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Abe Sklar 1957
copula C: [0, 1]" — [0, 1]

Sklar theorem
Z=(X,...., %)

Fz(x1,...,Xn) = C(F1(x1), .., Fan(xn))

Xi ~ uniform on ]0, 1]
C=Fz|[0,1]"
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Introduction

Axiomatic approach

|
i) C(xy,...,xp) =0if some x; =0
C is grounded
i) C(X1,...,Xy) =X ifVj #i,x=1
C has neutral element 1
i) Yu < vy, ...,Up < Vy
Z(_1)‘I|C(t1l""vtrl1)20
IC{,....m t/—{ u :]‘:;;;

C is n—increasing
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Introduction

U‘I \."1

Each C is 1-Lipschitz (wrt. L;—norm)
C(vyi,w) — C(vy,u) — C(va,uy) + C(uy, ) >0

2—-increasing, supermodular
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Introduction

wW<C<Mm

M(uy, ..., up) = min {uy,...,us}

n
W(uy,...,u,) = max O,Zui—n+1
=1

n
M(ur, ... up) = [ u
i=1

Cp, class of all n—ary copulas is convex and compact
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Introduction

Example

Copulas are in 1—1 correspondence with probability measures on
B([0, 1]™) with uniform 1—dimensional marginals

N ~ Lebesgue

y . SEQ

P(E)

R. Mesiar, STU Bratislava, Faculty of Civil Engineering




Introduction

Statistical interpretation

N ~ independence
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Introduction

Statistical interpretation

N ~ independence

M ~ comonotone dependence,
Xi=fi(X1), £/

W ~ counter monotone dependence,
X =g(X1), 9\
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Eliptic copulas

|
Gaussian and t—copulas ~ eliptic copulas, no closed form

Clur,...,up) = Fz (F(1(u1)7 o F,,“(u,,))

X; continuous, F;(X;) uniform on |0, 1]
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Eliptic copulas

|
Gaussian and t—copulas ~ eliptic copulas, no closed form

Ot un) = Fz (F7 (wn), -, F ' (un)
X; continuous, F;(X;) uniform on |0, 1]

in general, margins need not be Gaussian (Student)!
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Eliptic copulas

flipping
C (u,v)=u—-C(u,1—v)
(Xa Y) — (Xa 7Y)
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Introduction Eliptic copulas

flipping
C (u,v)=u—-C(u,1—v)
(Xa Y) — (X,7Y)

C_(u,v)=v—-C(1—-u,v)
(X,Y) = (=X,Y)
survival

Cluv)=u+v—-1+C—u,1-v)
(X,Y) = (=X,-Y)

R. Mesiar, STU Bratislava, Faculty of Civil Engineering



Eliptic copulas

Ordinal sums

Figure: M—ordinal Figure: W—ordinal

Figure: M—ordinal
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generators f : [0,1] — [0, o]
strictly decreasing, continuous,

f(1)=0
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Introduction Eliptic copulas

generators f : [0,1] — [0, o]
strictly decreasing, continuous,

f(1)=0

Cr(u,... up) =" (min {f(O), zn: f(u,-)})

P
g:[-00,0] = [0,1], g(x)=f""(min {f(0), —x})
g >0,....,9"2 >0, g2 convex

n=2 = fconvex
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Archimedean copulas

Archimedean copulas

associative and Cy(u, ..., u) < ufor u €]0, 1]
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Archimedean copulas

associative and Cy(u, ..., u) < ufor u €]0, 1]

fn(x)=—logx Vn

fw(x)=1—x onlyn=2
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Archimedean copulas

Archimedean copulas

associative and Cy(u, ..., u) < ufor u €]0, 1]
fn(x)=—logx Vn

fw(x)=1—x onlyn=2

n fixed, weakest Cyn

Clayton copula

1

fifl(x) =1 — x77
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Introduction Eliptic copulas Archimedean copulas UCS and DUCS copulas Extreme values copulas

Clayton

x A —1
)
f8 =fh, A>0vn

A = 1 ALI-MIKHAIL-HAQ copula

ff(X): ) AE[_‘I’OOL )‘#O
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Clayton

X~ —1
A )
f8 =fh, A>0vn

A = 1 ALI-MIKHAIL-HAQ copula

fE(x) = Ae[-1,00, A#0

Hamacher product

uv

Gy = u+v—uv
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Introduction

Clayton

X~ —1
A )
f8 =fh, A>0vn

A = 1 ALI-MIKHAIL-HAQ copula

fE(x) = Ae[-1,00, A#0

Hamacher product

uv

Gy = u+v—uv

Gumbel

Ae[1,00] f3(x) = (—logx)*, Vn
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UCS and DUCS copulas
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Ciy(u,v) =uf! (min {f(uv), f(O)})

Univariate Conditioning Stable

wAv

Cool V) =T

C(fn)(u? V) =u V_%
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UCS and DUCS copulas

Associative copula = M-ordinal sums of Archimedean
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Introduction Eliptic copulas Archimedean copulas UCS and DUCS copulas Extreme values copulas

