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Functional analysis notions.

@ M, Y real separable Hilbert spaces.

Q {e;iel}, 1#0,]CN an (arbitrary) orthonormal basis of
HL.

©Q Ac L(H,Y) the Hilbert-Schmidt operator iff

Ay = Y 1Aeil§ < oo,

iel

Q A* the adjoint operator of A € £L(H, Y) iff
A Y)y = (A )u"
O (D(A*)is the set of y € Y for which exists z € H such that
for all x € D(A): (Ax,y)y = (X, Z)g and then A*y = 2),

© The operator A : H — H selfadjoint iff A* = A.
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Functional analysis notions,

Strongly continuous semi-groups

Q@ S: R, — L(H) the Co-semi-group:
Q@ S(t+s)=S(t)S(s),t,s >0, S(0) =1,
@ S(t)x — x strongly, t — 04, x € H,
@ As the infinitesimal generator of the Cy-semi-group S iff

S(H)x —x
t

for x € D(A) (the domain of A), where ID(A) is the set of all
x € H for which the limit exists.
@ S(t)x is the solution to the equation y = Ay,
y(0) = x € D(A).
@ S analytic if S can be extended to {z € C,|arg(z)| < 8} for
some 0 < (0, 5).

—>AX, t—>0+,
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Cylindrical Lévy process,

Definitions.

Stochastic basis (22, A, F = (Ft)t>0, P).

@ L Lévy process (in H):
@ indexed R,
@ stationary independent increments,
@ L(0) = Oy,
@ stochastically continuous.

@ L Cylindrical Lévy process (in H) if for all h € H is (L, h)g

Lévy process in R.
© In our special case L has

@ weak second moments (for all h € H has (L, h)y finite
second moments),
@ characteristic function

Ee/(L0Ms _ gfu@®ME-1-izh)dv(z) ey

where v is cylindrical measure (measure on cylindrical
sets).
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Cylindrical Lévy process,

stochastic integral with respect to cylindrical Lévy processes.

@ We define the stochastic integral of simple process of
Hilbert-Schmidt operators

n—1
q)(t) = Z ¢k|(tk,fk+1](t)
k=0

as
n—1
1(®)(1) = > dr(L(min{tisr, t}) — L(min{tc, 1})),
k=0

where0<fhp<... <t <T.

@ For general process of Hilbert-Schmidt operators ¢ such
that EfOT |®(5)[2,5ds < oo we can approximate /(®)(t) by
I(®4)(t), k € N, in E| - |2 where &, k € N, approximate ¢
inE [ |- [2ds.
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Controlled SEE.

o
dX? = (AX” + BU)dt + odL;, X§ = x, (1)
where
@ Athe infinitesimal generator of the exponentially stable
analytic semi-group S such that for fixed 8 > 0 and
§ € (0,1): ®*(—A* + B1)~2%7 is Hilbert-Schmidt.
@ Be L(Y,Dy " =D((—A+ A1), where e € (0, 1).
@ U F-progressively measurable control from LP°¢(R , , Y) for
fixed p > max{2, 1;} (U denotes the space of controls).
@ XY Strong solution:
0 [ |AXY|uds < oo P-s|.,
@ XY e D(A) P-s.j.,
° t
XV =x+ / (AXY + BUs)ds + oLy, t>0.
0

@ Assumptions for A too restrictive. Less strict concepts of
solutions (avoiding A) needed.
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Controlled SEE.

@ XY Mild solution:
t t
XU = x+/ S(t — s)BUsds+/ S(t — s)odLs, t3 0.
0 0
(2)
@ XY Weak solution:
(a, X )m
t t
= <a,x>H+/ (A*a,XSU>Hds+/ (B*a, Ur)udr + (a, dLt)m,
0 0

Q acDA*), teR,.

© In our case, XY weak solution iff XY mild solution and both
exist and are unique in the space 1L.Z"°°(R ., H).
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Ergodic control

)
JU,T) = /0 (QXY, XYy + (RUs, Us)v)ds,  (3)

@ Q € L(H) symmetric positive semi-definite operator,
@ R € L(Y) symmetric positive definite operator.
© Theissue is to find C € R (optimal cost) such that for all
U € £ P-a.s. (or in mean)

lim inf J(L:’ ) > C,

t—o0
and Uy € L (optimal control) such that P-a.s. (or in mean)
jim .0 _ ¢
t—o0

© Denote V solution to the stationary Riccati equation
VA+ A"V +Q-VBR'B'V=0.
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Main results.

@ (ltoo formula.) Let Tr(Ved*) < oo, V € L(H, D). ) is
non-negative and self-adjoint on H. Then

<XU(t), VXU(t)>H — (X, VX
:2/0th(XU(s))ds+/0t2<B*VXU(s),U(s)>
+/H<q>*vxu( 1), dL(s) > +Z‘AV2¢L( ))H, a.s.

© (Optimal control and optimal cost.) Suppose that
(VX XP)m

; — 0, t— 0, as., (4)

Jo IXZBds
t
Then C = Tr(Vod*) and Uy = —R~1B*VX.

lim sup < oo a.s. (5)
t—oc0
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o
wi(t, x) — Awy(t, x) + A2w(t, x) = Ty=xou(t) + I(t, ), (t,X) € R.
(6)
o
w(0,x) = wp, wi(0,x)=wy, x € G,
Q
w(t,x) =wi(t,x) =0, (t,x) e Ry x IG,
where G C R", ne {1,2,3}, xo € G, | formally represents
Lévy noise.
2]

i
Ju.T) = [ (w(OEeey + 0+ (D)t

Karel Kadlec Ergodic Control for Lévy-driven linear stochastic equations in Hilb



References.

[1]

[2]

[3]

[4]

[5]

Chen G., Triggiani R.: Proof of extensions of two
conjectures on structural damping for elastic systems.
Pacific J. Math., 136, 15-55, 1989.

Duncan T. E., Maslowski B., Pasik-Duncan B.: Adaptive
Boundary and Point Control of Linear Stochastic
Distributed Parameter Systems. SIAM Journal on Control
and Optimization, 33, 648—672, 1994.

Duncan T. E., Pasik-Duncan B.: Some Aspects of the
Adaptive Control of Stochastic Evolution Systems.
Proceedings of the Conference on Decision and Control,
28, 732-735, 1989.

Peszat S., Zabczyk J.: Stochastic Partial Differential
Equations Driven by Lévy Processes. Cambridge
University Press, Cambridge, 2006.

Riedle M.: Stochastic Integration with Respect to
Cylindrical Lévy Processes in Hilbert spaces Cornell
University, July 2012,

Karel Kadlec Ergodic Control for Lévy-driven linear stochastic equations in Hilb



Thank you.

arel Kadlec Ergodic Control for Lévy:



