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Abstract: Our work covers the topic of moments of volumes of random sim-
plices. We explain both combinatorial and integral-geometric treatment of the
subject. The main themes throughout the work are moments of random determi-
nants, Crofton Reduction Technique, Efon’s formulae and Blaschke-Petkantschin
formula.

We made a major contribution in higher dimensional generalisations of the know
problems and pushed the older ideas to their limits in each of the branches men-
tioned. In random simplices metric moments branch, we were successful to enlarge
the list of the exact volumetric moments for other three-dimensional polyhedra
than to the only known three (ball, tetrahedron and cube). A new approach was
developed to tackle also the volumetric moments in higher dimensions, which
were inaccessible using previous methods.

A novel systematic use of the well known Crofton Reduction Technique enabled
us to found other characteristics of polytopes, such as mean random distances of
their interior points or the probability of a triangle formed by random interior
points being obtuse.

Last but not least, in moments of random determinants branch, we found the
fourth moment for a complete general case of matrix entries and the sixth moment
for a special special case of centrally distributed entries. Although we solved those
problems in our earlier published work, the treatment in this thesis is based solely
on analytic combinatorics, making the material more broadly accessible.

Keywords: Random simplices, Mean tetrahedron volume, Crofton reduction tech-
nique, Efron formula, Random determinants, Mean distance, Polyhedra, Deter-
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Abstract (in Czech): V této praci se zabyvame momenty objemu ndhodnych sim-
plext. Vysvétlime zde komplexni a ucelenou teorii kombinatorického a integralné-
geomtrického pristupu k tomuto problému, jehoz soucdsti nesmi chybét momenty
nahodnych matic, Croftonova redukéni technika, Efronovy vzorce a Blaschke-
Petkantschinova formule.

Hlavni prinos této prace spoc¢iva ve zobecnéni jiz znamych vysledk do vice di-
menzi, a to ve vSech probiranych tématech. V kapitoldch o ndhodnych sim-
plexech jsme spocetli stfedni hodnoty objemu nahodného c¢tyrsténu v télese pro
celou skalu novych mnohostént mimo jedinych tfech znamych (koule, ¢tyfstén,
krychle). Navic jsme odvodili analogické vysledky i ve vice dimenzich.

Novy a systematicky pristup ke znamé Croftonové redukéni metodé nam umoznil
vyjadrit exaktné i dalsi charasteriky v mnohosténech jako napriklad stredni hod-
noty vzdalenosti dvou vnitfnich ndhodnych bodi a nebo pravdépodobnosti, Ze
nahodny trojuhelnik tvoreny tfemi nahodnymi vnitinimi body je tupothly.

V neposledni radé, co se ty¢e momentiu determinantii ndhodnych matic, jsme
zobecnili ¢tvrty moment pro obecnd rozdéleni prvki matice a nasli i Sesty mo-
ment pro rozdéleni prvki s nulovou stredni hodnotou. Ackoli jsme tyto vysledky
jiz publikovali, vénujeme se jim znovu v této praci a znovuodvozujeme je pomoci
nastrojii analytické kombintoriky, ¢imz se téma momenti ndhodnych determi-
nantu stava vice pratelstéjsi pro Sirsi okruh ¢tenarstva.

Keywords (in Czech): Nahodné simplexy, Stfedni objem ¢tyfsténu, Croftonova
redukéni technika, Efronova formule, Nahodné determinanty, Sttedni vzdalenost,
Mnohostény, Momenty determinanti, Blaschke-Petkantschinova formule, Kanon-
icky sekéni integral
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Introduction

The following paragraphs summarise the core topics constituting the doctoral
thesis of the author. The thesis serves as a comprehensive monograph encapsu-
lating the ndings of the author, some of which have been already published as
separated papers in impacted journals, see [5, 6, 7, 8, 9, 10]. The complete list of
author's publications is found in List of Publications at the end of this thesis.