0 - y - semilinear copulas

v=1-—d(u)
Cy(u,v) = u - max {0,1 + (‘_j,(;u‘)}
distortion d : [0,1] — [0, 1]
dx) 2 g A d(1) =1
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0 - y - semilinear copulas

v=1-—d(u)
Cy(u,v) = u - max {0,1 + (‘_j,(;u‘)}
distortion d : [0,1] — [0, 1]
dx) 2 g A d(1) =1

Cg=W, Ci=nN
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Introduction ptic copulas Arch ulas UCS and DUCS copulas Extreme values co

DUCS copulas
Distorted Univariate Conditioning Stable

Cra(u,v)=u-f! (min {f(O), :f&%}) u>0

d(x)=xP, pe€jo,1]

1
f(x) = X 1
UP+1 v
Cralts V)= 3 oy =y
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UCS and DUCS copulas

Special singular copulas

Shuffles of M

T-a
shuffling the strips flipping of a strip

Each copula can be seen as a limit of shuffles of M
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Extreme values copulas

Extreme values (EV) copulas

(X, Y1)~ C

(Xn, Yn)~ C
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Extreme values copulas

Extreme values (EV) copulas

(X, Y1)~ C

(Xn, Yn)~ C

(\/ X% \/ Yi) ~ Ca

Ch(u,v) = (C(u%, v

Si=

))n —— C" (u,v)

n—oo

C* (v, v) = (C* (u,v))
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Extreme values copulas Dependence measures

log u

C* (u,v) = (uv) &%) =
ps (min {9(0). (g(u) + g(v)) - A <g(“)})

ag(x) = —log x
A:[0,1] = [0,1] convex
tv(1—1t) <A <1
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log u

c* (U, V) — (U V)A(W) =

—g <min {9(0), (g(u) + g(v))) - A <g(u)}>

g(x) = —log x
A:[0,1] = [0,1] convex
tv(1—t) <At <1

Archimax

Ciatw ) = 1" (min(10), (1) + 109) A (77 )
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Dependence measures

Kendall’s tau

¢ number of concordant pairs
d number of discordant pairs
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Dependence measures

Kendall’s tau

¢ number of concordant pairs
d number of discordant pairs
IID (X3, Y1), (X2, Y2) ~ (X, Y)

TX,Y = P((X1 —Xg)(Y1 = Yg) > 0) = P((X1 —X2)(Y1 = Yg) < 0)

1 1
TC=4/0 /0 C(u, v) dC(u, v) — 1
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Dependence measures

Kendall’s tau

¢ number of concordant pairs
d number of discordant pairs
IID (X3, Y1), (X2, Y2) ~ (X, Y)

TX,Y = P((X1 —Xg)(Y1 = Yg) > 0) = P((X1 —X2)(Y1 = Yg) < 0)

1 1
TC=4/0 /0 C(u, v) dC(u, v) — 1

C Archimedean, ad. gen. f:

f(t) ot

1
Tc=1+4
fr(t
0
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Introduction ptic copulas Arch ulas UCS and DU as values co 1S Dependence measures

Spearman’s rho
1D (X17 \/1)7 (X27 Y2)7 (X3a YS) ~ (Xa Y)

px,y =3 (P((X1 = X2)(Y1 = ¥3) > 0) — P((Xi — X2)(Y1 — Y3) <0))

1 41
pC:12/ / C(u,v) dudv—3
o Jo
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Introduction ptic copulas Arch ulas UCS and DU as values co 1S Dependence measures

Spearman’s rho
1D (X17 \/1)7 (X27 Y2)7 (X3a YS) ~ (Xa Y)

px,y =3 (P((X1 = X2)(Y1 = ¥3) > 0) — P((Xi — X2)(Y1 — Y3) <0))

1
pc =12 / / C(u,v) dudv—3
o Jo
rank correlation

= Pearson’s rho for U = Fx(X), V = Fy(Y)
(if X, Y are continuous r. v.)
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Dependence measures

|
if C is EV-copula with dependence function A

[t -n
ch/o A A

i 1
o= || REVTC
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Dependence measures

general relationship

—1<3r-2p< 1




Dependence measures

general relationship

—1<3r-2p< 1

IN
)
IN

W= N =
IN

\]

IN
W= N =
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Introduction Eliptic copulas Archimedean copulas

Extreme values copulas Dependence measures

general relationship

1 1

=0: —=<p<-—=

7=0 2_p_2

1 1

=0: —— <7< =

p=0 3_7'_3
1+p>(1+T)2 1—p_(1-7)2

2 - 2 ’ 2 - 2
best bounds:
37— 1 1427 — 72
> <
>0 5 <p< >

2 _
r<0: W< <1+3T
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Introduction Eliptic copulas Arc copulas UCS and DUC as Extreme values copulas Dependence measures

GINI

e =4 /01 Clu,1 — u) aru—/o1 (u— C(u,u)) du
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Dependence measures

70_4[/01 C(u,1 - u) du—/o1 (U—C(U7U))dU]

BLOMQVIST i1
po=4C(5.5) -1
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Dependence measures

70_4[/01 C(u,1 - u) du—/o1 (U—C(U7U))dU]

BLOMQVIST i1
po=4C(5.5) -1

for any dependence measure
M—1

Mm—2~0
W — —1
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