1. domaci série
Ulohy budou pfedvadény na seminéafi 14.10.2024
Uloha 1. Uvazujme trojthelnik ABC a druhy trojihelnik XY Z, jehoz

strany maji stejné délky jako téZnice trojuhelniku ABC. Dokazte, Ze
[XY Z] = 3[ABC], kde [T] znag obsah ttvaru 7.

Uloha 2. Pro kladné realna é&isla a, b, ¢ plati
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Dokazte.

Uloha 3. Dokazte, Ze kazdé prirozené ¢islo mensi nebo rovno n! lze
napsat jako soucet nejvyse n riznych délitelu cisla n!.

Uloha 4. Je déna posloupnost 19 kladnych celjch ¢isel nepfesahujicich
93 a posloupnost 93 kladnych celych ¢isel nepresahujicich 19. Ukazte, ze
lze z kazdé posloupnosti vybrat neprazdny souvisly tsek tak, Ze soucty
¢isel v obou vybranych tsecich budou stejné.

Uloha 5. Uréete nejmensi hodnotu fol( f'(z))?dx pies vSechny spo-
jité diferencovatelné funkce f : [0,1] — R spliujici fol f(z)dx =
fol 22 f(z)dz = 1.

Uloha 6. Bud n kladné celé ¢islo a nechf A a B jsou realné symetrické
matice n X n s nezdpornymi vlastnimi ¢isly. Dokazte, 7e A% + B® =
(A + B)5, pravé kdyz AB = 0.
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1st home series
Solutions will be presented at the seminar on October 14, 2024.
Problem 1. Consider a triangle ABC and a second triangle XY Z

with side lengths equal to lengths of medians of triangle ABC. Prove
that [XY Z] = 3[ABC] where [T] denotes the area of T.

Problem 2. If a, b, ¢ are positive real numbers, then
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Prove.

Problem 3. Prove that every positive integer less or equal to n! can
be written as sum of n distinct divisors of n!.

Problem 4. Given a sequence of 19 positive (not necessarily distinct)
integers not greater than 93, and a set of 93 positive (not necessarily
distinct) integers not greater than 19. Show that we can find a non-
empty segment in each sequence such that the two segments have equal
sums.

Problem 5. What is the minimum value of fol(f’(x))2 dz over all con-
tinuously differentiable functions f : [0, 1] — R such that fol f(z)dz =
fol 22 f(z)dx =17

Problem 6. Let n be a positive integer, and let A and B denote
n X n real symmetric matrices with nonnegative eigenvalues. Prove

that A® + B® = (A + B)® if and only if AB = 0.
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