Uniform random point selections and metric moments

Let K4 be a compact and convex body witdim K4 = d, the so calledd-body.
The most trivial example isBg, a unit d-ball (d-dimensional ball with unit radius).
Another such body isTy, a d-simplex. Note that we can embedy in R%? such
that Ty is regular in the following way: Let T, be the convex hull of vertices which
are located at the tops of the unit basis vectorg;, i = 1;:::;d+ 1p(stﬂdard
regular d-simplex). A simple computation reveals thatvoly Ty, = (- d+ 1)=d
is its d-volume (d-dimensional volume). Yet another example i€y, a regular
d-cube andOg4 = conv( es;:::; ey), its dual, a regulard-orthoplex, which is a
d-dimensional generalisation of a regular octahedron. More generally, we wiiRg
for a polytope of dimensiord (d-polytope). Speci cally, P, stands for apolygon ,
P; a polyhedron and P4 a polychoron . Let X =(Xg; X1;:::X,) be a sample

H,) be the convex hull of those points. Almost surelyH, is an n®dimensional
polytope, wheren®= min fd;ng. The main interest of this thesis is to study the
normalised moments of random variable ,, = vol,oH,,. That is, we de ne the
normalised volume_, = vol ,oHn = Vol no H,=(volg K ¢)"*=9 and

vi(Kg) = E_§; 1)
we refer to as themetric momentsin K4. Normalization ensures that the metric
moments are scale invariant with respect t&K4. Moreover, if n d, metric
moments are in fact also ane invariant. For a d-ball, v{¥(Bg) is known for
any n, k and d (see Miles [48]). Obtainingv{¥(Py) for various P4 is much more
dicult. When n = d, our H, is almost surely ad-simplex and thusvfjk)(Kd)
represents the volume moments of a randord-simplex (volumetric momen).
Selected exact values wheK 4 = T4 with n = d are shown in Table 1 below.
Throughout the thesis, we will see how these values can be obtained.

Probabilitity that a random triangle is obtuse

Another related problem is as follows: Let us select three points randomly uni-
formly from some givend-body K 4. What is the probability that the random tri-
angle formed by those vertices is obtuse? We denote this probability ag,« ,« ,
and call it the obtusity probability (in K4) for short. Note that the obtusity
probability is not a metric moment, however it can be approached by the same
techniques.

11
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e N
k
Vi(Tg) | d=1 d=2 d=3 d=4 d
k=1 1 1 13 2 97 2173 2
3 12 720 15015 27000 52026975
k=2 1 1 3 1 d!
6 72 4000 33750 (d+1) d(d+2) d
k=3 1 31 1 733, 792 1 _ 5866197 63065881 2
10 9000 52500 240 46189 105° 800 3108248
k=4 1 1063 871 2083
15 2469600 123480000 96808320000
2
k (k+2)( k+1)
. Kk . .
Table 1. Volumetric moment v((j )(Td) of a random d-simplex in Ty

Crofton Reduction Technique

Often, we are faced with a problem in which the objective is to nd the mean value
of some functional which depends on random points selected from the interior of
some polytope. An easier problem would be to nd the mean value of the same
functional, but now with some of the points being selected from the boundary
of the polytope, from its edges or even being xed at some of its vertices. We
say the original problem has beemeduced Seemingly unrelated, those reduced
problems are actually connected with the original one by a simple linear relation.
Moreover, to maximalise the simpli cation, this procedure of reduction can be
applied repeatedly. Although very powerful, the Crofton Reduction Technique
(or CRT for short) still remains fairly unknown, even though the technique itself
dates back more than one hundred years ago to Crofton and it is sometimes
presented in textbooks on random geometry (Deltheil [23], Mathai [46]). The
most in uential to us was the PhD thesis of R. Sullivan [69]. Her thesis is fully
devoted to CRT, which is presented there in its most general version of the so
called Crofton Di erential Equation (CDE). For even more general known version
of CDE, see Ruben and Reed [61]).

