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1.1. Introduction

:

In this chaptef we state the main results of centre

Kz

o

RN
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R TR

manifold theory for finite dimensional systems and give some

simple examples to illustrate their application.

1.2. Motivation

To motivate the study of centre manifolds we first

look at a simple example. Consider the system

X = axs, yo= -y + yz, (1.2.1}

T T R R R R

where a is a constant, Since the equations are uncoupled

we can easily show that the zero solution of (1.2.1) is

asymptotically stable if and only if a < {. Suppose now that
X = ax® + xzy

. (1.2.2) i
Y -y +yE e xy - x°

Since the equations are coupled we cannot immediately decide
if the zero solution of (1.2.2) is asymptotically stable, but
we might suspect that it is if a < 0. The key to understand- i

ing the relation of equation (1.2.2} to equation'(l.z.l) is
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an abstraction of the idea of uncoupled equations.
A curve, say vy = h{x), defined for |x| small, is
said to be an invariant manifold for the system of differen-

tial equations
x = £(x,y), ¥ = g(xy), (1.2.3)

if the solution (x{t),y{t)} of (1.2.3) through (xo,h(xo))
lies on the curve y = h{x} for small t, i.e., ¥(t) =
h¢(x{t)). Thus, for equatien (1.2.1), y = 0 is an invariant
manifold. Note that in deciding upon the stability of the
Zero soiution of (1.2.1), the only important equation is
X = axs, that is, we only need study a first order equation
on a particular invariant manifold.

The theory that we develop tells us that equation
{1.2.3) has an invariant manifold y = h{x), |x| small, with
h{x) = O(xz) as x + 0., Furthermore, the asymptotic stability
of the zero solution of (1.2.2}) c;n be proved by studying a

first order equation. This equation is given by

u = aud 4 uzh(u) = au’ + 0(u4), {(1.2.4)

and we see that the zero solution of (1.2.4) is asymptotically
stable if a < 0 and unstable if a » 0. This tells us that
the zero solution of (1.2.2) is asymptotically stable if
a < 0 and unstable if a > 0 as we expected.

We are also able to use this method to obtain estimates
for the rate of decay of solutions of (1.2.2) in the case
a < 0. For example, if (x(t),y(t)} is a solution of (1.2.2)
with (x(0),y(0}) small, we prove that there is a solution
u(t) of (1.2.4) such that x{t} = u(t)(l+a(l)),
y(t) = hu(t)) (1+o(1)) as t > =.

1.3. Centre Manifolds 3

1.3, Centre Manifolds

We first recall the definition of an invariant mani-

fold for the equation
X = N(x) (1.3.1)

where x € R", A set § ¢R" is said to be a Zocal invari-
ant manifold for (1.3.1) if for X, € S, the soclution x(t}

of (1.3.1) with x(0) = Xg dis in 8§ for [t]| ¢ T where

T > 0. If we can always choose T = =, then we say that §

is an tnvariant manifold.

Consider the system

X = Ax + f(x,y)

(1.3.2)

n

y = By + g(x,Y)
where x € Rn, y €R™ and A and B are constant matrices
such that all the eigenvalues of A have zero real parts
while all the eigenvalues of B have negative real parts.
The functions f and g are C2 with £(0,0) = 0,
£:(0,0) = 0, g(0,0) = 0, g'(0,0) = 0. (Here, £' 1is the
Jacobian matrix of f£.)

If £ and g are identically zero then (1.3.2) has
two obvious invariant manifolds, namelvy x = 0 and y = 0.
The invariant manifold x = 0 is called the stable manifold,
since if we rTestrict initial data to, x = 0, all solutions
tend to zero. The invariant manifold ¥y =0 is called the
centre manifold.

In general, if y = h{x} is an invariant manifold for
{1.3.2) and h is smooth, then it is called a centre mantfold
if h(0) = 0, h'(0) = 0. We use the term centre manifold in

place of lecal centre manifold if the meaning is clear.



4 1. INTRODUCTION TC CENTRE MANIFOLD THEQRY

If £ and g are identically zero, then all solutions
of (1.3.2) tend exponentially fast, as t + =, to solutions

of

X = AX. (1.3.3)

That is, the equation on the centre manifold determines the
asymptotic behavior of solutions of the full equation modulo
exponentially decaying terms. We now give the analogue of
these results when f and g are non-zero. These results

are proved in Chapter 2.

Theorem 1. There exists a centre manifold for (1.3.2),
y = h(x), |x| < &, where h is c?.
The flow on the centre manifold is governed by the

n-dimensional system

u = Au + £(u,h{u)} (1.3.4)

which generalizes the corresponding problem (1.3.3) for the
linear case. The next theorem tells us that (1.3.4) contains
all the necessary information needed to determine the asymp-

totic behavior of small solutions of (1.3.2).

Theorem 2. (a} Suppese that the zero solution of (1.3.4) is
stable (asymptotically stable)} (unstable)., Then the zero solu-
tion of (1.3.2) is stable (asymptotically stable) (unstable).
{b) Suppose that the zero solution of (1.3.4) is
stable. Let (x(t),y{(t)) be a solution of (1.3.2) with
(x{0),y{0)) sufficiently small. Then there exists a solution

u(t} of (1.3.4) such that as t »+ =,

u(t) + oge TH

x{t)
(1.3.5)
hlu(t)) + a(e 'H

H

y{t)

1.4. Examples S

where + > 0 1is a constant.
If we substitute vy(t) = h(x(t)) inte the second equa-

tion in (1.,3,2) we obtain
h'{x) fAx + £(x,h(x)}] = Bh(x) + g{x,h(x)). (1.3.6)

Equation (1.3.6) together with the conditiens h{0) = 0,

h'{0) = 0 is the system to be solved for the centre manifold.
This is impossible, in general, since it is equivalent to
solving (1.3.2). The next result, however, shows that, in prin-
ciple,. the centre manifold can be approximated to any degree

of accuracy.

m

For functidhs ¢: R" + R™ which are ct in a neigh-

borhood of the origin define
(M) (x) = ¢'(x) [Ax + £(x,¢(x))] - Bo(x) - g(x,¢(x}).
Note that by (1.3.6}, (Mh)(x) = O.

