5. soutézni série

9.12.2024

Uloha 1. Dokazte, Ze pro kazdjch Sest po sobé jdoucich p¥irozenych
¢isel existuje prvocislo, které déli pravé jedno z téchto cisel.
(5 bodt)

Uloha 2. Necht A je komplexni n x n matice takova, Ze tr(AX) = 0 pro
kazdou n x n matici X spliujici tr X = 0. Dokazte, Zze A je ndsobkem
jednotkové matice. (10 bodi)

Uloha 3. Bud f : [0,1] — [0, 1] spojita a (x,,)>%; posloupnost splitujici
ZTnt1 = f(zy) pro vSechna n € N. Dokazte, ze z lim (z,41 — x,) =0
n—oo

plyne konvergence x,. (10 bodu)

Uloha 4. Obdélnikova tabulka je vyplnéna kladnymi celymi éisly a n
je pevné kladné celé ¢islo. V jednom tahu mtzeme bud odeéist n od
kazdého ¢isla nékterého sloupce nebo vynasobit ¢islem n kazdé ¢islo
nékterého Ffadku. Najdéte vSechna n, pro néz je mozné skoncit s tabul-
kou samych nul nezavisle na velikosti a pocate¢nim vyplnéni tabulky.

(15 bodit)
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Problem 1. Prove that for each six-tuple of consecutive positive inte-
gers there exists a prime dividing exactly one of these integers.
(5 points)

Problem 2. Let A be a complex n x n matrix such that tr(AX) =0
for each n X n matrix X with tr X = 0. Prove that A is a multiple of
the identity matrix. (10 points)

Problem 3. Let f : [0,1] — [0,1] be continuous and let (z,)0%,
be a sequence satisfying x,11 = f(z,) for all n € N. Prove that

limy, 00 (Zn+1 — ) = 0 implies convergence of z,. (10 points)

Problem 4. A rectangular table has every entry a positive integer and
n is a fixed positive integer. A move consists of either subtracting n
from every element in a column or multiplying every element in a row
by n. Find all n such that we can always end up with all zeros whatever
the size or content of the starting table. (15 points)
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