In this thesis, we do not generalise further neither we use the most general version
of CRT. Out of all a ne transformations possible in CDE, we only consider sim-
ple scaling, which preserves uniformity of selection of random points. In Chapter
1, we introduce this (special) CRT and developed a notationally compact ma-
chinery enabling anyone to quickly determine the correct reduction equations (as
demonstrated on countless examples). As a result, using our machinery, we are
able not only to reproduce the famous results in just few lines, but also tackle
problems yet unsolved. Those problems are the following:

v(Py) mean distancein polyhedra and its moments, respectively
(P2) | obtusity probability (of a random triangle selected from a polygoR,)
(2"2)2 perimeter moments(of a random triangle selected from a disB;)

Table 2: Moments studied using CRT in the thesis

12
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Mean distance

Quantity v(l)(K 4) has the meaning of the mean distance between two random
points selected uniformly and independently fronK 4 for any d. More generally,
W(K ) are the correspondinglistance momentsn K.

In two dimensions, the distance momentsl")(K 2) have been studied extensively.
In fact, vlk)(Pz) is known for any polygonP, and any integerk (there are many
partial results, see Basel [4] foP, being a regular polygon, but the same methods
can be applied for any polygon as shown in our thesis).

In three dimensions, assumingdf ;3 is convex, Bonnet, Gusakova, Thale and Za-
porozhets [12] recently found a sharp optimal bounds cuﬁl)(K 3) normalised by
the mean width of K3. However, exact values for speci & ; were scarce. The
only exception Wasv(l)(B3) and vﬁl)(C3). The value of the latter is due to Rob-
bins and Bolis [60]. The consequence of author's investigation by applying the
Crofton Reduction Technigue (see Ruben and Reed [61]) is that in fa(vtik)(Pg)

is always expressible in an exact form for any polyhedrdPs and any integerk
(P3 also does not need to be convex). For example, the author showed

_ b

VO (T,) = 3 2 344 arctanp 2+ 2383 (072946242 )
_ p_ P P P

(1)(0 ) _ % 35"‘ % 25_'_ t(;gomg_l_ 16ar§(1:gt 2+ 158 Z%rf]é:oth 2 0:65853 (3)

The author also applied the Crofton Reduction Technique to obtain the values
of v(l)(P3) for all other regular polyhedra. The full investigation ofv(l)(P3) is
covered in [7], which is also shown in Chapter 1 of this thesis.

Obtusity probability

In two dimensions, there are several known results. Obtusity probability was rst
solved in a disk by Woolhouse [77]. Later, Langford [42] foundC,) and (P;)
for P, being a general rectangle. In this thesis, we generalised Langford's result

to any convex polytope. For example, we found in an equilateral triang[€,,
25 393 P 3

(T)= F+ Pat oy 07482 (4)

In higher dimensions, apart from thed-ball (Buchta and Mduller [17]), (Kg) was
not known for any K4 with d 3. Unfortunately, CRT becomes less useful in
higher dimensions. Nevertheless, using CRT, we were still able to derive

323338 13G 4859 73 2 ,31n2 3 |n(1+p§)_
385875 35 62720 1680 2 105 224 224

(Cs) = (5)

whereG is the Catalan's constant
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Metric moments and random matrices
Moments of random determinants

It turns out that the even metric moments (evenk) in T4 can be analyzed only by
tools stemmed from the eld of combinatorics. More concretely, there is a natural
connection between metric moments and moments of particular random deter-
minants. Let X; be independent and identically distributed random variables,
from which we construct matrixA = ( X )n ». We denote moments of its entries
Xj asm; = EXr and for their central moments, we write , = E(X; my)".
By k-th random determinant moment we mean the valuef(n) = E (detA)k.
This value can be expressed as polynomials iy (gr r) or as expansion coe -
cients of the associated generating functidfc(t) = .-, (n,)2 fr(n). If X follows
the standard exponential distribution Exp(1) (see Table A.1 of distributions used
throughout the thesis in Appendix A), that is if m; = jl. Those special random
determinant moments are then intimately connected with volumetric moments in
Tq4. For evenk as shown by Reed [59]

n+1

n fe(n+1): (6)

(n+ k)!