Theorem 3. Let ¢ be a C1 mapping of a neighborhood of the
origin in R" into ®™ with 6(0) = 0 and 4'(0) = 0.
Suppose that as x =+ 0, (M¢)(x) = 0(|x|%) where q > 1. Then
as x + 0, |h{x) - ¢(x)| = o(|x|D.

1.4. Examples
We now consider a few simple examples to illustrate the

use of the above results.
Example 1. Consider the system

. 3 2

x = Xy + ax~ + by 'x
. 2 2 (1.4.1)
y = -y + cx” + dx'y.
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By Theorem 1, equation (1.4.1) has a centre manifold y = h{x].

To approximate h we set

(M0) (x) = 7 (x) [x$(x) + ax’

O{XZ) then (M¢)(x) = ¢{x} - cxz + 0(x4). Hence,

cxz, (M¢) (x) = 0(x4), so by Theorem 3, h(x) =

If ¢(x)
if ¢(x)
4

cx2 + 0(x"}. By Theorem 2, the equation which determines the

stability of the zero solution of (1.4.1) is

3

u = uh{u) + au” + buhz(u) = {a+c)u3 + O(us).

TBus the zero solution of (1.4.1) is asymptotically stable if
fa + ¢ <0 and unstable if a +c > 0. If a + c =0 then
we have to obtain a better approximation to h.

Suppose that a + ¢ = 0. Let ¢(x) = cx® + p(x) where

0(x%). Then (M$)(x) = w(x} - cdx* + 0(x®). Thus, if

b (x}
b(x) = cx® + cdx’ then (M$)(x) = 0(x°) so by Theorem 3,
hix) = cxz + cdx4 + 0(x6). The equation phat governs the sta-

bility of the zero solution of (1.4.1} is
. 5 7
0= wh(w) + aud + buhl(u) = (cd+bc?)u® + O(u').

Hence, if a + ¢ = 0, then the zero solution of (1.4.1) is
asymptotically stable if cd + bc2 < 0 and unstable if
cd + bc2 >0, If cd =+ bc2 = 0 then we have to obtain a

better approximation to h (see Exercise 1)}.

Exercise 1. Suppose that a + c = ¢cd + be? = 0 in Example 1.
Show that the equation which governs the stability of the

zero solution of (1.4.1) is u = -cdzu7 + O(ug).

Exercise 2. Show that the zero solution of (1.2.2) is asymp-

totically stable if a < 0 and unstable if a > 0.

+ bx¢t ()] + #(x) - cx® - dxPe(x).

1.4. Examples 7

Exercise 3. Suppose that in equation (1.3.2}), n = 1 so that
A = 0. Suppose also that f£(x,y) = ax¥ + 0(]x[p+1 + |y 1%
where 2q > p + 1 and a is non-zero. Show that the zerc
solution of (1.3.2) is asymptotically stable if a < 0 and

p 1is odd, and unstable otherwise,

Example 2. Consider the system

: 3
X = gx - X7 + Xy

€1.4.2)

.

¥

RN S

L3

where € 1is a real parameter. The object is to study small
solutions of (1.4.2) for small Jel.

The linearized problem correspending to (1.4.2) has
eigenvalues -1 and e. This means that the results given
in Section 3 do not apply directly. However, we can write

(1.4.2) in the equivalent form

%= ex - x>+ xy
v o= -y + yb o xP (1.4.3)
€ =0,

When considered as an equation on IR3 the €x term in

{(1.4.3) is nonlinear. Thus the linearized problem correspond-
ing to (1.4.3) has eigenvalues -1,0,0. The theory given in

Section 3 now applies so that by Theorem 1, (1.4.3) has a two
dimensional centre manifold y = h(x,e), |x| < &§;, |e| < &,.

1 2
Te find an approximation to h set

2

(M6) (x,€} = 6, (x,€) lex-x+xd(x,e)] + 6(x,e) + x° - ¢%(x,e).

Then, if ¢(x,e) = ‘xz, (M¢) (x,e) = O(C(x,e)) where C is a

homogeneous cubic in x and €. By Theorem 3,
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h(x,e) = -x°

+ 0(C{x,e)). Note alsoc that h(C0,e) = 0 (see
Section 2.6)., By Theorem Z the equation which governs small
solutions of (1.4.3) is

+ 0(|u|C(u,e))
{1.4.4)

The zero selutien (u,e) = (0,0) of (1.4.4} is stable so

the representatiou of solutions given‘by Theorem 2 applies
here. For ~62 < € < 0 the solution u = 0 of the first
equation in (1.4.4) is asymptotically stable and so by Theorem
2 fhe zero solution of (1.4,2) is asymptotically stable.

For 0 < € < 62, solutions of the first equation in
{1.4.4) consist of two orbits connecting the origin to two
small fixed ﬁoints. Hence, for 0 < e < §, the stable mani-
fold of the origin for (1.4.2) forms a separatrix, the unstable
manifold consisting of two stable orbits connecting the origin
to the fixed points. .

Exercise 4. Study the behavior of all small solutions of

W+ W+ OEW + w3 = 0 for small .

Example 3. Consider the equations

[
n

-y o+ +c)z
7 Cy (1.4.5)

€2 y - (y+l)z

where & > 0 is small and 0 < ¢ < 1. The above equations
arise from a model of the kinetics of enzyme reactions [33].
If e = 0, then (1.4.5) degenerates into one algebraic equa-
tion and one differential equation. Solving the algébraic

equation we obtain

Aremm e

1.4. Examples g

2 = X (1.4.6)

and substituting this into the first equation in (1.4,5) leads

to the equation

y = A (1.4.7)
where A =1 - c. R

Using singular perturbation techniques, 1t was shown
in [33] that for e sufficiently small, under certain condi-
tions, solutions of (1.4.5) are close to sclutions of the de-
generate‘system (1.4.6), {1.4.7). We shall show how centre
manifolds can be u§ed to obtain a similar result.

Let t = eT, We denote differentiation with respect

to t by and differentiation with respect to t© by '.

Equation {1.4.5) can be rewrittem in the equivalent form

ef(y,w)
w' = -w + yz - yw + ef(y,w) (1.4.8)

e' =0

where f(y,w} = -y + (y*c}{y-w} and w =y - z. By Theorem
1, (1.4.8) has a centre manifold w = h(y,e). To find an ap-

proximation to h set

(M3 (7,€) = €6,(y,)E(r,0) + 00r,€) - ¥* + yoly,e) - e£(y.4).

