2. domaci série

Ulohy budou pfedvadény na seminéii 4.11.2024

Uloha 1. Bud f : R? — R takové, Ze pro kazdy étverec ABCD v
roviné plati f(A)+ f(B)+ f(C) + f(D) = 0. Plyne odtud, ze f(P) =0
pro kazdy bod P roviny?

Uloha 2. Bud ¢ < 1 kladné realné ¢islo a ozna¢me B. mnozinu vSech
realnych cisel, jejichz vzdéalenost od nejblizsiho celého cisla je nejvys
€. Dokazte, ze existuje kladné celé ¢islo m takové, ze pro kazdé realné
¢islo x maji mnoziny A, = {z,2x,3z,...,mz} a B. neprazdny prunik.

Uloha 3. Bud A; 454354, ¢tyruhelnik vepsany kruznici se stfedem O.
Necht B1BsBsB, je ¢tyrtuhelnik, ktery obsahuje A;AsA3As ve svém
vnittku a proi = 1,2, 3,4 je B; B; 11 rovnobézna s A; A;11 ve vzdalenosti
‘AiAi—f—l’ od ni (pfiéemi As = Ay, By = Bl). Protoze B1ByB3B4 ma
stejné velikosti Ghla jako A1AxA3A4, je také tétivovy a oznacme P
stfed kruznice jemu opsané. UkazZte, Ze pfimky A As, As A4 a OP maji
spole¢ny bod.

Uloha 4. Nechf p je prvoéislo a m kladné celé ¢islo, které neni délitelné
p. Ukazte, Ze koeficienty polynomu (14 x4 - --+2™ 1P~ které nejsou
délitelné p jsou st¥idavé 1 a —1 modulo p. Napt. (1 +z + 22 + 23) =
1—z+2* =20+ 28 — 2" 4 212 (mod 5).

Uloha 5. Necht f : R — R ma4 spojitou tieti defivaci na R a f(x),
f(x), f"(z), f"(x) jsou kladné pro vSechna z. Pfedpokladejme, ze
" (z) < f(z) pro vSechna x. Ukazte, ze f'(x) < 2f(x) pro vSechna .

Uloha 6. Oznaéme a,, po¢et rovnostrannych trojthelniki s vrcholy ve
vrcholech dané n-dimenziondlni krychle. Vypoctéte lim,, oo g
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Solutions will be presented at the seminar on November 4, 2024.

Problem 1. Let f : R? — R such that for every square ABCD in the
plane, f(A) + f(B) + f(C) + f(D) = 0. Does it follow that f(P) =0
for all points P in the plane?

Problem 2. Let ¢ < 1 be a positive real number and let B. denote
the set of real numbers that differ from their nearest integer by at most
€. Prove that there exists a positive integer m such that for any real
number z, is the intersection of the sets A, = {z,2z,3x,...,ma} and
B: non-empty.

Problem 3. Let A1 A3 A3A4 be a quadrilateral inscribed in a circle with
center O. Let B1ByB3B, be the quadrilateral that contains A1 As A3Ay
in its interior such that, for i = 1,2, 3,4 is B; B;11 parallel to A;A;,1 at
distance |A1Az+1| from it (Wlth A5 = Al, B5 = Bl) Because BleBgB4
has the same angles as A; As A3Ay, there is a circle in which it is in-
scribed. Let P be the center of that circle. Show that A; A3z, A2A4, and
OP are concurrent.

Problem 4. Let p be a prime number, and let m be a positive integer
not divisible by p. Show that the coefficients of (1 +z + - -+ ™~ 1)P~1
that are not divisible by p are alternately 1 and —1 modulo p. For
example, (1+z+22+23)t=1-z+2*— 25+ 2% — 211 +2'2 (mod 5).

Problem 5. Let f : R — R have continuous third derivative and f(z),
f(x), f"(x), f"(x) are positive for all z. Suppose that f"”(z) < f(x)
for all z. Show that f/(z) < 2f(x) for all x.

Problem 6. Let a,, be the number of equilateral triangles with vertices

in the vertices of a given n-dimensional cube. Compute lim,,_, %.

web: http://karlin.mff.cuni.cz/resitel