VR(Ta) =

When k = 4, we get for the rst ten exact determinant momentsf 4(n):

4 )
n |1 2 3 4 5 6 7
f4(n)| 24 960 51840 3511872 287953920 27988001280 3181325414400

no| 8 9 10
fa(n) | 418846663065600 63399549828464640 10964925305310412800

Table 3: Fourth moment f4(n) of a random determinant with exponentially dis-

tributed entries
. J

When k = 6, we get for the rst six exact determinant momentsf g(n):

e B\
n \ 1 2 3 4
fe(n) \ 720 907200 1559900160 3340718899200
n | 5 6
fs(n) \ 8515130572800000 25161471058916966400
Table 4: Sixth moment of a random determinant with entries exponentially dis-
tributed

G J

14



Introduction

It is more convenient to rst study random determinant moments without any
restriction on the distribution of X;;. Moments of Random determinants are
discussed in Chapter 2. A natural generalisation of the problem is to consider
a non-square matrixU = (X )n p. Here, fr(n;p) = E(detU”U)*2 are Gram
determinant moments andF(t;! )= = l_, p=0 %tp! n Pf(n; p) their gener-
ating functions. The exact expression foF,(t) and F,(t;! ) can be easily derived
using recurrences for any distribution oX;; . By using those, Reed obtained the
second metric momentv? (T,) for any n in an exact form. For higher power
moments, it is not that simple. In the case of fourth moment, Nyquist, Rice
and Riordan [50] found the expression fof4(t) whenm; = 0. The problem of
nding the second and fourth moment of a random determinant was also studied
by Fortet [32], Forsythe and Tukey [31] and Turan [73]. Later, Dembo [24] de-
rived F4(t;! ) whenm; = 0. The general case for bothr,(t) and F4(t;! ) when
m; 6 0 remained unsolved. However, as it will be shown in Chapter 2 using
several independent proofs (for the original one see [8]), we get

_ a3 4 2 1+ my 3t)2 44 147 5t+4 4t2
Fat) = S5y (14 my o)t +6mi Almatte mit s ()
and
2 4 2 442
Y= gl 4 33 4, 6m2 Ht(+my t)2 | mit(1+7 3t+4 41?)
DT e MO T Ty ®)
4+ m 2t 2 p(1+my 3t)? + m%(1+5t 24212 ‘2‘) + 221 2m4 2

1 .
TR 1 & 2 G R By

Hence, as a consequence of Reed's formula, the fourth metric momefit(T,)
now also possess a closed form expression for any An obvious step further
would be to nd the sixth determinant moment (k = 6). However, this case is
much harder to analyse. In collaboration with Aaron Potechin and Zelin Lv from
Chicago University, we obtained the value of ¢(n) and Fg(t) whenm; = 0 (see
our joint work [5]). However, since the exponential distribution does not satisfy
this criterion of m; = 0, one cannot apply those results on nding the values
of v®(T,). In order to overcome this, we developed thmarked permutation ta-
bles methodwhich, coupled with the standard analytic combinatorics techniques,
enabled us to expresBg(t) nally also in the general case om; 6 0. The full in-
vestigation is however beyond the scope of this thesis. In Chapter 2, the method
of marked permutation tables will be demonstrated to show yet another deriva-
tion of F4(t) and F4(t;! ), as well as the special case &k(t) with 3 =0. Note
that expressingFg(t;! ) for m; 6 0 in general is still an open question.

Even metric moments

The knowledge of even determinant moments enables us to deduce even volu-
metric moments in polytopes. That isvék)(Kd) for k even This connection is
demonstrated in Chapter 3.

Odd metric moments in polytopes and integral geometry

Expressing the odd moments turns out be way harder since we can no longer rely
on combinatorial techniques. In the scope of the thesis, we will further analyse
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the rst-order metric moments vV (Ps) in dimension three and the volumetric

momentsvék)(Pd) of any orderk and in general dimensions. These quantities
have the following geometrical interpretation:

vl (P3) | mean convex hull voluméincluding mean tetrahedron volume)
vfjk)(Pd) mean simplex d-volumégand the corresponding moments)

Table 5: Odd metric moments considered in the thesis

First-order metric moments

In two dimensions, one of the classical problems of random geometry is to nd the
mean convex hull area and its moments, that is to expres§ (K ,) for variousK
and with n 2. Alot of results were made in this direction. For example, Buchta
and Reitzner [19] found a formula expressing (P,) for any convex polygorP,, a
condensation of an endevour started by Buchta [13] earlier. Although the general
Buchta and Reitzner's formula forv! (P,) is not beyond the scope of this thesis,
it is still rather technical so we omit it. A simpli ed, yet fully general, version of
the same formula appeared in Zinani [78, p. 343].