If 6(y,e) = y° - Aey then (M$)(y,e) = O(|y|> + [e]®) so
that by Theorem 3,

3

2
hiy,e) = y° - xey + o(]y|> + |e|*).

By Theorem 2, the equatien which determines the asymptotic

behavior of small solutions of (1.4.8) is
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u' = ef(u,h{u,e))

or in terms of the original time scale

£lu,h{u,€)) = -A(u-u?) + o(|eul + |u). (1.4.9)

u

Again, by Theorem 2, if e 1is sufficiently small and vy(0),
z(0} are sufficiently small, then there is a solution wu(t)

of (1.4.9) such that for some vy > 0,

y(t) = uft) + oge Y&

{1.4.10)
y(t) - h{y(t),e) + o(e TV/%y,

z(t)

Note that equation (1.4.7) is an approximation to the equation
on the centre manifold. Alse, from (1.4.10), z{t) = y(t) -
yz(t), which shows that (1.4.6) is approximately true,.

The above Tesults are not satisfactory since we have to
assume that the initial data is small. In Chapter 2, we show
how we can deal with more general initial data. Here we
briefly indicate the procedure involved there. If Yo $ -1,

then
2 -1
(r,w,e) = (vy,yp(1*yg) 7,0)

is a curve of equilibrium points for (1.4.8). Thus, we ex-
pect that there is an invariant manifold w = h(y,e} for
(1.4.8) defined for € small and 0 <y ssm (m=0(1)},

and with h(y,e) c¢lose to the curve

w = yi(1ey) "L (1.4.11)

For initial data close to the curve given by (1.4.11), the
stability properties of (1.4.8) are the same as the stability

properties of the reduced equation

it = f(u,h(u,e)}.

s ey
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1.5. Bifurcation Theory

Consider the system of erdinary differential equations

w = F(w,e)

F(0,¢) 0

(1.5.1)

1]

where w € R™™ apg €, is a p-dimensional patameter. We
say that e = 0 is a bifurcation point for (1.5.1) if the
quaiitative nature of the flow changes at ¢ = 0; that is, if
in any'neighborhood of € =0 there exist points £ and
£, such that the local phase portraits of {1.5.1) for
€= g and ¢ = €, are not fopologically equivalent.

Suppose that the linearization of (1.5.1) about w = 0
is

W= C(E)w. (1.5.2)

If the eigenvalues of C{0) all have non-zerc real parts
then, for small le|, small solutions of (1.5.1) behave like
solutions of (1.5.2) so that ¢ = 0 4is not a bifurcation
point., Thus, from the point of view of local bifurcation
theory the only interesting situation is when C(0) has eigen-
values with zero real parts.

Suppose that C(0) has n eigenvalues with zero real
parts and m eigenvalues whose real parts are negative; We
are assuming that C(0) does not have any positive eigen-
values since we are interested in the bifurcation of stable
phenomena.

Because of our hypothesis about the eigenvalues of

C{0) we can rewrite (1.5.1) as
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x = Ax + f(x,y,€)
y = By + g(x,y,¢) (1.5.3)
€E=0

where X E:m“, y e:mm, A is an n x n matrix whose eigen-
values all have zero real parts, B is an m x m matrix
whose eigenvalues all have negative real parts, and f and
g vanish together with each of their derivatives at
(x,y,e) = (0,0,0).
By Theorem 1, (1.5.3) has a centre manifold y = h{x,e),

txl < 6y, [e] <8 By Theorem 2 the behavior of small solu-

9
tions of {1.5.3) is governed by the equation

1 = Au + f(u,h{u,e),e)

=
1

(1.5.4)
G.

me
n

In applications n is frequently 1 or 2 so this is a
very useful reduction. The reductionsto a lower dimensional
problem is analogous to the use of the Liapunov-Schmidt pro-
cedure in the analysis of static problems.

Our use of centre manifold theory in bifurcation prob-
lems follows that of Ruelle and Takens {57] and of Marsden
and McCracken [51]. For the relafionship between centre
manifold theery and other perturbation techniques such as
amplitude expansions see [14].

We emphasize that the above analysis is local. In
general, given a parameter dependent differemtial equation it
is difficult to classify all the possible phase portraits.
For an example of how complicated such an analysis can be, see
[66] where a model of the dynamic behavior of a continuous

stirred tank reactor is studied. The model consists of a
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parameter dependent second order system of ordinary differ-
ential equations. The authers show that there are 35 pos-

sible phase portraits!

1.6. Comments on the Literature

Theorems 1-3 are the simplest such results in centre
manifold theory and we briefly mention some of the possible
generalizations. ;

(1) The assumption that the eigenvalues of the lin-
garized problem all have non-positive real parts is not
necessary.

(2} The equations need not be autonomous.

{3 1In certain circumstances we can replace ‘equilibrium
point' by 'invariant set'.

(4) Similar results can be obtained for certain classes
of infinite-dimensional evolution equations, such as partial
differential equations.

There is a vast literature on invariant manifold theory
(1,8,22,23,27,28,30,32,34,35,42,44,45,48,51]. For applications
of invariant manifold thecry to bifurcation theory see [1,14,
17,18,19,24,31,3{,36,37,38,47,48,49,51,57,65]. For a simple
discussion of stable and unstable manifolds see [22, Chapter
13] or [27, Chapter 3l.

In Chapter 2 we prove Theorems 1-3. Our proofs of
Theorems 1 and 2 are modeled on Kelly ([44,45]. Theorem 3 is
a special case of a result of Henry [34] and our proof follows
his. The method of approximating the centre manifold in
Theorem 3 was essentially used by Hausrath [32] in his work on
stability in critical cases for neutral functional differen-

tial equations. Throughout Chapter Z we use methods that




CHAPTER 2
PROOFS OF THEOREMS

2.1. Introduction

In this chapter we give proocfs of the three main
theorems stated in Chapter 1. The proofs are essentially
applications of the contraction mapping principle. The pro-
cedure used for defining the mappings is rather involved, so
we first give a simple example to help clarify the technique.
The proofs that we give can easily be extended to the corres-
ponding infinite dimensional case; indeed essentially all we
have to do is to replace the norm |[-| in finite dimensional

space by the norm ||/-|| in a Banach space.

2.2, A Simple Example

We consider a simple example to illustrate the method
that we use to prove the existence of centre manifolds.

