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Introduction
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Definition Platonic solids — known and new results

K MC A(K)

< 2
l ‘ bl | 0.6381 e
35 T
% icosahedron 0.6413 ?

dodecahedron | 0.6425 ?

m KCRY dimK =d

m X, Y € K uniformly and
independently selected

octahedron | 0.6585 ?

cube? 0.6617 st - - R
ACK) = E|X - Y| -+1 arccoth v/2+ £ arccoth v/3
T oy K J tetrahedron | 0.7295 ?
Lerivial

2David Robbins and Theodore Bolis. “Average Distance between Two Points in a Box.".
In: Amer. Math. Monthly 85 (1978), p. 278
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Definition Platonic solids — known and new results

K MC A(K)

<— 2
l ‘ ball’ 0.6381 3\3/5
35 s
@ icosahedron | 0.6413 ?

dodecahedron | 0.6425 ?
d H _ 3

m KCRY dimK =d octahedron | 0.6585 \/E(lgﬁlf(f—i? 162?:};
] X, YeK uniformly and +163rccotﬁ+ 1583rccoth\/§\/§

independently selected 315 315

cube? 0.6617 mrE-A2 -
E|X—Y]| —%arccoth \/§+%arccoth\/§
A(K) = 37 (V2 37m , 4 113In3
7voly K } tetrahedron | 0.7295| /3 (T_ﬁ"_ﬁ arctan v/2+ 210&)
Lerivial

2David Robbins and Theodore Bolis. “Average Distance between Two Points in a Box.".
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Definition Platonic solids — known and new results

K MC A(K)

S 2
l ‘ ball’ 0.6381 3\3/5
35 s
@ icosahedron | 0.6413 next slide

dodecahedron | 0.6425 next slide
d H _ 3
= KCRY dimK =d octahedron | 0.6585 \/E(lgﬁlfcf—i? %
] X, YeK uniformly and +163rccotﬁ+ 1583rccoth\/§\/§
independently selected 315 315
4 172 2V3
cube? 0.6617 T05 T 105 35 15
E|X — Y| —%arccoth \/§+%arccoth\/§
AK) = ——
(K) 7voly K } tetrahedron 0.7295| ¥/3 (4—%—1—% arctan v/2+ ;g'\g)
Lerivial

2David Robbins and Theodore Bolis. “Average Distance between Two Points in a Box.".
In: Amer. Math. Monthly 85 (1978), p. 278
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Platonic solids — new results
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Crofton Reduction Technique
(o] le}

Special Crofton Reduction Technique

Definition. Pag = E[P(X, Y)|X € A, Y € B, uniform and independent], L\?) = Psp with
P =LP=|X—Y]|P, A(A) affine hull of A, P(RY) set of all polytopes in RY.

Lemma (SCRT)3. Let P:R? x R? — R be homogeneous of order p (that is,
P(rX,rY)=1rlPP(X,Y)) and A, B € P(RY), a=dimA, b=dim B, then for any
C € A(A)NA(B) (common scaling point)

pPag = a(Paas — Pag) + b(Pass — Pas). J
62;3 where we define Pyap = Z w;Pa.aB
B ! ;
10;A
with weights w; = vo ha_c(h;)
Y avol A
b=1 with A; outer normal to 0;A lying in A(A)

3H Ruben and WJ Reed. “A more general form of a theorem of Crofton”. In: Journal of Applied Probability (1973), pp. 479-482.

Dominik Beck Charles University Prague
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Crofton Reduction Technique
ooe

General Crofton Reduction Technique

Definition. Pa,a, a, = E[P(Xy, ..., X,) | X1 € A1,..., X, € A,, uniform and independent].

Lemma (GCRT)*. Let P: (R?)" — R be homogeneous of order p and Ay, ..., A, € P(RY),
a; = dim A;, then for any C € (;¢;¢, A(A;) (scaling point)

PPa A, A, = a1(Paa, Ay A, —Paya,)+32(Pajoa,..A,—Pa,..a )+"'+an(PA1A2...aA,,_PAl...A,,)-J

4H Ruben and WJ Reed. “A more general form of a theorem of Crofton”. In: Journal of Applied Probability (1973), pp. 479-482.
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Application

