2 Congruences and Euler’s theorem

Recall that @ = b (mod m) whenever m | (a — b).

2.1. Solve the following congruences in Z:

2.2. Solve the following congruences in Z:
(a) 22+ 52 =0 (mod 19),
(b) 22 =1 (mod p) for p prime,
(cf 22+ 10z +6 =0 (mod 17).

2.3. Divide polynomials using an analogue of the division with remainder you know from
7

(a) z* +32° + 42 + x + 3 a 22 + 2 in Q|x],

(b) 2+ 2% + 2" +2° + 2* + 2 + x a  + 1 in Zy[z] (here we deal with coefficients in
the field Z,)

2.4. Calculate the greatest common divisor and the corresponding Bézout coefficients
using analogue of Euclid’s algorithm:

(a) ged(z® — 1,22 — 1) in R[z],
(b) ged(222 +x — 1,22 + 1) in Rz],
(c) ged(z* + x4+ 1,23 + 2+ 1) in Zs[7]
2.5. Show that n?* =1 (mod 8) for every odd n € N.
2.6. Determine the value
(a) (600),
(b) ©(7425) (it might be useful to know that 7425 = 2725 - 11),
(c) of all natural n such that ¢(n) = 18.
2.7. Calculate
(a) 3°" mod 28,
(b) 100%°” mod 39,



() 100%™ mod 40.
2.8. Find the last
(a) one digits of 135716,
(b) two digits of 999388""
(c) three digits of 249'9.
2.9. Prove that 13 | 1620 + 292! + 4272,
2.10. Find all x € Z satisfying
(a) =2 (mod 3), =4 (mod 7), =3 (mod 8).
(b) 24+ 1=2 (mod 3), 3x+2=3 (mod 4), 4x+3 =2 (mod 5).
(c) 102 =6 (mod 32), 3z =1 (mod 5).
2.11. Find all x € Z such that
=1 (mod 3), z2=1 (mod 7).
—1 (mod 66).

(c) 22 = —1 (mod 65).