Apart from a ball, not many exact results were known in three dimensions. Here,
we are interested in expressing(¥(K3) with n 3, which represents thek-th
moment of a random volume of a convex hull ofn + 1) points. Whenn = 3,
the convex hull is almost surely a tetrahedron, saé”(K 3) represents themean
tetrahedron volumeand, more generallyyY (K 3) represents the mean volume of

a convex hull of(n +1) points.

By using the Euler polyhedral formula, Efron [26] showed how thest-order
volumetric momentv{V (K 3) with any n 3 and K3 being convex can be com-
puted using an integral over cutting planes. Let a sample of random points
X0=(X9;X9;X9) be selected uniformly and independently from the interior of
K 3, then

h i
W= 2 E 0O+ 5 (X ©

where ; (X9 =vol;K3=volsK3 and ; (X9 =vol3K; =vol;K 3 are the section
volume fraction of the two parts K t K5 into which K3 is divided by acutting
plane  passing through the collectionX® = (X2;X3; X3) of points X; 2 K,
j 211,2,3g. We may write = A(X9, where A() represents the a ne hull.
Using this formula, Buchta and Reitzner [18] calculated

13 2

(1) _
T)= >
va'(Te) = 255 15015

(10)

Moreover, Buchta and Reitzner [20] derivedl!) (T3) foranyn 3. Later, Zinanni
[78] found

3977 2
216000 2160
Until recently, the tetrahedron and the cube were the only polyhedra for which the
value vél)(Pg) was known in an exact form. Using the same Efron's formula, the

v§P(Cs) = (11)
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author of this thesis extended the list of polyhedra for which the mean tetrahedron
volume is known, rst of which being the octahedron, where

19297 2 6619
3843840 184320

Vi (03) = (12)

The remaining polyhedra, for which the author found the exact value oél)(Pg),
are triangular prism, square pyramid, rhombic dodecahedron, cuboctahedron, tri-
akis tetrahedron and truncated tetrahedron. The exact derivation for all of those
polyhedra is rather technical. In Chapter 5 of this thesis, we show a comprehen-
sive derivation for only some of them.

Odd volumetric moments

The k-th volumetric moment vé,k)(K 4) for odd k can no longer be solved using
combinatorial techniques. Note thatvfjk)(Kd) represents themean simplex d-
volumeand its moments, respectively. There is a natural overlap with the mean
convex hull d-volume v (K 4) whenk =1 and n = d treated in Chapter 5. We
already know that the mean tetrahedron volumelél)(K 3) can be derived using
Efron's formula. However, higher momentsék)(K 3) (Whenk = 3;5;7;:::) were

aparently not known prior to our work for any 3-body apart from Bs.

In order to deduce higher volumetric moments (and volumetric moments in higher
dimensions), we developed a method of Canonical section integral based on base-

height splitting. The core nding is that any odd volumetric moment vc(,k)(Kd)
can be written as some integral over even volumetric momenték"ll) ( \ Kg) on
intersections ofK 4 with a hyperplane . Eventually, we found vgk) (Ta), vgk)(Cg)
and vgk)(Og) uptok=5.

In higher dimensions (and for higher moments of convex hulls of more thant+
1 points), there is no Efron's formula analog. However, the Canonical section
integral can still be used to deduce various new results. For example, we found

97 2173 2

(1) — .

T,) = 0:0031803708487 13
Vi (T)) = 27600 52026975 (13)

and other odd volumetric moments beyond the Blaske problem. Our new method
of Canonical section integral with comprehensive comments on derivinﬁk)(Pd)
for various polytopesPy is discussed in Chapter 4.

