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Exercise 24. Let A and B be two algebras in the same signature and let

f A — B be a homomorphism.

 Given two subalgebras U < A and V < B, are f(U) C B and f~}(V) C
A subalgebras?

 Given two congruences § € Con(A) and ¢ € Con(B), is f(6) € Con(B)
and f~!(¢)) € Con(A)?

« Given a subset X C Ais f(Sg,(X)) = Sgp(f(X))?

Exercise 26. Let A and B be two algebras of the same type and let f : A — B
be a map. Show that f is a homomorphism from A to B if and only if its

graph is a subalgebra of A x B.

{(a,f(a)) |]ae A} <A xB

Exercise 27. Let f,g: A — B be two homomorphisms and let X C A with
A = Sg,(X). Show that

flx=9lx = f=g

Remark. The converse is also true: Given A and X C A, then A = Sg, (X) if
and only if f|x = g|x implies f = g for all algebras B and all homomorphisms
frg:A—B.

Exercise 28. Let X C A be a subset that generates the algebra A such that
no proper subset of X generates A. Is it true that every map f: X — B to

any algebra B can be extended to an homomorphism A — B?
Exercise 29. Find all homomorphisms (N, +)? — (Z, +).

Exercise 30. Show that a map f : A — B is injective if and only if its kernel

is the equality relation.



Exercise 31 (Second isomorphism theorem). Let f: A - Band g: A — C
be two homomorphisms and let a < 8 be two congruences on A and let ¢ be

a congruence on B. Prove that

(i) if f is surjective and ker(f) C ker(g), then there exists a homomorphism
h:B — C such that g =ho f.
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\ 3h
g

C

(i) there is an embedding A/f~(¢) — B/¢.

(iii) there is a congruence /o on A/« such that
A/B = (Afa)/(B/a).
Exercise 32. Find classes of algebras witnessing that

PS<SP PH<HP SH<HS
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