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The Prague Theorem

Theorem (Barto, Kozik 2009)

Let A be an idempotent algebra. TFAE

» A is an SD(A) algebra
(= lies in a variety omitting 1 and 2)

» Every Prague strategy over A has a solution

Plan:
> k-intersection property
» SD(A)
» CSP(A)
» (k,/)-minimal instance

» Prague strategy



All algebras are finite and idempotent
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Definition (k-equal relations)

Ri, Ry C A" are k-equal, if VJ C [n],
and R, to J are equal.

J| < k, the projections of Ry

Definition (k-intersection property, Valeriote)

A finite algebra A satisfies the k-intersection property, if ¥n
every collection of pairwise k-equal non-empty subuniverses
Ri,...,Rm < A" has nonempty intersection.

Observation
B € HSP(A). Then
A has the k-intersection property = B has the k-intersection prop.
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k-1P, modules are bad

If A is a reduct of a module and |A| > 1, then A fails the
k-intersection property for every k.

Proof.
For a € A let

R,={(a1,...,aks1) ;a1 +ax+ -+ aks1 = a}

Clearly
» R, is a subuniverse of Akt1
» any projection to less than k 4+ 1 coordinates is full
» ifa# bthen R,NR, =10
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k-1P, a necessary condition and a conjecture

Observation
B € HSP(A). Then
A has the k-intersection property = B has the k-intersection prop.

Observation

If A is a reduct of a module and |A| > 1, then A fails the
k-intersection property for every k.

Corollary

If A has the k-intersection property for some k, then HSP(A)
doesn’t contain a reduct of a module (with more than one
element).

Conjecture (Valeriote)

The other implication is also true.
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Theorem (Hobby, Maréti, McKenzie, Valeriote, Willard)
Let A be an algebra. TFAE
» HSP(A) doesn't contain a reduct of a module (> 1 element)
» HSP(A) omits 1 and 2
» HSP(A) is congruence meet semi-distributive, i.e.
if B € HSP(A), «, 51, 32 € Con(B)
thenaANfr=aAfB2 = aA(f1Vp)=aAb
» A has Willard terms
» A has weak near-unanimity terms of almost all arities

A is SD(N), if it satisfies the equivalent conditions above




Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

> If A has a Jénsson chain of terms, then A is SD(A)



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

> If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

> If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)
» If A has a semilattice term, then A is SD(A)



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

> If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)
» If A has a semilattice term, then A is SD(A)

Facts about intersection properties



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

> If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)
» If A has a semilattice term, then A is SD(A)

Facts about intersection properties

» If A has a semilattice term, then A has the 1l-intersection
property



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

» If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)
» If A has a semilattice term, then A is SD(A)

Facts about intersection properties
» If A has a semilattice term, then A has the 1l-intersection
property
» If A has a k-ary near-unanimity term, then A has the
(k — 1)-intersection property Baker, Pixley



Examples of SD(A) algebras

» If HSP(A) is congruence distributive, then A is SD(A)

» Even more: If HSP(A) is congruence join semi-distributive,
then A is SD(A) Hobby, McKenzie, Kearnes

» If A has a Jénsson chain of terms, then A is SD(A)
» If A has a near-unanimity term, then A is SD(A)
» If A has a semilattice term, then A is SD(A)

Facts about intersection properties
» If A has a semilattice term, then A has the l-intersection
property
» If A has a k-ary near-unanimity term, then A has the
(k — 1)-intersection property Baker, Pixley

» If A has a short (3-terms) chain of Jénsson terms, then A has
the 2-intersection property Kiss, Valeriote and 2 is the optimal
number
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Definition (CSP(A))

Let A be an algebra. An instance of CSP(A) is a pair (V,C),
where

» V is a finite set (elements are called variables)

» C is a finite set of constraints

Constraint is a subuniverse C of AP, where
D C V (called the scope of C)
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CSP

Definition (CSP(A))
Let A be an algebra. An instance of CSP(A) is a pair (V,C),
where

» V is a finite set (elements are called variables)

» C is a finite set of constraints

Constraint is a subuniverse C of AP, where
D C V (called the scope of C)

Definition
A solution to (V,C) is a mapping f : V. — A which satisfies all the
constraints C < AP inC, i.e. fID e C.

The aim is to find a solution fast (in poly-time).



(k, I)-minimal instance

Definition (+ Bulatov, Jeavons)

Let k < | be natural numbers.
An instance (V,C) of CSP(A) is called (k, |)-minimal if
» Every |-element subset of V is a subset of the scope of some
constraint in C
> Forevery J C V, |J| < k and every pair C;, C; € S whose
scopes contain J, the projections of C; and C, onto J are the
same.

