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(x1, ..., xn): X s hustotou f na X ⊆ R

Parametrický model f (x ; θ), θ = (θ1, ..., θm)

Momentová metoda

S(X ): ESk (θ) =
∫
X Sk (x ; θ)f (x ; θ) dx

1
n

n∑
i=1

Sk (xi ; θ) = ESk (θ) k = 1, ...,m
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(x1, ..., xn): X s hustotou f na X ⊆ R
Parametrický model f (x ; θ), θ = (θ1, ..., θm)

Momentová metoda

S(X ): ESk (θ) =
∫
X Sk (x ; θ)f (x ; θ) dx

1
n

n∑
i=1

Sk (xi ; θ) = ESk (θ) S(x ; θ) = x

Metoda maximum likelihood L(θ) = f (x ; θ)

Skórová funkce U(θ) = ∂
∂θ log L(θ)

1
n

n∑
i=1

Uθk (xi ; θ) = 0 k = 1, ...,m
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Skórová funkce rozdělenı́ na R

odhady momentovou metodou:
nejsou optimálnı́ ale jsou to názorné charakteristiky
datového souboru

Pro některá rozdělenı́ obě metody dávajı́ identické odhady

R, θ = µ, f (x − µ):

U(x − µ) =
∂

∂µ
log f (x − µ) = − f ′(x − µ)

f (x − µ)
≡ S(x − µ)

Na R máme skórovou funkci rozdělenı́ S(x) = − f ′(x)
f (x)
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Obecně to nejde

exponenciálnı́ f (x) = 1
τ e−x/τ na X = (0,∞)

− f ′(x)

f (x)
= 1

Rozdělenı́ na R+
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Transformovaná rozdělenı́
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Transformovaná rozdělenı́

Zdeněk Fabián Ústav informatiky AV ČR Praha
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Skalárnı́ skór (pro libovolné rozdělenı́)
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Definice

F na intervalu X s hustotou f (x), η : X → R :

η(x) =


x if X = R

log x if X = (0,∞)
log x

1−x if X = (0,1),

T (x) = − 1
f (x)

d
dx

(
1

η′(x)
f (x)

)
x∗ : T (x) = 0

Pak S(x) = η′(x∗)T (x) je skórová funkce rozdělenı́ F

na X = (0,∞) je S(x) = 1
x∗ [−1− x f ′(x)

f (x) ]
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Nový pohled na pravd. rozdělenı́

X , θ ∈ Θ ⊆ R

F (x), f (x),S(x) ... skórová funkce rozdělenı́

F (x ; θ), f (x ; θ),S(x ; θ) ... skalárnı́ skór

Typická hodnota: těžiště x∗(θ): ES=0

S(x ; θ) = 0

Shoda s klasickou statistikou:

Věta. Když θ = τ = η−1(µ)

S(x ; τ) =
∂

∂τ
(− log f (x ; τ))
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Věta. Když θ = τ = η−1(µ)

S(x ; τ) =
∂

∂τ
(− log f (x ; τ))
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X = (0,∞), Weibull

f (x ; τ, c) = c
τ (x

τ )c−1e−( x
τ

)c
S(x ; τ, c) = c

τ ((x
τ )c − 1)
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X = (0,∞), inverted gamma

f (x ;α, γ) = γα

xΓ(α)x−αe−γ/x S(x ;α, γ) = γ2

α (1− x∗/x)
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Co přinášı́ S nového pro popis modelu

A. Systematika rozdělenı́: podle chovánı́ S na koncı́ch
intervalu X

B. Nové numerické charakteristiky: x∗, ω2

C. Nové funkce charakterizujı́cı́ rozdělenı́:
S(x) vlivová funkce
S2(x) informačnı́ funkce
S′(x) = dS(x)

dx vahová funkce

D. Vzdálenosti mezi daty a modely

d(x1, x2) = |S(x1)− S(x2)| D(f ,g) = Ef (Sf − Sg)2
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A. Systematika rozdělenı́: podle chovánı́ S na koncı́ch
intervalu X
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A. Systematika rozdělenı́
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Beta triplet

X distribution density
R ’prototype beta’ 1

B(p,q)
epy

(ey +1)p+q

(0,∞) beta-prime 1
B(p,q)

xp−1

(x+1)p+q

(0,1) beta zp−1(1−z)q−1

B(p,q)
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B. Numerické charakteristiky: momenty ESk

ES = 0. Poloha na ose x : x∗: S(x) = 0

ES2 Fisherova informace rozdělenı́

Mı́ra variability rozdělenı́: score variance

ω2(θ) =
1

ES2(θ)

pozn. normálnı́ rozdělenı́ S(x ;µ, σ) = x−µ
σ2 ,

x∗ = µ, ω = σ
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Těžiště a score variance