Square line picking

I: pPay =2-2(P; — P) |

Clo
I: pPy1 = 2(P11—Po1)+1(Pao—Pa1), }v \2 111
C

(p)
Pi = 3Pu1, + 3P, c 4= Fao X
1 1
: pPyo = 2(P1o — P2o) 2/02 _I>N i} _IV>
-~ 1
|VZ pP11v = 2(P10 — Pllv) Lé‘;] (% L;p) -1_ L(IF;L L(lg)

Dominik Beck
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Application

Square line picking

I: pPay =2-2(P; — P)

Clo
I: pP21:2(P11—P21)+1(P20_P21)1 y \2
B L)
P11 = P11, + 3P, c : p 20
l: pPag = 2(P1g — Pxo) 2/02 — I \02 ui’ 1
IV: pPi1y = 2(P1o — P11y) E * 4 n H
16Pqq 4P1q, \ . B
P2 = 318 T (3 +4)J Ao\o
p+2)(p+3)(p p+3)(p L Juw
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Application

Square line picking

I: pPay =2-2(P; — P)

Clo
[I: pPa1 = 2(P11—P21)+1(Pap—Po1), II \2
(p)
P11 = 3 P11y + 3P c - /vc%' ; =
l: pPag = 2(P1g — Pxo) 2/02 — I \02 ui’ 1
IV: pPi1y = 2(P1o — P11y) E * 4 n H
16Pqq 4P1q, \ . B
P = o 2p 3P 7 4 (3P4 | Ny
p+2)(p+3)(p p+3)(p L Yw
1
1
Pio = J (1+x%)P2dx = o7 < - §; 1>
0 222

Py, = 2J (1—u)(1+ P2 du

0

Dominik Beck
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Application

Square line picking

I: pPap =2-2(Pp1 — Pa)

I: pPa1 = 2(Pi1—Pa1)+1(Pag—Pa1), I I
P11 = P11, + 3P, =

0
I11: pP2o = 2(P1o — P2o) 2é/% _I>°l\oz _IV>E |
~ 1
IV: pP11, = 2(P1o — P11v) Ly ¢

v

\\

. 16P10 4'Pllr
S EDNIETED)

1
1 p3
Pio = | (1+x*)PPdx=,F | =, —2:2: -1
10 L(IJFX) 22 Py —glT 25+ 4 (p+4)0Fy (3,

(p)
Lio

P11r:2L(1—u)(1+u2)p/2 du ' (p+2)(p+3)(p+

Dominik Beck
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Square line picking

I: pPay =2-2(P; — P) R
I: pP21:2(P11—P21)+1(P20_P21)1 \;

11 111
P11 = %Pllv + %Pllr . /(\* L;Fa) O
I pPag = 2(P1o — Pao) 2/02 _Ip\oz 0 1 _IV>EI |
IV: pP11y, = 2(P1o — P11v) “ L Lo

\\

. 16P10 4'Pllr
P = At 31 8 (T 3ip i |

1 1 b3
— 2\p/2 _ L+ P o
Pio —JO(1+X) dX—2F1<2. 2y 1> p _81_22+1+ p+42F1(% g’%’ )
1 SoPxn =
P11r:2J (1— u)(1+ 2P du (p+2)(p+3)p+a)

0
2A(TT— 4N+ A2)
IMT: f(A) =
) {2?\(%—2—7\2—1-4\/7\2— — 4arccos (1))
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Application

Square line picking

I: pPap = 2-2(P21 — P2) S
II: pPo; = 2(P11—Po1)+1(Pag—Paz1), \)2 111

11
(p)
P11 = 3 P11y + 3P . /v(\* L3 )
1 1
I” pP20:2(P107P20) 2/02 _Ib\)z II _IV>
~ 1
IV: pPi1y = 2(P1o — P11y) Ly C \ R ing)

. 16P10 4'Pllr
P = At 31 8 (T 3ip i |

1
Py = J (1+x%)P2dx = o7 (1. 2.2 1>

o 2727 -p22:81—22“+p+4za<% £i3i-1
PlerQJ (1— u)(1+ u?)P/? du (p+2)(p+3)(p+4)
0
IMT: F(\) = 2A(1t— 4N +N?) O0<AK] m Exact Py in regular
' A (m—2—A2+4yV/A2 —1—4arccos (+)) ,1<A<V2 polygons are known®
BUwe Bisel. “The of the di b two rand

points in a regular polygon”. In: arXiv preprint arXiv:2101.03815 (2021)
Dominik Beck

