2. soutézni série

21.10.2024

Uloha 1. Necht (ay), (b,) jsou posloupnosti kladnych &isel, pticemz
(bn) je neomezend a plati a,, > nb, pro vSechna n. Dokazte, ze pak i
posloupnost ¢, = a,11 — a, je neomezena. (5 bodt)

Uloha 2. Najdéte vSechny dvojice (m,n) prirozenych ¢isel takové, ze
kazdy z polynomi 2 —max +n a 22 —nx +m mé dva celoéiselné kofeny.
(10 bodu)

Uloha 3. Ukaite, Ze jediny polynom P s celo¢iselnymi koeficienty,
ktery spliiuje n | P(2") pro kazdé pfirozené n, je nulovy polynom.
(10 bodi)

Uloha 4. Bud n > 1 pfirozené &islo. Alice a Bob stiidavé obarvuji
dosud neobarvené body jednotkové kruznice, v kazdém tahu praveé je-
den. Alice za¢ina a obarvuje své body Cervené, Bob obarvuje své body
modfe. Hra kondi, jakmile kazdy z hract obarvi pravé n bodi. Skére
hrace je délka nejdelsiho oblouku, jehoz krajni body jsou obarveny bar-
vou hrace a zadny z jeho vnitfnich bodu neni obarven (ani barvou toho
hrace). Pokud takovy oblouk neexistuje, je hrac¢ovo skére 0. Vyhrava
hrac¢ s vyssim skore, v pripadé rovnosti je remiza. M4 néktery z hract
vyhréavajici strategii? (15 bodu)
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Problem 1. Let (ay), (b,) be two sequences of positive numbers, (by,)
is unbounded and a,, > nb,, for all n. Prove that the sequence ¢, =
(pi1 — Gy is unbounded. (5 points)

Problem 2. Find all couples (m,n) of integers such that each of po-
lynomials 22 — max + n and 2 — na + m has two roots in integers.
(10 points)

Problem 3. Show that the only polynomial P with integer coefficients
that satisfies n | P(2") for every positive integer n is zero polynomial.
(10 points)

Problem 4. Let n > 1 be an integer. Alice and Bob take turns marking
unmarked points on the unit circle (one point in each turn). Alice starts
and marks her points red, while Bob marks his blue. They stop once
each player has marked exactly n points. Each player’s score is defined
as the length of the longest arc of the circle which has both endpoints of
that player’s color and which doesn’t contain any marked points (even

of the player’s color) in its interior, or 0 if such an arc doesn’t exist.
If the scores are equal it’s a tie, and otherwise the player with the

higher score wins. Does one of the players have a winning strategy?
(15 points)
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