3. soutézni série

11.11.2024

Uloha 1. Najdéte viechna prvoéisla, jejichZ druha mocnina je souc¢tem
tfetich mocnin dvou pfirozenych ¢isel. (5 bodt)

Uloha 2. Uvnitf ¢tverce o strané 1012 lezi 2024 tsedek délky jedna.
Ukazte, ze existuje pfimka rovnobézna s nékterou stranou ¢tverce, ktera
protina alespon dvé ze zadanych tsecek. (10 bodu)

Uloha 3. M&jme spojité funkce f, g : [a,b] — [a, b] spliujici f(g(z)) =
g(f(z)) pro vSechna x v [a,b], pfi¢emz f je monoténni. Dokazte, Ze
existuje ¢ € [a, b], ve kterém plati f(c) = g(c) = c. (10 bodu)

Uloha 4. Uvazujme konecnou grupu G tvorenou redlnymi maticemi
n X n s operaci maticového nasobeni. Necht je soucet stop prvki G
nulovy. Ukazte, ze soucet prvka G je nulovd matice.
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Problem 1. Find all prime numbers such that the square of the prime
number can be written as the sum of cubes of two positive integers.
(5 points)

Problem 2. There are 2024 line segments of lengths 1 inside a square

with side length 1012. Show that there exists a line parallel to one of

the square’s sides and intersecting at least two of the line segments.
(10 points)

Problem 3. Consider continuous functions f, g : [a,b] — [a, b] satisfy-
ing f(g(z)) = g(f(x)) for all z in [a,b], f being monotone. Prove that
there exists ¢ € [a, b] for which f(c) = g(¢) = ¢ holds. (10 points)

Problem 4. Consider a finite group G of real n x n matrices, the
group operation being matrix multiplication. Assume the sum of traces
of elements of G is zero. Show that the sum of elements of G is the zero
matrix.
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