Charles University Prague
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Cube line picking Py = L;{:) configurations

O
A —>
[og
e (

4 Lsg]

3L11 3Ly 8Ly, Lpor
L f— .
B=735 T35 T35 7
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Octahedron line picking Py = L;{:) configurations
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Mean triangle area

B KCRY dmK=d

m X,Y,Z € K uniformly and
independently selected

m S = ||Axyz|| triangle surface area

E||Axvz|l
> =—
( (V0|d K)2/d J

Dominik Beck Charles University Prague
(1/2) 15/ 28

Mean distance in polyhedra



Application
(o] le}

Mean triangle area

K MC T(K)
; 3
disk | 0.0739 =,
9 3/9
s K CRY dmK =d ball | 0.1413 iy 3
m X,Y,Z € K uniformly and triangle | 0.0833 le

independently selected

S—IA el f m A general formula for £(P) is known for P C R?
m 5 = [[Axvz|| triangle surface area being any convex polygon®.

E || Axvz]| m Apart from the ball, Z(K) is not known for any
I(K) = vol, K)2/4 J higher dimensional K.

6 Christian Buchta and Matthias Reitzner. “Equiaffine inner parallel curves of a plane convex body and the convex hulls of randomly chosen
points”. In: Probability Theory and Related Fields 108.3 (1997), pp. 385-415

Charles University Prague
(2/2) 15/ 28
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Mean triangle area

I: 25200 =3 2(S201 — S222)
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Mean triangle area

I: 25200 = 3 2(S201 — S222)
[I: 2501 =2 - 2(S5211—5201) +1(S200— S221),
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Mean triangle area

I: 25200 =3 2(S201 — S222)
I1: 2501 =2 2( 5211 —S201) +1(5200— S221),
HI: 25511 = 2(S111—S211)+2 - 1(S210— So11),
IV: 25500 = 2 2(Sz10 — S220)

Dominik Beck Charles University Prague
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5211

2 \
25500 =3 2(5201 — So22)
I1: 25001 =2 - 2(S11—S201) +1( 5220 Son1),

l: 25511 = 2(S111—5211)+2 - 1(S210— S211),
IV: 25500 =2 2(S210 — Sa20)

Mean triangle area

. S22 = 25111 + 5 5210 J

Dominik Beck Charles University Prague
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S211
N w

2 \ S220 Sa10

1

Mean triangle area

1 25200 = 3-2(S201 — S222)
I1: 25501 = 2 - 2(Sp11— 5001 ) +1( 5220 Son1), 5111 1=S+5"+5"+5"
[ 25511 = 2(S111—S011)+2 - 1(S210—S011),

IV: 25500 =2 2(S210 — Sa20)

. S22 = 25111 + 5 5210 J

Dominik Beck Charles University Prague
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Mean triangle area

5211 i1 . S110
e >
s/ ST ¢
0
Sa10

2 \ 5220

1 25200 = 3-2(S201 — S222)
1: 2S5 = 2 - 2(So11—Soo1 ) +1( 5220 Soo1), 5111 1=S+S5' +5"+s" % S111 = 1—35110
[ 25511 = 2(S111—S011)+2 - 1(S210—S011),

IV: 25500 =2 2(S210 — Sa20)

1

. S22 = 25111 + 5 5210 J
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Mean triangle area

111

S211
1
Sao1 S///

2 \ 5220

[: 25200 = 3 - 2(S201 — S222)
I1: 25201 = 2 - 2(S211—S201) +1( 5220 S221), 5111 1=5+5+5"+5" 551, =1-351
I 2511 = 2(S111—S211)+2 - 1(S210—S211),

IV: 2530 =2 - 2(5210 — S220)
V: 25110 = 2+ 1(S100 — S110)

Sa10

. S22 = 25111 + 5 5210 J

Dominik Beck Charles University Prague
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Mean triangle area

111

S211
1
Sao1 S///

2 \ 5220 Sa10
I: 25500 = 3-2(So21 — So22)
I1: 25201 = 2 - 2(S211—S201) +1( 5220 Son1), 5111 1=5S+5+5"+5" 585, =1-35
I: 25511 = 2(5111*5211)+2 ' 1(5210*5211)' 5100 :1=5"+5"

IV: 25500 =2 2(S210 — Sa20)
V: 25110 =2 1(5100 - 5110)