Note that, apart of some gures cross-referencing, Chapter 5 on the rst-order

metric moments can be read independently from Chapter 4 on the odd volumetric
moments. We decided to put those two chapters in this order mainly because we
think our Canonical section integral approach is more elementary for readers
new to the subject unaware of Efron's facet and section formulae. However, we
recommend the readers who would wish to read the content in its historical order
to read Chapter 5 prior to Chapter 4.
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Metric moments in radial simplices

Finally, in the last Chapter 6, we study volumetric moments of simplices whose
vertices are drawn from (special) radially symmetric (isotropic) distributions.
Apart from re-derivation of the known Miles' results [48], we also introduce condi-
tional radial simplices, in which one vertex is pinned. Those volumetric moments
play essential role in random determinants, connecting Chapter 6 with Chapter
2.

Content overview

With all the chapters introduced, we nish the Introduction with a diagram of
dependencies of the content of the chapters and appendices and how do they
relate to each other.

6. Radial
Random Slmpllces

\4
/;ven Mom&

Al DOf o . Integral calculus
distributions and etermlnants { g
' i on real a ne

their stochastic
" subspaces
decomposition

3. Even Volumetrlc
Moments

Y Y Y

1. Crofton 4. Odd Volumetrlc 5. First-Order
Reduction Technique Moments Metric Moments

[ | \ \
E. Codes in D. Selected
Mathematica genealogies
A
F. Auxiliary C. Symmetries and
integrals genealogic decompositio

Figure 1. Logical dependencies among thesis chapters and appendices.

Acknowledgments. | would like to thank Zakhar Kabluchko for a suggestion to use the base-
height splitting method in order to prove Proposition 256. | also wish to thank my supervisor
Jan Rataj for discussions which turned out to be essential to deduce the odd volumetric moments
by using a ne Grassmannians with the correct distributions on .
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1. Crofton Reduction Technique

For then P1 and P2 will lie on two distinct sides of the polygon,
and the remark we have just made shows that when on these sides
P1 and P2 are to be treated as having independent uniform distribu-
tions contributing to the shape-density with weights which are readily
calculated.

David G. Kendall [39]

1.1  Preliminaries

1.1.1 De nitions

De nition 1. A polytope A RY of dimensiondimA = a2 f0;1;2;:::;dg
anda volumevol A is de ned as a connected and nite union ob-dimensional
simplices (forming a pure simplical complex). We say a polytope iat if
dimA(A) =dim A, whereA(A) stands for the a ne hull of A. Note that any
polytope with a= dis at automatically.

De nition 2.  We denoteP,(RY) the set of at polytopes of dimensiona in R
and denoteP (RY) = ~, . 4Pa(RY) the set of all at polytopes in RY. Finally,
we denoteP. (RY) = P(RY) n Py(RY) (at polytopes excluding points).

Denition 3. Let A;B 2 P(RY) and P : RY* RY ! R, we denote
Pas = E[P(X;Y)jX Unif(A);Y Unif(B); independent. Whenever it is
unambiguous, we writeP,, wherea = dim A and b=dim B instead of Ppg . If
there is still ambiguity, we can add additional letters after as superscripts to
distinguish between various mean valuel,y,.

Proposition 4. For any A 2 P,(RY) gvith a > 0, there existconvex @A 2
Pa 1(R) (sides of A) such that @A= ; @A with pairwise intersection of @A
having (a 1)-volume equal to zero.

Remark 5. The sides of three dimensional polytopes (polyhedra) are called
faces.

De nition 6. Let A 2 P, (RY). Let f; be the outer normal unit vector of @A in
A(A), then we de ne asigned distance hc (@A) from a given pointC 2 A (A)
to @A as the dot productv; fi;, wherev; = x; C andx; 2 @A arbitrary. Note
that if A is convex, the signed distance coincides with theupport function
h(A  C;f;) de ned for any convex domainB ash(B; fi;) = sup,,z b” ;.

Remark 7. The signed distance has another geometrlg: interplsetatiop{. Put
C = 0 (the Q{igin}qanq?r =1+ " (with " small). Denote 5.y = pg=a  a=B>
by linearity 5 = 5+ (g.a)- HENCE

Z z Z

X

VOITA = dx= dx+ dx =vol A+ " vol(@\)ho(@A) + O("?);
rA A (rAA )

(1.1)

or in other words, dvolrA=drj,-; = P i VOI(@A)ho (@A) for A arbitrary (pos-
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1.1. Preliminaries

sibly non-convex).

