3. domaci série

Ulohy budou pfedvadény na seminéii 18.11.2024

Uloha 1. Jsou dany matice A, B velikosti n x n spliujici 429?24 =0 a
A+ B = AB. Dokazte, Ze B je singuléarni.

Uloha 2. Uvazujme spojitou funkci f : [0, 7] — R spliiujici

/f smmdl‘—O—/ f(x) cosx dx.

Pak f ma aspon dva nulové body. Dokazte.

Uloha 3. Mnozinu bodii v roviné nazveme rozumnou, jestlize zadné tii
body mnoziny nejsou kolinearni a thly, které urcuji, jsou ve stupnich
vyjadfeny racionalnim c¢islem.

a) Existuje nekoneénd rozumna mnozina?

b) Existuje nespocetna rozumné mnozina?

Uloha 4. Uvazujme sedac¢kovou lanovku s n seda¢kami na lanové smy-
¢ce. Necht m je prirozené ¢islo nepfevysujici n. P¥i nasedani ve spodni
stanici je m sousednich sedacek odpojeno ze smycky a po nasednuti
pasazéri pripojeno zpét v opacném poradi do stejného mista lanové
smycky. Pak je odpojeno nasledujicich m sedacek a tak stale dal. Po
jakém poctu nasedani se sedacky poprvé vrati do stejného cyklického
potadi jako byly na zaciatku? Reste pro obecna m, n a specialné pro
lanovku v Breckenridge ski area (n = 107, m = 2).

Uloha 5. Bud 1,2, 3,... posloupnost piirozenych ¢&isel spliujici
Tmn # Tm(nt1) Pro kazdou dvojici (m,n) € N2, Dokaite, ze x; > 2024
pro néjaké prirozené 1.

Uloha 6. Mnozina rovnostrannych trojahelnikt v roviné se nazyva
nasycend, jestlize prunik kazdych dvou trojihelnikt je bud prazdny
nebo je tvofen jejich spoleénym vrcholem a zaroven kazdy vrchol je
spoleény pravé dvéma trojuhelnikiim. Urcete nejmensi kladné n, pro
néZ existuje nasycend mnozina n trojuhelnikt s celociselnymi délkami
stran.
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3rd home series

Solutions will be presented at the seminar on November 18, 2024.

Problem 1. Given two n x n matrices A, B satisfying 42?4 = 0 and
A+ B = AB. Prove that B is singular.

Problem 2. Consider a continuous function f : [0, 7] — R satisfying

/Wf(:n) sinzdr =0= /Wf(a:)coszdx,
0 0

Then f has at least two zero points. Prove.

Problem 3. A set of points in the plane is called sane if no three
points are collinear and the angles between them in degrees are rational
numbers.

a) Does there exist an infinite sane set?

b) Does there exist an uncountable sane set?

Problem 4. Consider a ski lift with n chairs on a cable loop. Let m be
an integer not larger than n. At each loading stage at the bottom, the
lowest m descending chairs are detached from the cable, loaded with
skiers, and then reattached in the reverse order to the same location on
the cable. Then the next m descending chairs are detached and so on.
After how many loading stages are the chairs returned for the first time
to the same cyclic order they had at the beginning? Solve for general
m, n and especially for the lift at the Breckenridge ski area (n = 107,
m = 2).

Problem 5. Let x1,x2,x3,... be a sequence of positive integers such
that Tmn # Tpy(n1) for every couple (m,n) € N2. Prove that z; > 2024
for some positive integer i.

Problem 6. A set of equilateral triangles in the plane is called sa-
turated if the intersection of any two is either empty or is a common
vertex and every vertex is shared by exactly two triangles. What is the
smallest positive integer n such that there exists a saturated set of n
triangles with integer length sides?
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