. _1 3 _2
208200 = 35111 + 725210, S110 = 55100 J
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Mean triangle area

1 25500 = 3:2(S201 — So22)
[1: 25501 = 2 2(S211—S5201) +1(S220— S221), S 1=S+5+5"+5"5 51, =1-35
: 25511 = 2(S111—5211)+2 - 1(S210—S211), Si0:1=5"+5"5 5= i
IV: 25220 =2- 2(5210 - 5220)
V: 25110 =2. 1(5100 - 5110)

. 1 3 2
oS0 = 75111 + 175210, S110 = 55100 J

Dominik Beck Charles University Prague
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Mean triangle area

Son1 A
1 IIT 1ien Si11
II > o
5221/% i ) ‘S/l S/ \
I11 R

I: 25200 = 3 - 2(5201 — S222) 0
[1: 25501 = 2 2(S211—5201) +1(S220— S221), Si1:1=5+5"+5"+5" 3 511 =1-351
: 25511 = 2(S111—S5211)+2 - 1(S210—S211), Sw0:1=5"+5"5 S99 = 3

IV: 25500 =2 2(S210 — Sa20) 2

— _ n_ 2 \2
V: 25110 = 2 - 1(S100 — Si10) S'=[|Apyrl| = S210=E [E [SIS"]] =E [S2005 ">+ S200(1—5") ]—35200

. _1 3 _2
oo S200 = 35111 + 775210, S110 = §S100 J

Dominik Beck Charles University Prague
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Mean triangle area

I: 25200 = 3 2(5201 — S222)

0 0 0
II: 25501 =2 2(5211—5201) +1(5200— S221), Si1:1=5+S5+5"+5" 55, =1-35
: 25511 = 2(S111—5211)+2 - 1(S210—S211), Sw0:1=5"+5"5 S99 = 3
IV: 25500 = 2 2(5210 — So20) , , 2 N2y 2
V: 25110 = 2 - 1(S100 — S110) S'=Apvrl = S210=E[E[SIST|=E [S2005"*+S200(1—S")?] 255200

oS00 =181+ £ S0, Si10 = 35100 J Sa00: 1=5"+5"+5"
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Mean triangle area

I: 25200 = 3 2(5201 — S222) 0 0
[1: 25501 = 2 2(S211—5201) +1(S220— S221), Si1:1=5+5"+5"+5" 3 511 =1-351
: 25511 = 2(S111—5211)+2 - 1(S210—S211), Sw0:1=5"+5"5 S99 = 3

IV: 25500 =2 2(S210 — Sa20) 2

— _ n_ 2 \2
V: 25110 = 2 - 1(S100 — Si10) S'=[|Apyrl| = S210=E [E [SIS"]] =E [S2005"*+S200(1—5") ]—35200

L1 " m E 1
oS00 =181+ £ S0, Si10 = 35100 J Sa00: 1= 5"+ 5"+ 5" = Sp0 = 3

1
Sop=15 1 Smi=%1S11=351S0=9 | Si1=21%10=23|S10=21500=3% | Si00 =2
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Mean distance in polyhedra (13 / 13) 16 / 28



Application
@0000

Application

m Triangle obtusity probability

Charles University Prague

polyhedra 17 / 28



Application
(o] lele]e]

Triangle obtusity probability

s KCRY dimK=d

m X,Y,Z € K uniformly and
independently selected

| T](X, Y, Z) = ]-AXVZ is obtuse

H(K) = En(X, Y,Z)J

Dominik Beck Charles University Prague
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Application

Triangle obtusity probability

K MC H(K)
disk” | 0.7197 -4
ball® | 0.5286 i
m K CR? dimK =d 07252
m X,Y,Z € K uniformly and square ' 156 + 40
independently selected triangle | 0.7482 ?

| T](X, Y, Z) = ]-AXVZ is obtuse

7WSB Woolh “Some additional ob: ions on the four-point problem”. In:
Mathematical Questions and their So’ut:ons f’mm the Educational Times 7 (1867), p. 81
H( K) = IET] (X, Y, Z) 8 Christian Buchta and Josef Miiller. “Random polytopes in a ball’. In: Journal of
applied probability 21.4 (1984), pp. 753-762, SOLVED IN ANY DIMENSIONS

9Eric Langford. “The probability that a random triangle is obtuse’. In: Biometrika
56.3 (1969), pp. 689-690, SOLVED FOR RECTANGLE IN GENERAL