An instance (V,C) is called k-minimal, if it is (k, k)-minimal.




(k, I)-minimal instance

Definition (+ Bulatov, Jeavons)

Let k < | be natural numbers.
An instance (V,C) of CSP(A) is called (k, |)-minimal if
» Every |-element subset of V is a subset of the scope of some
constraint in C
> Forevery J C V, |J| < k and every pair C;, C; € S whose
scopes contain J, the projections of C; and C, onto J are the
same.

An instance (V,C) is called k-minimal, if it is (k, k)-minimal.

Observation
If K < k and I' < [ then (k, /)-minimal instance is (k’, /')-minimal.
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(k, )-minimal instance in poly-time.

(Two instances are equivalent if they have the same set of
solutions.)



Bounded relational width

Observation

Every instance of CSP(A) can be converted into an equivalent
(k, )-minimal instance in poly-time.

(Two instances are equivalent if they have the same set of
solutions.)

Definition
A has relational width (k. 1) if every (k,l)-minimal instance, whose
constraints are non-empty, has a solution.

A has bounded relational width if it has relational width (k, 1) for
some k, I.
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The bounded relational width conjecture

Theorem (Larose, Zadori, Bulatov)

If A has bounded relational width, then A is an SD(A) algebra.

Conjecture (Larose, Zadori, Bulatov)

The other implication is also true.

» If A has a semilattice term, then A has rel. width 1 Feder,
Vardi, Dalmau, Pearson

» If A has a 2-semilattice term, then A has rel. width 3 Bulatov

» If A has a k-ary near-unanimity term, then A has rel. width
k — 1 Feder, Vardi

» If A has a short chain of Jénsson terms (3 terms), then A has
bounded relational width Kiss, Valeriote

» If A has a short chain of Jénsson terms (4 terms), then A has
“bounded width” Carvalho, Dalmau, Markovié, Maréti
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Corollaries of the Prague Theorem

Corollary

If A is an SD(A) algebra, then A has relational width (2, 3).
(The parameters (2, 3) are optimal.)

Corollary

If A'is an SD(A) algebra, then A satisfies the 2-intersection
property. (Recall that 2 is optimal.)

Proof.

» Let Ry,...,Rn < A” be nonempty and 2-equal
> Let V=[n,C={Ri,...,Rm}
» (V,C) is a (2, n)-minimal instance of CSP(A)



No idea about the title

| am finally going to introduce Prague strategies.

Comparison with known notions:

(2,3)-minimal instance of CSP(A)
I

Prague strategy over A

4
1-minimal instance of CSP(A)



Let (V,C) be an instance of CSP(A)



For x,y € Vand C € C and a, b € A we write 3 —— xy,C ,if
> x,y are in the scope of C

» The mapping x — a,y — b is in the projection of C to {x,y}



Patterns

For x,y € Vand C € C and a, b € A we write 3 —— xy,C ,if
> x,y are in the scope of C

» The mapping x — a,y — b is in the projection of C to {x,y}

A pattern w is a tuple (x1, Cy,...):

Definition

G G (&
X1 — X2 — ... — Xj41,

where x; € V and C; € C.

. w . .
We write a — b, if there exist a = a1, a», ..., aj+1 = b such that
x1,%2,C1 x2,%3,C2 Xi3Xi41,Ci
a=a as a3 — - —a ———ajy1=>b

The scope of w is [[w]] = {x1,...,Xi+1}



Prague strategy

If patterns wy, wy start and end with the same variable x, we can
form their concatenation wy o ws.

wK =wowo---ow (K-times)



Prague strategy

A Prague strategy over A is an instance (V,C) of CSP(A) such
that

» (V,C) is 1-minimal
» For every x € V,
every pattern v starting and ending with x,
every a, b € A such that a % b and
every pattern w starting and ending with x s.t. [[v]] C [[w]],

K
there exists a natural number K such that a — b



Prague strategy

A Prague strategy over A is an instance (V,C) of CSP(A) such
that

» (V,C) is 1-minimal
» For every x € V,
every pattern v starting and ending with x,
every a, b € A such that a % b and
every pattern w starting and ending with x s.t. [[v]] C [[w]],

K
there exists a natural number K such that a — b

Every (2,3)-min. instance of CSP(A) is a Prague strategy over A.
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The Prague Theorem

Theorem (BK)

Let A be an algebra. TFAE
» A is an SD(A) algebra
» Every Prague strategy over A has a solution

Proof.

Implication 1} follows from Larose, Zadori, Bulatov

For |} the strategy of the proof is to find smaller and smaller
substrategies until we find a solution

Two cases
» When we have a proper absorbing set of the projection to
some singleton

» When we don't have ...
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