Consider the system

1 = %z )-CZ =0, §y= -y« g(xlsxz): (z.2.1)

] 2.2
where g is smooth and g(xl,xz) - 0(xl+x2) as (xl,xzj -

(o,0). Wg prove that (2.2.1) has a local centre manifold.

14

g, T i

2.2. A Simple Example 15

Let w:]Rz-rR bea C

function with compact support
such that w(xl,xz) =1 for (xl,xzj in a neighborhood of
the origin. Define G by G(xl,xz) = w(xl,xz)g(xl,xzj. We

prove that the system of equations

kl = X, iz =0, ¥ = -y + G(xy,x,5), (2.2.2)

has a centre manifold vy h(xl,xz), (xl,xz) EIRZ. Since

G(xl,xzj = g(xl.xz) in a neighborhood of the origin, this
proves that vy = h(xl,xz), xf + xg < § for sceme 4§, is a
local centre manifold for (2.2.1).

The solution of the first two equations in (2.2.2) is
xl(t) = zy *oI,t, X,(t) = Zys where xi(O) =z If
y(t) = h(xl[t),xz(t))"is a solution of the third equation in

{(2.2.2) then
d
E?h(21+22t722) = -h[z1+zzt,zz) + G(z1+z2t,z2). (2.2.3)

To determine a centre manifold for {2.2.2) we must single ocut
a special solution of (2.2.3). Since G[xl,xzj is small for
all X and Xg, solutions of the third equation in (2.2.2)
behave like solutions of the linearized equation y = -y.

The general solution of (2.2.2) therefore contains a term

like e %, As t =+ @, this component approaches the origin
perpendicular to the Zy,2, plane. Since the centre manifold
is tangent to the 2152, plane at the origin we must elim-
inate the et component, that is we must eliminate the com-
ponent that approaches the origin along the stable manifold

as t + e, To do this we solve (2.2.3) together with the

condition

lim h(zl+z (2.2.4)

t+-co

t
2t,zz)e = 0,
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Integrating (2.2.3) between - and 0 and using

(2.2.4) we obtain
0 5
h(zl,zz) = I_we G(zl+zzs,zz)d5.

By éonstruction, y = h(zl,zz) is an invariant manifold for
(2.2.2). Using the fact that G has compact support and
that G(xl,xz) has a second order zero at the origin it
follows that h(zl,zz) has a second order zero at the origin;

‘that is, h is a centre manifold.

2.3. Existence of Centre Manifolds

In this section we prove that the system

B
]

Ax + f(x,y) -
(2.3.1)
By + g(x,y)

g
i

n, ¥ Eﬂﬂu the eigen-

has a centre manifold. As before x € R
values of A have zero real parts, the eigenvalues of B
have negative real parts and f and g are C2 functions

which vanish together with their derivatives at the origin,

Theorem 1. Equation (2.3.1) has a local centre manifold

y = h(x), |x|] < &, where h is CZ.

Proof: As in the example given in the previous section, we
prove the existence of a centre manifold for a modified equa-
tion. Let w:‘mn + [0,1] be a ¢® function with wix) =1
when |x| <1 and ¢(x) = 0 when |x| > 2. For e > 0

define F and G by

Bx,y) = £(0(D),y), 605,y) = g0,y

The reason that the cut-off function ¢ is only a function of

2.3. Existence of Centre Manifolds 17

x is that the proof of the existence of a centre manifold
generalizes in an obvious way to infinite dimensional prob-
lems.

We prove that the system

n

x = Ax + F(x,y)

(2.3.2)

b

y = By + G(x,y)

has a centre manifold y = h(x), x € EP, for small enough €.
Since F and G agree with f and g in a neighborhood of
the crigin, this proves the existence of a local centre mani—lj
fold for (2.3.1).

For p > 0 and p; > 0 let X be the set of Lipschirz
functions h: R™ + R™ with Lipschitz constant Py, [h(x)| = p
for x €R"™ and h(0) = 0. With the supremum norm If-[], X
is a complete space.

For h € X and e:mn, let x(t,xo,h) be the solu-

*o0
tion of

x = Ax + F{x,h{x)), x(0,x5,h) = x (2.3.3)

0
The bounds on F and h ensure that the solution of (2.3.3}

exists for all t. We now define a new function Th by

0
(Th) (x,) = J e BSG(x(s,xq,h) ,hlx(s,xy,)))ds.  (2.3.4)

If h is a fixed point of {2.3.4) then h is a centre mani-
fold for (2.3.2). We prove that for PPy and e small
enough, T 1s a contraction on X.

Using the definitions of F and G, there is a con-

tinuous function k(eg} with k(0) = 0 such that
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[F(x, ¥y} + |6(x,¥) [ £ ek(e),
|Fix,y} - F(x",¥y")| < k(&) [|x-x'| + {y-y"[1, (2.3.5)
[6(x,y) - G(x',¥y")| < k(e)[|x-x"| + [y-¥']],

for all x, x' €R" and all y, y' €R" with |y}, |y']| <.

Since the eigenvalues of B all have negative real
parts, there exist positive constants §,C such that for

s <0 and vy e R",
le"BSy[ < ce®[y]. (2.3.6)

Since the eigenvalues of A all have zero real parts, for

n
each r > 0 there is a constant M(r) such that for x €R

and s € R,

ISkl < Menye™ 181 |x|. (2.3.7)

Note that in general, M(r) = as r© + 0,

If p < e, then we can use (2.3.5}) to estimate terms
involving G(x(s,xg,h),h(x(s,xq,h))) and similar terms. We
shall suppose that p < e f£rom now cn.

If x, € R", then using (2.3.6) and the estimates on

0
G and h, we have from (2.3.4) that

ITh(xg) | < €8 lek(e). (2.3.8)

Now let Xgr Xy € R, Using (2.3.7) and the estimates
on F and h, we have from (2.3.3) that for v > 0 and
t <0,
[x(t,xo,h) - x(t,xl,h)i < M(r)e"rt|x0—x1[
0 -
+ (1+pl)M(r)k(e)J eT(s t)]x(s,xo,h) - x(s,xl,h)]ds.
t

By Gronwall's inequality, fer t < 0,

o e S e A

[

LT v T

SR T

R
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[x(taxg,h) - x(t,xp,m) | < M) [x;-xple™™,  (2.3.9)

0

where vy = r + (1+pl)M{r)k(s). Using (2.3.9) and the bounds

on G and h, we obtain from (2.3.4)

ITh(xg) - Thix;)} £ CM(r)+py)k(e) (B-v) T lx,-x,1 (2.3.10)

0 11

if € and r are small encugh so that B8 > vy.