Charles University Prague
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Application

angle obtusity probability

K MC H(K)
. 9 4
disk” 0.7197 8 2
ball® | 0.5286 *
B KCRY dmK=4d s | 07250
m X,Y,Z < K uniformly and square ' 150 + 40
independently selected triangle | 0.7482 25 + 12\[ + 393 In ‘2[
L T](Xr Y: Z) = ]-Axyz is obtuse
7WSB Woolh “Some additional ob: ions on the four-point problem”. In:

Mathematical Questions and their So’ut:ons fmm the Educational Times 7 (1867), p. 81
H( K) = IET] (X, Y, Z) 8 Christian Buchta and Josef Miiller. “Random polytopes in a ball’. In: Journal of
applied probability 21.4 (1984), pp. 753-762, SOLVED IN ANY DIMENSIONS

9Eric Langford. “The probability that a random triangle is obtuse’. In: Biometrika
56.3 (1969), pp. 689-690, SOLVED FOR RECTANGLE IN GENERAL

H(P) expressible for any polygon P C R? (consequence of CRT, ongoing work).

= Conjecture (B.D., 2024): H([0,1]3) = p + ®q + Cr for some rationals p, g, r and the
Catalan constant C.

Charles University Prague

polyhedra (3/3) 18/ 28
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Rectangle

Theorem. (Langford!?) Probability of a triangle obtusity in a rectangle

Let K be a rectangle with aspect ratio a > 1. The probability P(a) that a random triangle
picked from K is obtuse is given by
3t (@ %) tam(@® ) —gha(®— %) 1<a<2

Pla) = 3+ 7 (56 + 30 In?a) + 270% — 32 Ina+ gy arcsin 2 -9
> 5 N 4 64 i
+ (i’—o 5—) arccosh 2 aE—t (3149 1+ &)

10Eric Langford. "“The probability that a random triangle is obtuse’. In: Biometrika 56.3 (1969), pp. 689-690
Charles University Prague

(1/2) 19/ 28



Application
00e00

Rectangle

Theorem. (Langford!?) Probability of a triangle obtusity in a rectangle

Let K be a rectangle with aspect ratio a > 1. The probability P(a) that a random triangle
picked from K is obtuse is given by
3t (@ %) tam(@® ) —gha(®— %) 1<a<2

Pla)=<1, 1 (= 47 | Ina 4722 2 2
3+ 2 (56 + 306 T 50) + %5 — 52 '"a+4oarcs'”’ iy
a
> 2 2 !
* (iﬁ 5§2> arccosh £32 4 24 (314 & 1 )

m Corollary. Probability a triangle is obtuse in a square is P(1) = 150 + 20

10Eric Langford. "“The probability that a random triangle is obtuse’. In: Biometrika 56.3 (1969), pp. 689-690
Charles University Prague

(2/2) 19/ 28
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m We have found the following new result for picking an obtuse triangle in a general triangle
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Application
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Triangle

m We have found the following new result for picking an obtuse triangle in a general triangle

Theorem. Probability of a triangle being obtuse in a triangle

Let K be a triangle ABC with inner angles «, 3, v, respectively. Denote P(c, 3) the probability
that a random triangle picked from K is obtuse. Then P(«, ) is expressible in terms of loga-
rithms and trigonometric functions of «, 3,y as
P..(e, ), ABC acute
P(a, B) =
Pos(ex, B), ABC obtuse at C

(The functions P,. and P, are on the next slide)

Dominik Beck Charles University Prague
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Application
000e0

Triangle

m We have found the following new result for picking an obtuse triangle in a general triangle

Theorem. Probability of a triangle being obtuse in a triangle

Let K be a triangle ABC with inner angles «, 3, v, respectively. Denote P(c, 3) the probability
that a random triangle picked from K is obtuse. Then P(«, ) is expressible in terms of loga-
rithms and trigonometric functions of «, 3,y as
P..(e, ), ABC acute
P(a, B) =
Pos(ex, B), ABC obtuse at C

(The functions P,. and P, are on the next slide)

m Corollary. Probability a triangle is obtuse in an equilateral triagle is
P(r/3,7m/3) = 3 + 75 + 3 In 5.

