Non-unbiased two-sample nonparametric tests.

Numerical example.

Xeniya Yermolenko

Charles University in Prague, Department of Statistics

SUMMER SCHOOL ROBUST 2016, 11-16 SEPTEMBER

September 13, 2016

X. Yermolenko, Charles University in Prague p. 1 out of 14



e Lehmann E.L. 1959 Testing statistical hypotheses

e Sugiura et al. 1965, 2006 Biased and unbiased two-sided Wilcoxon
tests

e Liu and Singh 1993 Proposed a two-sample test of Wilcoxon type,
based on the ranks of depths of the data

e Amrhein, P. 1995 An example of a two-sided Wilcoxon signed
rank test which is not unbiased

e Jureckova et al. 2002, 2012 The two-sample multivariate testing
problem

X. Yermolenko, Charles University in Prague p. 2 out of 14



e Two-sample Wilcoxon test

e The power function and the significance level. Basic definitions
e Distribution

e Numerical illustration

e Numerical example

o Simulations
e Conclusion
e Bibliography

o Contacts

X. Yermolenko, Charles University in Prague p. 3 out of 14



Two-sample Wilcoxon test

Let X1,...,X, ~ F(x) and Y1,...,Y, ~ G(z) be two random samples from
the absolutely continuous distributions.

Let us assume that G(z) = F(z — A).
We want to test the hypothesis

Ho: A=0,
against the two-sided alternative:

Hy: A#0,

using the following two-sample Wilcoxon test:

O(X1,..., Xn V1, .

1, if Xy < Y(qy or X(1) > Y,
7Ym) = .
0, otherwise.
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The power function and the significance level. Basic definitions

The power function of ¢ is given by: oo

o) = P(Xy < Yi) + P(X0) > You) = [ FP@)d(1 - (1= Gla))™)+

—o0

+o0 +oo

n / G (@)d(1 — (1 — F(z)") = / Fr(X)d(1— (1 — F(z — A)™)+
=y .

+ / F™(z — AYd(1 — (1 — F(z)").

The significance level « of this test is:

2mlin!

@ = Pitg (X < Yiw) + Prto (Xet) > Yom)) = Bn(0) = (722050

We have a property of the power function Bn,m(A) = Bm,n(—A). Therefore,
everywhere below we will assume that n > m.

The test ¢ is unbiased if it satisfies irA1f Bn,m(A) > a.
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Distribution

Suppose that F is a Skew Logistic Distribution with a scale parameter b > 0
and a skew parameter A > 0

671/1))\ ]
9\ 717(1_‘_6735/1»\)2, if £ <0,
fz) = 3 —aA/b
14+ A e x>0
b(1+e-=r/byzr =T
2)\? 1 :
e — R if z <0,
(z) = 22 11— e @b

if z>0.
T+ A T3 1o e =0

where f(z) is a density function of the X.
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Distribution

All graphics were built in scilab-5.5.0
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Figure: PDF of a skew logistic distribution for different values of A, for b = 0.01

Unless otherwise stipulated, throughout b = 0.01 and A = 2.5
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Numerical illustration

All computations were made in scilab-5.5.0

If n =m, then Bn,m(A) — symmetric about A = 0 and the test ¢ is unbiased.
Otherwise Bn,m(A) — skew and the test ¢ is biased.

n | m a eor —Amin
3 3 0.1 0.1 0

19 1 0.1 0.0789 0.006
3 2 0.2 0.19818 0.002
8 3 0.012 0.01155 0.0021
10 6 0.00025 0.00024 0.0008
20 | 10 | 6.66e — 08 | 6.5e — 08 | 5.3e — 04

min

Teor — minimum of the numerically computed function B, m(A);

Apin — the point at which this minimum was obtained.
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Numerical illustration

n=m=3
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Figure: The power function By m(A) for n=m=3 and for n=19, m=1. This example
is very important, because in both cases the significance level of the test ¢ is equal to
0.1, meanwhile in the first case the test is unbiased but in the second it is biased.
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Numerical illustration

On the following plots the power functions are shown for different combinations

of n and m.

25001

235001
23601
225001
2201
215001
21201
2050014

2001

*

105201

24801 n=3, m=2
24001

1002 8e03 BeD3 4e03 2003 000 2003

4003 Be03

8e03

1e02

46004
44004
42004~

404
25004
36004
24004~
22004

3004
28004

280041

—-®

8203 403 2803 000

X. Yermolenko, Charles University in Prague

2003

403

6203

18602

17602
18002 -
15002
14002
13602 -

12002 \./o

11602

m=3

a3 a3 2000 000

608

2000 4003 ae03

78e08 -
7608
7408
7208
7e08

68008 4

cetn ,\./'

as08

0, m=10

1803 Be04 -0e04 4604 2604  0s00

2004 4204 6204 5204 1203

p. 10 out of 14



n m (6% N k() 5prac _AO
19 | 1 0.1 10° 9302 0.093 0.003
3 2 0.2 10° | 19853 0.1985 0.001
8 3 0.012 10° 1168 0.01168 0.0013
10 | 6 0.00025 10% | 24577 | 0.000246 0.0002
20 | 10 | 6.66e — 08 | 10™ | 6487 | 6.5e — 08 | 2.3e — 04
Ao € [Amin; 0] — a point for simulation of sample Y1,...,Yn
N - the number of simulations of samples X1,..., X, and Y1,...,Ym;

ko — the number of experiments in which ¢(X1,..., X, Y1,...,Ym) =1

ko

Bprac = N empirical power of the test ¢.
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In the case of the skew logistic distribution with a scale parameter b > 0
and a skew parameter A > 0, A # 1 we have

e if m = n, then the test ¢ is unbiased

e if m # n, then the test ¢ is biased.
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