Similarly, if hy, h, € X and x, € R", we obtain

2 0

| Thy (x) ~Thy (xg) | = Ck(e) [8™ M+ (1+p IM(rIk(e) T L (8-v) 1)
(z.3.11)
*{Ihy-hy |l

By a suitable choice of PyPysE and r, we see from
(2.3.8), (2.3.10) and {2.3.11) that T is a contraction on
X. This proves the existence of a Lipschitz centre manifold
for (2.3.2)}. To prove that h is C1 we show that T 1is a
contraction on a subset of X consisting of Lipschitz dif-
ferentiable functions. The details are similat to the proof
2

given above so we omit the details. To prove that h is C

we imitate the proof of Theorem 4.2 on page 333 of [22].

2,4, Reduction Principle

The flow on the centre manifold is governed by the

n-dimensional system
4= Au + £(u,h(u). (2.4.1)

In this section we prove a theorem which enables us to relate
the asymptotic behavier of small solutions of (2.3.1) to solu-
tions of (2.4,1).

We first prove a lemma which describes the stability

properties of the centre manifold.
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Lemma 1. Let '{x(t),y(t)] be a solution of (Z.3.2) with
| (x(0),y(0))| sufficiently small. Then there exist positive

¢, and ¢ such that

ly(t) - h(x{t)}] < Cye Fy(0) - h(x(0)}]

for all t > 0,

Proof: Let (x(t),v(t)) be a solution of (2,3.2) with
(x(0),y(0)) sufficiently small. Let 2(t) = y(t) - h(x(t)),

then by an easy computation

z = Bz + N{x,z) (2.4.2)

where

N{x,z) = h'(x) [F(x,h(x)) - F(x,z+h(x))] + G{x,z + h(x))
- 6(x,h(x)).

Using the definitions of F and G and the bounds on h,
there is a continuous function 6(e) with &(0) = 0 such
that |N(x,z)| < &(e)|z}! if |z| < e. Using {Z.3.6) we ob-

tain, from (2.4.2),

t
lz(t)] < Ce_Bt[z(O]l + CG(E)IO e-B(t_s)Iz(s)st

and the result follows from Gronwall's inequality.

Before giving the main result in this section we make
some remarks about the matrix A, Since the eigenvalues of
A all have zero real parts, by a change of basis we can put

A in the form A = A1 + A, where Ay is nilpotent and

x| = |x]. (2.4,3)

Since A, is nilpotent, we can choose the basis such that
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|ax| < (B/4)|x], (2.4.4)

" where B is defined by (2.3.6).

We assume for the rest of this section that a basis

has been chosen so that (2.4.3) and (2.4.4) hold.

Theorem‘Z. {(a) Suppose that the zero solution of (2.4.1) is
stable (ésymptotically stable) {unstable). Then the zero
solution of (2.3.1) is stable (asymptotically stable) (un-
stable).

(b} Sﬁppose that the zero solution of (21311) is H
stable. Let (x(t),y(t)) be a solution of (2.3.1) with
(x(0),¥(®)) sufficiently small. Then there exists a solu-
tion u(t)} of (2.4.1) such that as t -+ =,

x(t) = u(t) + oge ')

(2.4.5)
y(t) = h(u(t)) + 0Ce 'H

where vy > 0 1is a constant depending only on B.

gzgggf If the zero solution of (2.4.1) is unstable then by
invariance, the zero solution of (2.3.1) is unstable. From
now on wWe assume that the zerc solution of {2.3.1} is stable.
Ve prové that (2.4.5) holds where (x(t),y(t)} is a solution
of (2.3.2) with | (x(0),y{0})] sufficiently small. Since F
and G are equal to f and g in a neighborhood of the
origin this proves Theorem 2. We divide the proof into two
steps.

eR" and z

' moo
I. Let u g ERT with |(u0,zo}| suf-

0
ficiently small., Let u{t} be the solution of (2.4.1) with

u(0) = u We prove that there exists a solution (x(t),y(t))

0

of (2.3.2) with y(0) - h(x(0)) = z;, and x(t} - u{t),
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y(t) - h(u(t)) exponentially small as t —+ e,
II. By Step I we can define a mapping § £rom a
neighborhood of the origin in R ipte BRTM by

S(ug,2zp) = (xp,25) where x4 = x{0). For |(x0,20)] suf -

ficiently small, we prove that (xo,zoj is in the range of S.

I. Let (x(t),y(t)) be a solution of {2.3.2) and
u(t) a solution of (2.4.1). Note that if 'u(0) is suffici-
ently small,

= Au *+ F{u,h{u)) (2.4.6)

since solutions of (2.4.1) are stable. Let =z(t) = y(t) -

h(x{t)), ¢(t) = x(t)} - u{t). Then by an easy computation

Bz + N(¢+u,z)
A + R(¢,z)

(2.4.7)

[0
i

o
"

(2.4.8)
where N is defined in the proof of Lemma 1 and
R(#,2) = F(u+é,z+h{u+é}) - F(u,h(u}).

We now formulate (2.4.7), (2.4.8) as a fixed point

problem. For a > 0, K >-0, let X be the set of continuous

functions ¢: [0,%) ~R" with |#(t)e®™| < kK for all t > 0.

atl,

If we define [|¢] = sup{[¢(t)e t > 0}, then X is a com-

plete space. Let (uU,zo) be sufficiently small and let u({t)

be the solution of (2.4.6) witP u(f) = u Given ¢ € X

0
let z(t) be the sclution of (2.4.7) with z(0) = 24

Define T¢ by

(T¢) (t) (2.4.9)

© A (t-s)
- e [A,6(s) + R($(s),2(s))]ds.

We solve (2.4.9) by means of the contraction mapping prin-

ciple. If ¢ is a fixed point of T, then retracing our

Bt S s

e e

B D)

o e S T T T
TR A T
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steps we find that x(t) = u(r) + ¢(t), y(t) = z(t) + h(x(t))
is a solution of (2.3.2)., We can take a to be as close to
B -as we please at the cost of increasing K and shrinking
the neighborheod on which the result is valid. For simplicity
however, we take K =1 and 2a = B where B is defined by
(2.3.6).