Dominik Beck Charles University Prague

Mean distance in polyhedra (3/4) 20/ 28



Application
000e0

Triangle

m We have found the following new result for picking an obtuse triangle in a general triangle

Theorem. Probability of a triangle being obtuse in a triangle

Let K be a triangle ABC with inner angles «, 3, v, respectively. Denote P(c, 3) the probability
that a random triangle picked from K is obtuse. Then P(«, ) is expressible in terms of loga-
rithms and trigonometric functions of «, 3,y as
P..(e, ), ABC acute
P(a, B) =
Pos(ex, B), ABC obtuse at C

(The functions P,. and P, are on the next slide)

m Corollary. Probability a triangle is obtuse in an equilateral triagle is
P(m/3,m/3) = é + 12f + 393 In \f. (a minimum value among all triangles)

Dominik Beck Charles University Prague
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Application
0000e

Triangle in a triangle

.
1920
(-128 (Csc[v]*Log[Sin(a] Sin[f]] + Csc[B]* Log[Sin(a] Sin[y]] + Csc[a]® Log(Sin(B] Sin(y]]) Sin[a]?
Sin(B]2sin[y]?+Cscla]?Csc[B]?Cscy]? 1
(-2(-36+20Cos[20] + 11 Cos[4a] - 2Cos[2 (a-25) ] - 2Cos[4a-26] - e (8Cos[20) +8 (19+7Cos (23] ) Sec(a)”Sec[5]? -8 (-44+ Cos 23] + 10Sec[B)?) +
16Cos (2 (a- )] +Cos[4 (a-fB)] +20Cos(2 4] +11Cos (48] -16Cos[2 (2a+ )] + | .
(2 (a-B)] (4 (a-p)] (261 0s (48] (2o h) 2(52-57Cos (23] -12Cos (4 3] +Cos (6]} Csc[v] Sec[f)? Sin(a] +
Cos[4 (2a+6)] -2Cos[2 (3a+p)] -16Cos[2 (a+2p)] +Cos[4 (a+25)] - 165 (-2 261+ Cos[20+45]) Csc[B12C 254 3
2Cos[2 (a+34)] -2Cos(6a+4/] -2Cos[4a+60] +20Cos (2] +11Cos[4v]) + B (-2Cos[o+2p] +Cos[a] Cos[2a+48]) Csc[B)* Cscy)® Sin[a]” +

3 i al + (- +B] + 3 +28]) 2 2si 13+
a (405in(2a] -55in[4a] +45in[2 (a-24)] +4Sin(4a-26] - 205in(2 (a- )] - 8Cot (8] Sin(2a] +16a (-2Cos[2a+ 5] + Cos () Cos(4a +28]) Cscla]? Csc [v]*Sin(p
Sin(4 (a- )] - 205in[2 (2a+ 6) ] +8Cos (8] Sin[3 (2a+ )] -sin[4 (2a+8)]) - ot o] Sec(5)’ (745in (6] - 215in(36) + Sin(5 B)) +96 Cot 8] Sec(a)? Tan o] -
5 (asin[2 (a-26)] +4Sinf4a-26] -20Sin(2 (a-B)] - Sin(4 (o~ B)] -40Sin[26] + 4 (23-12C0s(2] +13Cos[4 5] ) Csc (6] Sec[B]* Tan[a] +4 Log[Sin[a]] Tan[a]
5Sin(45] +205in[2 (a+25) ] - 8Cos[a] Sin[3 (a+25)] +Sin[4 (a+28)]) + (4 (7+Cos[2a] -5Cos[2) -3Cos[2y]) Csc[B] Csc[y] Sec[a] +4 (15 +4Cos[2a) +Cos[4a])
(r-o-8) (20sin[2 20+ 6)] +Sin[4 (2a+8) | ~45in[2 (3a+p)] +20Sin[2 (a+28)] +Sin| Csc[y]?Sec[a)?Sin[#]2 - (-21+4 Cos[2a] + Cos[4a]) (1+Cot[f] Tan[a])?) +

4(a+2p)] -4sin[2 (a+36)] -4Sin(6a+4 () -45in[4a+64) +40Sin[2y] ~55in(4y])) +
2Csc[y]? (64 (6 Log[Sin(a]] Sec[a)?Sin[B]? Tan[a]?+Sin[a]? (-1+Tan[B)?)) +
Sec[(]? (33 +Cos(4a] (~17+Cos[4(]) + (17 +8Cos[2a] ) Cos(4A]) Sec[a]? +

32Log[Cos[B]] (-5Cscly]?Sin[a]?Sin[B]?+ Tan[a]? (1+Cot[B] Tan(a]) (5+3Cot[B] Tan(al)) +
4(19-28Cos (23] +Cos (4] ) Csc[y)2Tan[B]? + 4 Log[Sin(B]] Tan(5]?

