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Rationale

• Lehmann E.L. 1959 Testing statistical hypotheses

• Sugiura et al. 1965, 2006 Biased and unbiased two-sided Wilcoxon

tests

• Liu and Singh 1993 Proposed a two-sample test of Wilcoxon type,

based on the ranks of depths of the data

• Amrhein, P. 1995 An example of a two-sided Wilcoxon signed

rank test which is not unbiased

• Jure£ková et al. 2002, 2012 The two-sample multivariate testing

problem
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Two-sample Wilcoxon test

Let X1, . . . , Xn ∼ F (x) and Y1, . . . , Ym ∼ G(x) be two random samples from
the absolutely continuous distributions.

Let us assume that G(x) = F (x−∆).

We want to test the hypothesis

H0 : ∆ = 0,

against the two-sided alternative:

H1 : ∆ 6= 0,

using the following two-sample Wilcoxon test:

φ(X1, . . . , Xn, Y1, . . . , Ym) =

{
1, if X(n) < Y(1) or X(1) > Y(m),

0, otherwise.
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The power function and the signi�cance level. Basic de�nitions

The power function of φ is given by:

βn,m(∆) = P (X(n) < Y(1)) + P (X(1) > Y(m)) =

+∞∫
−∞

Fn(x)d(1− (1−G(x))m)+

+

+∞∫
−∞

Gm(x)d(1− (1− F (x))n) =

+∞∫
−∞

Fn(X)d(1− (1− F (x−∆))m)+

+

+∞∫
−∞

Fm(x−∆)d(1− (1− F (x))n).

The signi�cance level α of this test is:

α = PH0(X(n) < Y(1)) + PH0(X(1) > Y(m)) = βn,m(0) =
2m!n!

(m+ n)!
.

We have a property of the power function βn,m(∆) = βm,n(−∆). Therefore,
everywhere below we will assume that n ≥ m.

The test φ is unbiased if it satis�es inf
∆
βn,m(∆) ≥ α.
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Distribution

Suppose that F is a Skew Logistic Distribution with a scale parameter b > 0
and a skew parameter λ > 0

f(x) =
2λ

1 + λ2


e−x/bλ

b(1 + e−x/bλ)2
, if x < 0,

e−xλ/b

b(1 + e−xλ/b)2
, if x ≥ 0.

F (x) =


2λ2

1 + λ2

1

1 + e−x/bλ
, if x < 0,

λ2

1 + λ2
+

1

1 + λ2

1− e−xλ/b

1 + e−xλ/b
, if x ≥ 0.

where f(x) is a density function of the X.
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Distribution

All graphics were built in scilab-5.5.0

Figure: PDF of a skew logistic distribution for di�erent values of λ, for b = 0.01

Unless otherwise stipulated, throughout b = 0.01 and λ = 2.5
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Numerical illustration

All computations were made in scilab-5.5.0

If n = m, then βn,m(∆) � symmetric about ∆ = 0 and the test φ is unbiased.

Otherwise βn,m(∆) � skew and the test φ is biased.

n m α βminteor −∆min

3 3 0.1 0.1 0

19 1 0.1 0.0789 0.006

3 2 0.2 0.19818 0.002

8 3 0.012 0.01155 0.0021

10 6 0.00025 0.00024 0.0008

20 10 6.66e− 08 6.5e− 08 5.3e− 04

βminteor � minimum of the numerically computed function βn,m(∆);

∆min � the point at which this minimum was obtained.
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Numerical illustration

Figure: The power function βn,m(∆) for n=m=3 and for n=19, m=1. This example
is very important, because in both cases the signi�cance level of the test φ is equal to
0.1, meanwhile in the �rst case the test is unbiased but in the second it is biased.
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Numerical illustration

On the following plots the power functions are shown for di�erent combinations
of n and m.
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Simulation

n m α N k0 βprac −∆0

19 1 0.1 105 9302 0.093 0.003

3 2 0.2 105 19853 0.1985 0.001

8 3 0.012 105 1168 0.01168 0.0013

10 6 0.00025 108 24577 0.000246 0.0002

20 10 6.66e− 08 1011 6487 6.5e− 08 2.3e− 04

∆0 ∈ [∆min; 0] � a point for simulation of sample Y1, . . . , Ym

N � the number of simulations of samples X1, . . . , Xn and Y1, . . . , Ym;

k0 � the number of experiments in which φ(X1, . . . , Xn, Y1, . . . , Ym) = 1

βprac =
k0

N
� empirical power of the test φ.
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Conclutions

In the case of the skew logistic distribution with a scale parameter b > 0
and a skew parameter λ > 0, λ 6= 1 we have

• if m = n, then the test φ is unbiased

• if m 6= n, then the test φ is biased.
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