De nition 8. Let A 2 P, (RY) with a=dim A. Even though @A2-P (RY) (it
IS not at), we extend the de nition of Pgag t0 Pgag as the weighted mean

X
Peas=  WPgas (1.2)

i
with weights w; (may be also negative) equal to

_ Vol@A

' avolA

he (@A) (1.3)

implicitly dependent on a point (called the scaling point)C 2 A (A).

Remark 9. Note that this de nition is not dependent on the number of sides
of A. That is, if we arti cially splif one side @A into two sides, the weighted
mean stays the same. This feature enables us to extend the de nition to any
convex a-bodies (and their unions) as well. Let ; ; be the uniform surface
measure on such bodyA. Then for any scaling pointC 2 A (A),

1 z

Vol A @APthC(X) a 1(dx); (1.4)

Peas =
where hc (x) is the support function of A evaluated inx and centered aty
and

P = E[P(X;Y)jY Unif(B)] (1.5)

by de nition.

De nition 10.  We say a functionP : (R9)" I R is ahomogeneous functional
of orderp 2 R, if there existsP: (R)" 11 R suchthatP (X1;X2;Xa;:::;Xn) =
P(X, X1;X3 X1;::5;Xn  Xq) forall xq;:::;%xn 2 RYand P(ruy;:::;ruy,) =

if it is invariant with respect to permutations of its arguments. Finally, if P is
a functional of two points, we say it isbivariate. If it depends of more points,
we say it ismultivariate.

Remark 11 Note that if P is symmetric, thenPag = Pga for any domainsA
and B.

Example12 If P = LP, or more preciselyP(x;y) = LP(x;y) = kx ykP, then P
is symmetric and homogeneous afiim P = p and with P(x) = kxkP. Whenever
P = LP, we will usePas and L) interchangeably throughout the sections on
mean distances.
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Chapter 1. Crofton Reduction Technique

1.1.2 Bivariate Crofton Reduction Technique

r

Lemma 13 (Bivariate Crofton Reduction Technique) LetP : R RY! R
be homogeneous of ordgrand A; B 2 P (RY). Provided thatA(A)\A (B) is
non-empty, then for anyC 2 A (A)\ A (B) it holds

PPae = a(P@as Pas)+ B(Pa@e Pas): (1.6)

Figure 1.1. Bivariate Crofton Reduction Technique

\ J

Proof. The formula is a special case of the extension of the Crofton theorem by
Ruben and Reed [61], although it is fairly simple to derive directly. Let =1+ "
and put C = 0 (the origin) without loss of generality. The key is to express
Pars In two di erent ways:

By de nition,

EPCCY) )X Unif(rA); Y Unif(rB )]
E[P(rX%rY9jX°2 A;Y? Unif(B)]
rPE[P(X%Y9jX® Unif(A);Y? Unif(B)]
= rPPag = Pag + "pPag + O("?):

I:)rA;rB

" On the other hand,
voIZrA %/ol rBP arg =VOI rAZ vgl rBE[P(X;Y)] XZ Um;(rA);Y Unif(rB )]

= P(x;y) dxdy = P(x;y) dxdy + P(x;y) dxdy
ZrAZ B AZ B 7 (rABA) B
+ P(x;y) dxdy + P(x;y) dxdy

A (rB;B) X(rA;A) (rB;B )
=vol A vol BPapg + " vol B VOl(@A\)ho(@A\)P@AB
X i
+"volA  Vvol(@B)ho(@B)Pags + o("?):
j
Comparing the " terms of both expressions and using Remark 7, we get the
statement of the lemma. If either ofdim A or dimB is zero, the lemma holds
too.

To nd the expectation of P, in the rst step, we chooseA = K and B = K,
whereK is a givend-polytope. Since the a ne hulls of bothA andB |l the whole
spaceRY, any point in RY can be selected fo€. We then employ the reduction
technique to expres$ag in Pacgo where A and B have smaller dimensions then
A and B. The pairs of variousA®and B°we encounter we calton gurations
The process is repeated until the a ne hull intersection ofA° and B is empty.
In that case, we have reached aimreducible con guration.
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1.1.3 Multivariate Crofton Reduction Technique

Let us instead consider multivariate functionald® (dependent on more that only
two points). One example is area, volume or obtusity. CRT naturally generalises.