Using the bounds on F,G,h and the fact that
N{¢4,0) = 0, there is a continuous funcfion k{g) with
k(0) = 0 such that if ¢,,9, €R" and

il,zz €R™ with

|z;] < €, then

in

|N(¢l’zl) - N(¢2,22)| k(aJ['zlil¢l'¢2| + !zl—zz|]

(2.4.10)
k(E)[Izl'Zzl + !¢1'¢2|]-

IR(¢1!21) = R(¢lez) I

1A

From (2.4.7},
‘ -Bt toB{t-s)
lz(e)] < Clzo|e + Ck(e) ) e |z(s)|ds
where we have used (2.3.6) and (2.4.10). By Gronwall's in-
equality
B.t

1

l2(e)] < clzgle (2.4.11)

where B1 = B - Ck(e). From (2.4.9), if & is sufficiently

small,

-at o -B.s
{To (L) | < % + k(e)f (e as Clzﬂ[e 1 )ds < e-at
t

where we have used (2.4.3), (2.4.4), (2.4.10) and (2.4.11).
Hence T maps X into X.

Now let ¢1,¢2 € X and let 21125 be the correspond-
ing solutions of (2.4.7) with zi(O) = 24, We first estimate

w(t} = zl(t) - zz(t). From (2.4.7) and (2.4.10),
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t B
[w(t)| < Ck(e)JO e_s(t_s)[|zl(s)i|¢l(s)-¢2(s)| + |w(s)|lds.

Using (2.4.11),
: t
[w(t)| < C kel 6,4, ke B" + Ck(e)[ e Bt S) 1505y |ds
0

where C1 is a constant, so that by Gronwall's inequality

-8, t
lwee)] = lzp (e -z, ()| € C k(ello ~d,ll e T (2.4.12)

Using (2.4.4) and (2.4.12), for e sufficiently small,

ITe; (t)-T, ()] < %II¢1-¢2II+ k(e)[t(l¢1(s) -,y (s)]

+ lzy(s) - z,(s)|}ds < ol ¢;-4, |l
where o < 1.

The above analysis proves that for each {uD'ZO} suf-
ficiently small, T has a unique fixed point. If U is a
neighborhood of the origin in R™™  then it is easy to re-
peat the above analysis to show that T: X x'U =+ X is a con-
tinuous uniform cqntraction. This proves that the fixed point

depends continuously on Ug and Zg-

II. Define S by S(uo,zo) = (XO,ZU) where
Xy = U + ¢(0}. Since ¢ depends continuously on ug and
Zg9 S is continuous. We prove that S 1s one-to-one, so
that by the Invariance of Domain Theorem (see [11] or [601)
§ is an open mapping. Since 5(0,0) = 0, this proves that
the range of 5 is a full neighhorhood of the origin in r™ M,
Proving that _S is one-to-one is clearly equivalent

to proving that if ug + ¢0(0) =u + ¢1(0) then Uy = Uy
and ¢0(0) = ¢1(0). If ug + ¢0(0J =uy f ¢1(0] then the

initial walnaes Far w and ar Ama tha Aama PP R
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uniqueness of solution of (2.3.2), uo(t) + ¢U(t] = ul(t) +
¢1(t) for all t > 0, where ui(t) is the solution of

(2.4.6) with ui(O) = u;. Hence, for t > 0,
ug(t) - up(t) = ¢;(8) - 4p(t).  (2.4.13)

Since the real parts of the eigenvalues of A are all zero,
limlul(t) - uo(t)leEt = o for any € > 0 unless ul(O) =

T "
ug(0). Also, [#;(t)] < e™®" for all t 2 0. It now follows
from (2.4.13) that S is one-to-one and this completes the

proof of the theorem.

2.5. Approximation of ‘the Centre Manifold

1

For functions ¢::mn +R™ which are C in a neigh-

borhocod of the origin define
(M) (x) = #'(x)[Ax + £0x,${x))] - Bo{x) - g(x,¢(x}).

Theorem 3. Suppose .that ¢(0) = 0, ¢7(0) = 0 and that

(M¢) (x)

o(ix|% as x + 0 where q > 1. Then as x > 0,

Ingx) - ¢0x)| = o(lx|%).

Proof: Let B: R" +R™ be a continuously differentiable

function with compact suppert such that @(x) = ¢(x) for

|x] small. Set
N(x)-= 8'(x)[Ax + F(x,8(x)}] - B8(x) - G(x,8(x}}, (2.5.1)

where F and G are defined in Theorem 1. Note that
N(x) = o([x]%) as x - 0. .
In Theorem 1, we proved that h was the fixed point of

a contraction mapping T: X + X. Define a mapping S by

Sz = T(z+8) - 8; the domain of 5 being a closed subset
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Y € X, Since T 1is a contraction mapping on X, § 1is a

contraction mapping on Y. For K > 0 let
Y = {z € X |z(x)]| < K|x|? for all x eR"}.

If we can find a X such that S maps Y into Y then we

will have proved the theorem.

We first find an alternative formulation of the map 3§,

For z € Y let x[t,xo) be the solution of

X = Ax + F(x,z(x) + 8(0), x(0,x;) = x(0). (2.5.2)

From (2.3.4)

0
(P(z+0)) (xgd = | e™B%6(x(s,x0) 2 (x(5.,%0)) + 8(x(s,%0)))ds.

Now

0
-8(xg) = -[_m Lo 0 (x(s,x4)) s

0
f e'BS[BB(x(s,xo)) - é% 8(x(s,xp))1ds.
Writing x for x(s,xo) etc., from (2.5.1}) and (2.5.2)

BO(x) - é%a(x) = Bo{x) - 0'(x)[Ax + F(x,z(x) + e(x))].

= -N{x) - G(x,0(x}) + 0'(x)[F(x,8)
- F(x,z(x) + 8(x})1.

Using Sz = T(z+8) - & and the above calculations

0 .
(s0)(xg) = | eBoaix(s,xg), 2(x(s.xg))ds  (2.5.3)
where x(s,xOJ is the solution of (2.5.2) and
¥ = G s 8t - G( :B) - N(I) + e|(x) [P{X,e}
Q(x,2) (x z) X (2.5.4)

- F(x,8+z)].