F f (x) S(x) m x∗ ω2

expon. 1
τ e−x/τ 1

τ (x
τ − 1) τ τ τ2

lognor. c√
2πx

e−
1
2 ln2( x

τ
)c c

τ ln(x
τ )c τ(e

1
c2 )1/2 τ τ2/c2

Weibull c
x (x

τ )ce−( x
τ

)c c
τ ((x

τ )c − 1) τΓ(1
c + 1) τ τ2/c2

log-log. c
x

(x/τ)c

((x/τ)c+1)2
c
τ

(x/τ)c−1
(x/τ)c+1 τ 3τ2

c2

gamma γα

Γ(α)xα−1e−γx γ2

α (x − x∗) α
γ

α
γ

α
γ2

Pareto c/xc+1 c2

c+1(1− x∗
x ) c

c−1
c+1

c
c+2
c3

beta-pr. 1
B(p,q)

xp−1

(x+1)p+q
q2

p
x−x∗
x+1

p
q−1

p
q

p(p+q+1)
q3

Fréchet c
x ( τx )ce−( τ

x )c c
τ [1−

(
τ
x

)c
] τΓ(1− 1

c ) τ τ2/c2
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Variabilita pomocı́ ω2
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C. Funkce charakterizujı́cı́ rozdělenı́
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D. Vzdálenosti mezi modely

Zdeněk Fabián Ústav informatiky AV ČR Praha
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D. Vzdálenosti mezi modely
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Co přinášı́ S nového pro statistiku

Málo dat:

Neznáme model, ’čistá’ data: neparametrické metody

Neznáme model, kontaminovaná data: metody robustnı́
statistiky

Známe model, ’čistá’ data: parametrické metody klasické
statistiky

Známe model, kontaminovaná data: parametrické metody
založené na skalárnı́m skóru
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S jako inferenčnı́ funkce pro bodové odhady
1. Rovnice pro odhady

θ̂SM :
1
n

n∑
i=1

Sk (xi ; θ) = ESk (θ) k = 1, ...,m

M-estimátor konsistentnı́, asympt. normálnı́
a robustnı́ pro všechny parametry když S je omezená

2. Neomezená skalárnı́ funkce jde snadno ’huberizovat’
3. Výsledky pro rozdı́lné modely jdou porovnávat pomocı́
vzdálenostı́ d(x∗0 , x̂

∗) kde

x̂∗ = x∗(θ̂), ω̂∗ = ω(θ̂)

a D(Fθ0 ,Fθ̂)
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2. Neomezená skalárnı́ funkce jde snadno ’huberizovat’
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Těžiště:
∑

i S(xi ; θ) = 0

exponential
∑

i(
xi
τ − 1) = 0 τ̂ = x̄

lognormal
∑

i log(xi/τ) = 0 τ̂ = x̄g

Weibull
∑

i

[(xi
τ

)c − 1
]

= 0 τ̂ = ( 1
n
∑

i xc
i )1/c

Pareto
∑

i(1− x∗/xi) = 0 x̂∗ = n∑
i

1
xi
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Konstrukce rodiny s těžkým chvostem

S(x) =
x − 1
x + 1

Integracı́ rovnice

S(x) =
1
x∗

(
−1− x

f ′(x)

f (x)

)
dostaneme hustotu f (x) = 1/(1 + x)2. Zobecnı́me S(x) na

S(x ; τ, c, α, ν) =
1
τ
αc

(x/τ)c − 1
(x/τ)c + 1/ν

f (x ; τ, c, α, ν) =
c

ναB(να, α)x
(x/τ)cνα

[(x/τ)c + 1/ν](1+ν)α
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Prototype of f (x ;1,1,1, ν)
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f (x ;1, c,1,1)
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Rozdělenı́ beta-prime

f (x ; p,q) =
1

B(p,q)

xp−1

(x + 1)p+q S(x ; p,q) =
q
p

qx − p
x + 1

,

x∗ = p/q,ES2 = q3

p(p+q+1) .

Score moment rovnice
n∑

i=1

xi − x∗

xi + 1
= 0

1
n

n∑
i=1

(
xi − x∗

xi + 1

)2

=
p

q(p + q + 1)

Z prvnı́ rovnice

x̂∗ =

∑n
i=1

xi
1+xi∑n

i=1
1

1+xi
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Efficiencies: beta-prime(x∗, ω)

x∗ ω x∗SM x∗ML ωSM ωML eff(x∗SM ) eff(ω2
SM )

1 1 1.007 1.007 0.998 0.993 0.98 0.94
1 3 1.019 1.017 3.079 3.008 0.81 0.66
3 3 3.029 3.031 2.993 2.988 0.99 0.92
5 3 5.031 5.031 2.967 2.969 1 0.99
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Rozdělenı́ s neomezeným skalárnı́m skórem

Aplikace postupu robustnı́ statistiky:

Ψ(x ; θ) =


−b if x < u

S(x ; θ) if u ≤ x ≤ v
b if x > v

a odhad θ̂ parametru θ z rovnic

n∑
i=1

ψ(xi ; θ) = 0
1
n

n∑
i=1

ψ2(xi ; θ) = Eψ2(θ)

kde ψ = Ψ− EΨ
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Simulace

f (x∗, ω) na (0,∞)

Useknutı́ v bodě v = x0 + kω0

kde x0 je median a ω0 = MAD

Kontaminace fcont = 0.9f (1,1) + 0.1f (1 + k,1)

Zdeněk Fabián Ústav informatiky AV ČR Praha
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Porovnánı́ s useknutým pru̇měrem
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Huberized gamma a Weibull
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Huberized Weibull
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