4. domaci série

Ulohy budou pfedvadény na seminaii 22. 4. 2024

Uloha 1. Najdéte

supmin{‘k‘—ﬁx/g‘ :k,ﬁENO,k+€:n}.
neN

Uloha 2. Bud A koneéna mnozina kladnych realnych é&isel, B = {x/y |
r,y € A} a C = {wy | z,y € A}. Ukaite, ze |A| - |B| < |C|? (zde |M]|

zna¢i mohutnost mnoziny M).

Uloha 3. Ukazte, Ze ¢islo 1+ 5" + 52" + 53" 4+ 5% je slozené pro kazdé
prirozené n.

Uloha 4. Hraci deska sestavajici z (2n + 1) x (2n + 1) poli je pokryta
dominy kromé jednoho rohového pole. V kazdém tahu mtzeme nékteré
domino posunout ve sméru jeho delsi strany a tim zakryt volné pole a
jiné pole odkryt. Urcete mnozinu vSech poli, kterd mohou byt odkryta
kone¢nym poctem taht. Dokazte, Ze tato mnozina nezavisi na poc¢atecni
situaci.

Uloha 5. Dan trojthelnik AgByCy. Je-li dan bod P, pak proi = 1,2,3
oznacime A;, B;, C; po fadé paty vySek spusténych z P na piimky
Bi_lCi_l, Ai_lCz-_l, Ai—lBi—l (pfedpoklédéme, ze P je I‘leH)’/' od Az’—h
B;_1, C;_1). Najdéte bod P uvniti AgByCy, pro ktery je obsah A3B3C
maximalni.

Uloha 6. Existuje mnozina kruznic v roviné takova, Ze kazda primka
v roviné je tenou pravé t¥i kruznic z této mnoziny?
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4th home series

Solutions will be presented at the seminar on April 22, 2024.

Problem 1. Find

supmin{‘k—ﬁx@‘ :k,ﬁENO,k+€:n}.
neN

Problem 2. Let A be a finite set of positive reals, let B = {z/y |
z,y € A} and let C = {zy | z,y € A}. Show that |A| - |B| < |C|%.

Problem 3. Show that 1+ 5" + 52" 4 53" + 5% is a composite number
for each positive integer n.

Problem 4. A gameboard consisting of (2n + 1) x (2n + 1) fields is
covered by dominos except one of the corner fields. In each move we
can shift one domino in the direction of its longer side to cover the
empty field and uncover another field. Determine the set of all fields
that can be uncovered by a finite number of moves. Prove that this set
is independent of the initial situation.

Problem 5. Given a triangle AgByCy. If a point P is given, then for
1 = 1,2,3 we denote A;, B;, C; the feet of perpendiculars from P to
lines B;—1C;_1, A;—1C;_1, A;—1Bj_ respectively (we assume that P is
different from A; 1, B;_1, C;_1). Find the point P inside AyByCy, for
which is the area of A3B3C3 maximal.

Problem 6. Is there a set of circles in the plane such that every line
in the plane is tangent to exactly three circles from the set?
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