R A e e
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We now show that S maps Y into Y for seme K > 0. .
By choosing # suitably, we may assume that [8(x])]| < ¢

for all x € R", Since N(x) = o(|x|% as x + o0,

IN(x)| < cqlx|?, x €R" (2.5.5)
where C1 is a constant. Now
l[Qx,z) | < [Q(x,0}] + |Q(x,2) - Q(x,0}]
(2.5.6)

= [N(x)| + |Q(x,2z) - Q(x,0)].

We can estimate |Q(x,z) - Q(x,0)| in terms of the Lipschitz
constants of F and G. Using (2.3.5), there is a continuous

function . k{e) with k(0) = 0, such that

fQlx,z) - Qx,0)| 2 k(e)|z] (2.5.7)

for |z| < e. Using (2.5.5), (2.5.6), (2.5.7), for z € Y

and x Eimn, we have that

[Q(x,2) ]

Ia

Cl|x|q + k(e}]z(x) |

(2.5.8)
(C; + Kk(e)) x|,

P

Using the same calculations as in the proof of Theorem 1, if
x(t,xo) is the solution of (Z.5.2), then for each 1 > 0,

there is a constant M(r) such that

|x(t,x) | < M) |xgle™™, t <o (2.5.9)
where vy = 1 + ZM(r)k(e).
Using (2.3.6), (2.5.8) and (2.5.9), if z €Y,
[(S2) (xg) | < €lCy+Kk(e)} (M) A(8-qv) "M [xy|T = C,[x,lT

provided ¢ and r are small enough so that g - gy > 0.
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By choosing K 1large enough and ¢ small enough, we have

that C, < K and this completes the provof of the theorem.

2z

2.6. Properties of Centre Manifolds

(1) In general (2.3.1) does not have a unique centre
manifold. For example, the system x = —x3, ¥ = -y, has the

two parameter family of centre manifolds y = h(x,cl,cz}

where
2 exp(- % xqz), x > 0
h(x,cl,cz) 0 =
¢, exp(- % x-z), x < 0.

However, if h and h1 are two centre manifolds for
{2.3.1), then by Theorem 3, h(x) - hl(x) = 0([x|" as x =+ 0
for all g > 1.

(2) If f and g are cX, (k> 2}, then h is C

k
(441. If f and g are analytic, then in general (2.3.1)
does not have an analytic centre manifold, for example, it

is easy to show that the system
A (2.6.1)

does not have an analytic cdentre manifold (see exercise (1)).

{3) Centre manifalds need not be unigue but there are
some points which must always be on any centre manifold. For
example, suppose that (xo,yoj is a small equilibrium point

of (2.3.1).and let y = h(x) be any centre manifold for
(2.3.1). Then by Lemma 1 we must have Yo = h(xo). Similarly,
if I is a small periedic orbit of (2.3.1), then T must lie

on all centre manifolds.
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(4) Suppose that (x(t),y(t)) dis a solution of (2.3.1)

which remains in a neighborhood of the origin for all t > 0.

" An examination of the proof of Theorem 2, shows that there is

a solution u(t) of {2.4.1) such that the representation

(2.4.5) holds.

(5) In many problems the initial data is not arbit-

" rary, for example, some of the components might always be

nonnegative. Suppose S c]Rn+m with 0 € § and that (2.3.1)

defines a local dynamical system on S. It is easy to check,

that with the obvious modifications, Theorem 2 is valid when

(2.3.1) is studied on S.

Exercise 1. Consider

= -x°, ¥ = -y + x%, (2.6.1)

Suppose that (2.6.1) has a centre manifold y = h(x), where

h 1is analytic at x = 0, Then

L
h{x) = ] ax"
n
n=2
for small x. Show that Ay 61 " 0 for all n and that
8 ., = DA for n=2,4,..., with a, = 1. Deduce that

(2.6.1) does not have an analytic centre manifold.

Exercise 2 (Modification of an example due to &. J. van
Strien [63]). If f and g ére ¢ functiens, then for
each ¥, (2.3.1) has 8 ¢T centre manifeld. However, the
size of the neighborhood on which the centre manifold is de-
fined depends on r. The following example shows that in
general (2.3.1} does not have a ¢” centre manifold, even, if

f and g are analytic.
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Consider

X = -ex - x3, y o= -y o+ xz, £ =0, (2.6.2)

Suppose that (2.6.2) has a ¢” centre manifold ¥ = h{x,e)

for |x] < &, le| < &§. Choose n > 571, Then since

h(x,(Zn}_l) is € in x, there exist constants

al’aZ""’aZn such that

n .
hex, (2 7h) = Toap e oG

It e~ b3
=

3

for |x| small enough. Show that a; = 0 for odd i and

that if n' > 1,

(L = (21)(211)'1)a2:.L = (2i-2)a,5 50 1 = 2,000
(2.6.3)

a, # 0.

Obtain a contradiction from (2.6.3) and deduce that {(2.6.2)

o
does not have a C centre manifold.

Exercise 3. Suppose that the nonlinearities in (2.3.1) are

odd, that is £(x,y) = -£(-x,-¥), g(x,y) = -g(-x,-¥). Prove

that (2.3.1) has a centre manifold y = h(x) with h{x) =
-h(-x}. [The example % = -x3, y = -y, shows that if h 1is
any centre manifeld for (2.3.1) then h(x) # -h({-x} in

general.]

2.?. Global Invariant Manifolds for Singular Perturbation

Problems
To motiﬁate the results in this section we reconsider
Example 3 in Chapter 1. In that example we applied centre

manifold theory to a system of the form

F
b
b
H
-
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y' = ef(y,w)

_ 2
W' = -w o+ y" - yw o+ ef(y,w) (2.7.1)
e' =0

where £(0,0) = 0. Because of the local nature of our results
on centre manifolds, we only obtained a result concerning
small initial data. Let v = -w(l+y) + yz, 5 = s(1), where

H

s'(t} = 1 + y(1); then we obtain a system of the form

vt o= egy(y,v)

vl = -y + sgz(y,v] (2.7.2)

g' =0

where gi(o,ﬂ) =0, 1=1,2. Note that if y # -1, then

(r,0,0) is always an equilibrium point for (2.7.2) so we ex-

pect that (2.7.2) has an invariant manifeld v = hiy,e) de-

fined for -1 < y < m, say, and e sufficiently small,

Theorem 4. Consider the system

x' = Ax + ef(x,y, €)
y' = By + eg(x,y,¢) (2.7.3)
e' = 0

h n m
where x €R", y €RR° and A,B are as in Theorem 1. Suppoase

also that £,g are C% with £(0,0,0) = 0, g(0,0,0) = 0.