(a7, 5 8] +4 (154 8] + 51)
8 (-1 Tan(a)? + 48 Log[Sin(5]] Sin(a)? Tan(p]?)) ] « (-4 (-7 +5c0s[2a) - Cos[2] +3Cos[2v] ) Cscla] Csclv] Sec(5] +4 (15 4cos(26] +Cos (4))
2Csc(f]? (Sec(a]? ((33-8Cos[2y] - 17Cos (4] +Cos (4] (~17+8Cos(2v] + Cos[4v])) Sec(y]? - Csc[y)?sec(A)? Sin[a)? - (-21+4Cos[2/] + Cos[45]) (1+Cot[a] Tan[B])?] +
645in[y]? (Cos[2a] - 6Log[Sin(a]] Tan[a]?) ) + 384 Log[Sin[v]] Sec[y]?Sin[a]® Tan[v]?) + 32Log(Cos[a]] (-5Csc[y]?Sin[a)?Sin[B]?+ Tan[B)? (1+Cot[a] Tan(B]) (5+3Cot[a] Tan(B])) +

(
2Csca]? (Sec(f]? (33+Cos (4] (~17+Cos[4v]) -17Cos[4v] ) Sec[y]? - 64 Sin[x]? 32L0g[Sin(y]] ((Cscla]®+Csc[f]*) Sin[a]?Sin[B)?Sin[y]? -
(Cos[28) -6 Log(Sin((]]) Tan[5)?) ) - 64 Sec([y]?Sin(B)? (Cos[2] - 6 Log(Sin[v]] Tan[v]?)) + (3Cot[a)?-4Cot[a] Cot[B] +3Cot[B]2) (Tan[a] +Tan[B])*-2Tan[v]?))
64 (18 + 4 Sec (/3] Sec[y] Sin[a] Tan[a] + (9-5Cos[2a] +Cos[23] -5Cos (2] ! o
Cscla] Csc[y] Log[Sin(A]] Sec[B] Tan[B]% + 4 Tan[f] Tan[v] +
Csc[] ((9+Cos[2a] -5Cos[265] - 5Cos[2v]) Csclv] LogSin[a]] Seca] Tan(a]?+
(9-5Cos[2a] -5Cos (2] +Cos (2] ) Csc[a) Log[Sin[v]] Sec[y] Tan[v]?)))

Figure 2: The function P,,

Figure 1: The function P,.
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Miscellanea
m Triangle in a disk
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Triangle in a disk Method: CRT

m Consider a disk D of unit radius in which we pick three points randomly uniformly forming
a triangle with side lengths a, b, ¢ and perimeter P = a+ b+ ¢. We solved E [Pz]
proposed by Finch!! and many other mean values:

11Steven Finch. “Perimeter variance of uniform random triangles’. In: arXiv preprint arXiv:1007.0261 (2010).
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Miscellanea

Triangle in a disk Method: CRT

m Consider a disk D of unit radius in which we pick three points randomly uniformly forming
a triangle with side lengths a, b, ¢ and perimeter P = a+ b+ ¢. We solved E [Pz]
proposed by Finch!! and many other mean values:

Function | Monte Carlo Exact mean value ‘
ab 0.8378 s 4 25
P> 8.027 34 3383 4 S
abc 0.7531 8173 +64n2)
ab? 0.9442 2
P 23 oo . 1
a/b 1.5108 289 + )

11Steven Finch. “Perimeter variance of uniform random triangles’. In: arXiv preprint arXiv:1007.0261 (2010).
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Summary
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List of new results of mean solid/characteristic picking

m Mean distance in polyhedra
m Means of triangle characteristics in a unit
disk

m perimeter squared

m tetrahedron
m octahedron
m icosahedron
m dodecahedron perimeter cubed
product of two sides
m Mean distance in polygons product of three sides

product of a side and a square of another

m Probability of a triangle being obtuse in a

| k quotient of two sides
given triangle

Charles University Prague
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Thank you for your attention!
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