4. domaci série

Ulohy budou pfedvadény na seminéii 2.12.2024

Uloha 1. Tony napsal posloupnost (ax)x>1 kladngch celych &isel, v
niz se kazdé kladné celé cislo vyskytuje pravé jednou. Brainy fekne
Joeovi kladné celé ¢islo, Joe ho napise. Poté Joe opakuje nasledujici: je-
li posledni napsané ¢islo k, napise ¢islo ag. Skondéi ve chvili, kdy napise
¢islo, které uz jednou napsal. Muze Tony zvolit takovou posloupnost,
aby Joe nikdy neskoncil, a to nezavisle na tom, které ¢islo zvoli Brainy?

Uloha 2. Bud R okruh a P jeho prvoideal. Dokazte, ze R/P? nema
zadné idempotentni prvky kromé 0 a 1. (Prvek e je idempotentni, jest-
lize e - e = e.) [Pfipadné Feste ve specidlnim piipadé: je-li p prvocislo a

a’? = a (mod p?), pak a = 0 nebo a =1 (mod p?).]

Uloha 3. Bud f : (0,00) = R a definujme g(z) = f (1), h(z) = zf().

x
Ukazte, ze g je konvexni na (0, 00), pravé kdyz h je konvexni na (0, c0).
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Uloha 4. Pro kazdé dokonalé é&islo n plati Y 41 < In2 < =T
sCitame-li pres vSechny prvociselné délitele p ¢isla n. Dokazte. Pfirozené

¢islo n je dokonalé, pokud soucet jeho délitelt je roven 2n.
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Uloha 5. M#iZovy obdélnik je obdélnik, jehoz strany lezi na p¥imkach
dané ¢tvercové mrizky. Lze z dilkt néasledujiciho tvaru sestavit miizovy
obdélnik? Dilky smime otacet i preklapét, ale nesméji se prekryvat a
vyznaceny ¢tverec musi vzdy pokryvat ¢tverec mrizky.

Uloha 6. Bonusova tiloha Necht a, b, c € [0, 1]. Dokazte
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4th home series

Solutions will be presented at the seminar on December 2, 2024.

Problem 1. Tony has written a sequence (ay)r>1 of positive itnegers
containing each positive integer exactly once. Brainy then gives Joe a
positive integer n, Joe writes it down. Then Joe repeats the following:
if the last written number is k, he writes down a;. He stops when
he writes down a number he has written before. Can Tony choose a
sequence so that no matter what n Brainy chooses, Joe keeps writing
down numbers forever?

Problem 2. Let R be a ring and P its prime ideal. Prove that R/P?
has no idempotent elements excluding 0 and 1. (Element e is idempo-
tent, if e - e = e.) [You can solve a special case: if p is a prime and
a’? =a (mod p?), thena=0or a=1 (mod p?)]

Problem 3. Let f: (0,00) — R and let g(z) = f (1), h(z) = zf ().
Show that ¢ is convex in (0,00), if and only if A is convex in (0, 00).
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Problem 4. Each perfect number n satisfies > -5 <In2 <} -7,
where the sums are taken over all prime divisors p of n. Prove. A
positive integer n is perfect if the sum of its positive divisors is 2n.

Problem 5. Grid rectangle is a rectangle whose sides lie on lines of a
given square grid. Is it possible to assemble a grid rectangle from pieces
of the following shape? The pieces can be rotated and flipped, but they
must not overlap and the marked square must always cover a square
of the grid.

Problem 6. Bonus problem Let a,b,c € [0, 1]. Prove
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