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Cyclic algebras

Definition (Cyclic algebra)
Let A be a finite algebra. A subalgebra R < A" is cyclic, if

Vai,...,ap €A (21,32,...,an) € R=(a2,...,an,31) € R

» R is an algebra

» R is a relation on A compatible with operations of algebra A

Definition (A retraction)

For a relational structure (A, R) a function f : A— A is a retraction iff
» f(f(a)) = f(a) for all a € A and
> if (a1,...,an) € R then (f(a1),...,f(an)) € R (endomorphism).
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The missing theorem

Theorem (For simple algebras)

Let A be a finite, simple algebra from an SD(\/ ) variety and let p be a
prime number greater than |A| and let R < AP be a cyclic and subdirect
subalgebra of AP. If R has more than one element then (A, R) has a
non-trivial retraction.
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The missing theorem

Theorem (For simple algebras)

Let A be a finite, simple algebra from an SD(\/ ) variety and let p be a
prime number greater than |A| and let R < AP be a cyclic and subdirect
subalgebra of AP. If R has more than one element then (A, R) has a
non-trivial retraction.

and more generally

Theorem (General case)

Let A be a finite, simple algebra from an SD(V ) variety and let p be a
prime number greater than |A| and let R < AP be a cyclic and-subdirect
subalgebra of AP. Then R contains a constant tuple.
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» if A has a non-trivial congruence 6 then

» R/6 is a cyclic subalgebra of (A/6)P and therefore R/6 contains a
constant tuple (a/0,...,a/0).
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The general case from the simple case

Let A and R be the minimal counterexample to the general case. And,
WLOG, the algebras are idempotent
» R is subdirect (as otherwise it contains a constant tuple)
» if A has a non-trivial congruence 6 then
» ... 0K
> A is simple.
> there exists a non-trivial retraction f of (A, R)
> if t1,...,t, are idempotent operations of A satisfying a Maltsev
condition for SD(V);
> then, putting B = (f(A), ft1, ..., ftm),
» Bis an SD(V) algebra (as fty, ..., ft,, satisfy all linear equations
satisfied by t1,...,tn)
» and f(R) = (RN BP) < BP is a cyclic subalgebra of B
» from minimality of A it contains a constant tuple ... OK
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An unfolding power C of R is the subset of AA*P consisting of all the
homomorphisms from the relational structure (A x p, R') to (A, R).

» C is a subuniverse of AA%P
» any g € Cis a tuple (g1,...,8p) (where gi(a) = g((a,/))) and
(g1(a1),...,8p(ap)) € R whenever (a1,...,ap) € R.

> (idA,idA,...,idA) eC
» (31,...,3p) € C for (a1,...,ap) € R,
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The simple case reloaded

Let A be an SD(V) algebra and R < AP be cyclic (for a prime p > |A|).
Definition
An unfolding of R is the p-ary relation R’ on the set A x p defined by

R ={((a1,1),...,(ap,p)) € (Ax p)?| (a1,...,3p) € R}.

An unfolding power C of R is the subset of AA*P consisting of all the
homomorphisms from the relational structure (A x p, R') to (A, R).

» any g € Cis a tuple (g1,...,8p) (where gi(a) = g((a, ))) and
(g1(a1),---,gp(ap)) € R whenever (ay,...,ap) € R.
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The simple case concluded

Definition

For two tuples (fi, ..., f,),(g1,...,8p) € C we define a congruence 1);

(... )0 (81, ... &) iff (fi = gi for all i # j)
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(... )0 (81, ... &) iff (fi = gi for all i # j)
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.
The simple case concluded

Definition

For two tuples (fi, ..., f,),(g1,...,8p) € C we define a congruence 1);

(fl,...,fp)'r]j (gl,...,gp) Iff(f, = 8i fOI’ a//i;éj)

From the SD(V) we infer that

\/77j is the full congruence on C
J
and therefore there is j, and not onto f; : A — A such that

(ida,ida, ....ida) n; (A, ..., )
thus f; = id 4 for i # j and finally
(G,idA, ‘e .,idA)O(idA, G,idA, - .,idA)O' . ‘O(idA, ves ,idA, 6) = (fJ, ey f/)
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The end

Thank you for your attention.