Let m > 0. Then there is a & »> 0 such that (2.7.3) has an

invariant manifold y = h(x,e), |x| < m, el < &, with

h(x,e)| < Cle|, where C is a constant which depends on

m,A,B,f and g.

. . it had
Proof: Llet y:R" + [0,1] be a C° function with pix) = 1

i

G

f |x[ =m and y(x) =0 if [x] > m + 1. Define F and
by
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F(x,y,e) = ef(x¢(x),y,e), G(x,y,e) = eg(xy(x),y,e).
We can then prove that the system

X Ax + F(x,¥,€e)
(2.7.4)

y! = By + G{x,y,¢€)

has an invariant manifold vy = h{x,e), x € R, for |[e| suf-
ficiently small. The proof is essentially the same as that

given in the proof of Theorem 1 so we omit the details.

Remark. If x = (xl,xz,...,xn} then we can similarly prove

the existence of h{x,e) for m. < Xy <my.
The flow on the invariant manifold is given by the
equation

u' = Au + ef(u,h(uv,e)). (2,7.5)

With the obvious modifications it is easy to show that the
stability of solutions of (2.7.3) is determined by equation
(2.7.5) and that the representation of solutions given in
(2.4.5) holds.

Finally, we state an approximation result.

Theorem 5. Let ¢: Rn+1 + "

satisfy ¢(0,0) = 0 and
| (M#) (x,e)} < ce?  for x| < m where p is a positive

integer, C is a constant and

(M$) (x,€) = D ¢(x,e) [Ax + ef{x,¢(x,e))} - Bélx,e)

- eg(x,d(x,¢€)).

Then, for |x| < m,
lhix,e) - #(x,e)| = Clep

for some constant C1.
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Theorem 5 is proved in exactly the same way as Theorem

3 so we omit the proof.

For further information on the application of centre

- manifold theory to singular perturbation problems see Fenichel

{24] and Henry [34].

2.8. Centre Manifold Theorems for Maps

In this section we briefly indicate some results on
centre manifolds for maps. We first indicate how the study
of maps arises maturally in studying periodic solutions of
ﬁifferential equations.

Consider the following equation in R"

x = £(x,}) (2.8.1)

where f is smooth and ) is a real parameter. Suppose that

for X = X (2.8.1) has a periodic solution Yy with period

0!
T. One way to study solutions of (2.8.1) near vy for

ix - small is to consider the Poincaré map P(X). To

ol
define P({A) let y be some point on vy, let U be a local
cross section of y through y and let Ul be an open
neighborhood of y in U. Then P(1): U1 + U is defined by
P(A)(z) = x(s), where x(t) is the solution of (2.8.1) with
x(0) =2z and s > 0 is the first time x(t) hits U,

(See [51] for the details).

If P(A) has a fixed peint then (2.8.1) has a periodic
orbit with period close te T. If P(A)} has a periodic
peint of order n,[P(A)kz #z for 1 <k<n-1 and
Pn(A)z = z) then (2.8.1) has a periodic solution with period
close to nT.

If P(x) preserves orientation and there is a

closed curve which is invariant under P({3) then there exists
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an invariant torus for (2.8.1}.

I1f none of the eigenvalues of the linearized map
P'(AOJ lie on the unit circle then it can be shown that
P(x) has essentially the same behavior as P(AU) for
|x - a5l small. Hence in this case, for |r - Al small,
solutions of (2.8.1) mnear vy have the same behavior as when
o= Age If some of the eigenvalues of P'(x;) lie on the
unit circle then there is the possibility of bifurcations
taking place. In this case centre manifold theory reduces
the dimension of the problem. As in ordinary differential
equations we only discuss the stable case, that is, none of
the eigenvalues of the linearized problem lie outside the
unit circle.

n+m n+m

Let T: R + R have the following form:

T(x,y) = (Ax + £(x,y), By + g(x,y)) (Z.8.2)

where X € Rp, y € m@, A and B are.squire matrices such
that each eigenvalue of A has modulus 1 and each eigen-
value of B has modulus less than 1, £ and g are C2

and f,g and their first order derivatives are zero at the
origin.

Theorem 6. There exists a centre manifold h: R" + R®  for

T. More precisely, for some & > 0 there exists 2 C2 func-
tion h: R® = R™ with h(0) = 0, h'(0) = 0 such that

|x] <& and (x;,y) = T(x,h(x)) implies y, = h{x;).

In order to determine h we have to solve the equation
(x1,h(x)) = T(x,h(x)).

By (2.8.2) this is equivalent to

Tt i Er e v
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h(Ax + £(x,h(x))) = Bh(x) + g(x,h(x)).
For functions ¢: R" +R™ define Mp by
(M$) (x) = ¢(Ax + £(x,¢(x))} - Bg(x) - g(x,¢(x))
so that Mh = 0.

Theorem 7. Let ¢: r" +R"™ be a C1 map with ¢(0) = 0,
¢'(0) = 0 and (M) (x) = 0(|x|Y) as x + 0 for some q > 1.
Then h(x) = ¢(x) + O(|x|Y)} as x =+ 0.

We now study the difference equation

Xpwy Axr + f(xr,yr)

(2.8.3)
Yre1 T BYp 80X
As in the ordinary differential equation case, the asymptotic

behavior of small solutions of (2.8.3) is determined by the

flow on the centre manifold which is given-by

Upep = Aug *+ £(u,h(u ). (2.8.4)

Theorem 8. ({a) Suppose that the zero solution of (2.8.4) is
stable {asymptotically stable) {unstable). Then the zero solu-
tion of (2.8.3) is stable (asymptotically stable} (unstable).
(b) Suppose that'the zero solution of (2.8.3) is
stable. Let (xr,yr) be a solution of (2.8.3) with (xl,ylj
sufficiently small. Then there is a solution u. of (2.8.4)
such that |x - u/f < k8* and |y, - R(u)| < Kg®  for all
r where K and R are positive constants with g < 1.
The proof of Theorem 6 and the stability claim of
Thgorem 8 can be found in [30,40,51]. The rest of the asser-

tions are proved in the same way as the ordinary differential



