, if the Sobolev embedding (5.2) holds for every 2 € J,, then the inequality (5.1) holds.

Notice the main difference between this statement and reduction principle for John domains. In the case of
John domains the equivalence of Sobolev embedding and boundedness of Hardy type operator holds for every single
domain §2, while in the Maz’ya classes {2 has to range among all domains in J,.

Let us mention similar examples for Orlicz spaces. Let m be an integer and o € [, 1) such that m(1 —a) <1
and assume p > 1 and ¢ € R or p =1 and ¢ > 0. By [10, Theorem 6.12 and Example 6.14], we have

Llfwu)p(l—a)log 177n,pq(1—o¢)L(Q)’ 1<p< ﬁ

1—a)?
1
, exp LT-GF0mi== (Q), P=maayd<p—L
W™ LPlog?L(Q) — ) 1(1-a)
exp exp LT (Q), P= iy d=p—L
L*>(Q), P> ey O P = ey 4 > P L
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and

Llf'm.pp(lfa) ]Og 17mpq(17a) log L(Q)7 1 < p< ﬁ7

WmLP Iqu log L(Q) — eXp(L 1—7—n,(11_0) log 1723,5%1__0,3) L) (9)7 p= Tn(ll_o‘),
LOO(Q)a p> m.

Moreover, the target spaces are optimal among all Orlicz spaces, as €2 ranges in J,,.

Now one can apply Theorem A for the operator Hrln(lfa) in a analogous way as in Example 5.1 to investigate the
optimal Orlicz domains.

As computation below shows, in the case 1 < p < 1/m(1—«) the optimality is attained as Q ranges through J,. In
the remaining examples there exists some (2 in J, such that any Orlicz domain space in appropriate Sobolev embedding
can be improved.

Y () LP(Q) G(t)

L=m=a) logT=mra=a [(£) 1<p< oimy LPlog? L($) T T log T (1)
L= logl—mfl)((zl—”) logL(©2) 1<p< m LPlog?log L(Q) a1t T log ™7 log(t)
exp L =050 w0 (Q) P=miap a<p-1 LPlog"t" P L(Q) log oG (£)

exp exp Lm(ﬂ) p= m, g=p—1 LPlog %log L(N) log log(t)

exp(L e log D L) p= m LPlog' P Llog?log L(2)  log(t) log% log(t)
L>(Q) Lm=2)(Q) 1

Application of Theorem A for the operator H}n( and Maz’ya class

1—a)

5.3 Sobolev trace embeddings

Our last application concerns the Sobolev trace embeddings.

An open set Q in R is said to have the cone property if there exists a finite cone A such that each point in € is
the vertex of a finite cone contained in 2 and congruent to A.

Given an integer d such that 1 < d < n we denote by {23 the nonempty intersection of (2 with a d-dimensional
affine subspace of R".

The reduction principle for trace embeddings [7, Theorem 1.3] now has the following form.

Let Q be a bounded open set with cone property in R™, n > 2. Assume that m € N and d € N are such that
1<d<nandd>n—m. Let ||| x(,) and | |y (0,1) be rearrangement-invariant function norms. Then the following
facts are equivalent.

(i) The inequality
n/d
||Hm/anY(0,1) < CHf”X(O,l)

holds for some constant C' and for every nonnegative f € X(0,1).
(ii) The Sobolev trace embedding
Te: WTX(Q) = Y(Qq)

holds.

Let Q2 be a domain in R™ with cone property, m € N, m < n, and consider again the spaces LPlog? L(Q2) or
LPlog?log L(), p>1and ¢ € Ror p=1 and g > 0. By [7, Theorem 5.2, Example 5.3 and Example 5.4] we have

pd qd
L n—mp logn—rnp L(Qd)7 1 S p < %7

e _n n o_
T W™ P logt L(Q) — { SPL7T7T ), =< - L
exp exp L= (Qy), p=2g=2 -1,
L%(82a), p>Eorp=12g>2 -1,

and pd qd
Lrw=mv logm=me log L(Qq), 1<p< i,
Tr: W™ LP log?log L(2) = { exp (L7 logm-m L)(Q4), p= 2,
LOO(Qd)a p> %7

and the range spaces being optimal in the class of Orlicz spaces.
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Now, using Theorem A for the operator H:L//i, one can investigate the optimal Orlicz domains. The situation is
almost the same as in case of Sobolev embedding and hence we just present the results. Naturally, the optimality is
attained only in the subcritical cases.

Y () LP(Q) G(t)
L= logmmr L(9) 1<p<2 LPlog? L(Q) 5T log T (1)
L7 log"—qfﬂp log L(92) 1<p< > LPlog?log L(£2) tmm 5T Jog T log(t)
exp L7770 () p=1L,q<2-1 L7 log't 7P (Q) log™ = (t)
exp exp L7 (Q) p=q=2~—1 LPlog™ Tlog L(QY) log log(t)
exp (Lﬁ logn-m L) (%) p= LPlog' ™ Llog?log L(Q) log(t) logm - log(t)
L>(Q) L= (Q) 1

n/d

Application of Theorem A for the operator H and domain with cone property

m/n

5.4 Extension to other r.i. target spaces

As we have seen in Example 5.1 a) in the case when the optimality is attained one can extend the positive result to
other r.i. target spaces. Let us now look closer on this phenomenon.
Let o and 3 be fixed and let L*(0,1) be an optimal Orlicz space rendering the relation
HP:14(0,1) — M(0,1)
true, where M(0,1) is a given Marcinkiewicz endpoint space. We know from Theorem A that not every Orlicz space
is an optimal domain space; such spaces are exactly those for which the supremum operator S, is bounded on their
associate space.
However, we can go the opposite direction. Suppose that LA(O, 1) is a given Orlicz space such that the operator
H? is bounded on L#(0,1). Now thanks to the result of [17], the operator S, is bounded on some r.i. space X’(0,1)
if and only if the X (0, 1) is optimal r.i. domain space for some r.i. target space. By Proposition 3.5, the norm of the
best r.i. target space, say Y7,4(0,1), is given by
1
7

1, yo = Ht " rea

LA (0,1)'
The fundamental function of Y74, say ¢, then satisfies (cf. (3.9))
p(t) = t? 0= B (1)
~ A=) A= (KP).
Moreover, to the given Orlicz space L*(0,1), we are able to compute the appropriate Marcinkiewicz space M (0, 1).
If we take a look at the proof of Theorem B again, we observe that in the case of optimality, the inequality (3.10)

becomes actually equivalence, therefore the fundamental function of M (0,1) is equivalent to ¢.
Consequently, we obtain that the space L#(0,1) is the optimal Orlicz domain for every r.i. space Y (0, 1) satisfying

Y;4(0,1) € Y(0,1) € M(0,1).

Example 5.2. Let Q2 be a bounded Lipschitz domain in R", n > 2, and 1 < p < n. One can easily observe that
S1/n is bounded on L? (0,1), where p’ = p/(p — 1). Then the optimal r.i. range space for the operator Hll/n is the
Lorentz space LP>?(0, 1), where p* = np/(n—p). Its fundamental function is equivalent to the power function ¢'/?* and
therefore, for every fixed g € [p, 0], the Lebesgue space LP () is the largest Orlicz space which renders the embedding
WLLP(Q) — LP59(Q)

true.

Similarly, for a given integer 1 < m <n, 1 < p < n/m and g € [p, o] we obtain that LP(Q) is the largest Orlicz
space in

W™LP(Q) — L m59(Q).
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