6. soutézni série

6.1.2025

Uloha 1. Bud (ap)52; posloupnost redlnych ¢éisel vétsich nez jedna. Po-
kud posloupnost a,, + é konverguje, pak konverguje i posloupnost a,.
Dokazte. (5 bodu)

Uloha 2. Ukazte, ze pro kazdou dvojici (stejné velkych) étvercovych
matic nad C existuje jejich netrividlni linedrni kombinace, ktera je
rovna singulédrni matici. Je to pravda pro matice nad R? (10 bodu)

Uloha 3. V (koneéném) neprazdném grafu méa kazdy vrchol stupeti
alespon t¥i. Ukazte, ze graf obsahuje cyklus, jehoz délka neni nasobek
t¥. (10 bodi)

Uloha 4. Piirozené ¢&islo n je pékné, pokud existuje nekoneéné mnoho
dvojic (A, B), kde A je mnozina sestavajici z n po sobé jdoucich pfi-
rozenych ¢isel, B je mnozina sestévajici z méné nez n piirozenych ¢isel
(ne nutné po sobé jdoucich), ANB=0a .4+ = rcp - Ukaite,
Ze a) n = 3 je pékné, b) kazdé liché n > 3 je pékné. (15 bodu)
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Problem 1. Let (a,)22; be a sequence of real numbers larger than 1.
If the sequence a,, + i converges, then a,, also converges. Prove.
(5 points)

Problem 2. Show that for each pair of square matrices (of equal si-
zes) over C there exists their non-trivial linear combination which is
singular. Is the same true over R? (10 points)

Problem 3. In a (finite) non-empty graph each vertex has a degree at
least three. Show that the graph contains a cycle whose length is not
a multiple of three. (10 points)

Problem 4. An integer n is nice, if there exist infinitely many pairs
(A, B), where A is a set consisting of n consecutive positive integers,
B is a set consisting of less than n positive integers (not neccessarily
consecutive), ANB = and >, 4 1 = Y pep £~ Show that a) n = 3 is
nice, b) show that every odd n > 3 is nice. (15 points)
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