De nition 14. Let P = P(X1; X2, 117 Xp) be a ho-
mogenous function of n points. We dene Paa,:a, =
E[P(X1;::5; X)) Xy Unif(Ag);::5; X, Unif(Ap)], whereA;;j =1;:::;n
are at domains from which the points X; are selected randomly uniformly
(according to distribution Unif(A)).

Lemma 15 (Multivariate Crofton Reduction Technique). Let P : (R9)"! R
be homogeneous of ordgy and Ay;:::; A, 2 P(RY), a = dim A;, then for
anyC 2 ,; ,A(A) (scaling point) it holds

pPAlAz:::An = al(P@AAg:::An I:)Al:::An)"' aZ(PAl@/&:::An I:)Al:::An) (1 7)
+ + an(PAlAz:::@A1 I:)Al:::An): .

1.1.4 Functional Crofton Reduction Technique

The most general version of Crofton Reduction Technique is availible for functions
of homogeneous functionals.

De nition 17. Let P be a multivariate functional of points X;i = 1;:::;n
selected uniformly from domainsA;. Then for any function :R! R, we
de ne

Aaza, = E[ (P)1= E[ (P(X41;::5,X0)) ] X5 Unif(A)] (1.8)
If is moreover di erentiable, we denote

aaza, = EIP AP = E[P AP(Xy;::Xa) j X Unif(A)]:  (1.9)

Lemma 18 (Functional Crofton Reduction Technique) Let P : (R)" ! R
be homogerneous of ordgr and A;;:::; A, 2 P(RY), a = dim A; and there
existsC 2 ; ; ,A(Aj). Then for any di erentiable function :R! R, we
have

P aascar = a1( @aazma, Avzan) T a2( Ar@ana, AriAn) (1.10)
+ + an( A1A2: @A Al:::An):

Proof. We show how we can derive the the lemma for analytic functions. Let
Q = Pk, then Q is homogeneous of ordekp, so Equation (1.7) turns into

kpQayiia, = a1(Qeaazia,) + + an(Qarazea): (1.11)
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h [
Note that the left hand side may be written askE pP%@j Xi 2 Unif(A;j) . Any
analytic function of P can be written in the form (P) = "}, «P¥ for some
constants . Multiplying Equation (1.11) by  and summing up over allk
and by linearity, we get Equation (1.10), which nishes the proof. The lemma
however extends beyond analytic functions. See Ruben and Reed [61] for more
general treatment.

1.1.5 CRT for distributions, Dirac kernel method

A direct consequence of the functional Crofton Reduction Technique is the ability
of relating distributions between each other via simple di erential equations. We
have the following result:

De nition 19. Let P be a multivariate functional of points X;;i = 1;:::;n
selected uniformly from domaingsA;. Viewed as a random variable, we write
for the Cumulative Density Function (CDF) of P,

Faama, ()= P[P ]=P[P(XyiiiXa)  JXi Unif(Aj)]  (1.12)

and for its Probability Density Function (PDF), fa,a,:a,( ) = diFAlAz;;;An( ).

In what follows, we assume that the PDF always almost surely exists and it is
(piecewise) continuous.

s A

Lemma 20 (Distributional Crofton Reduction Technique). Let P : (RY)" !

existC 2 ;; ,A(Aj). Then we have for the CDF of the random variable
P,

p F£1A2:::An( )= a(Feaa,:a, () Fapa, ()
+ aZ(FAl@/&:::An( ) I:Alz::An( ))+ (1-13)
+ an(FAlAz:::@Aq( ) FAl:::An( )):

or equivalently, by di erentiation, we get for its PDF,
P aazza, ( )°= ai(fean,=a, () faua, ()

+ &(fa,@a:a, () fapma, () + (1.14)
+ an(fAlAz:::@Aq( ) fAl:::An( ))

. J

Proof. By de nition, Fa,..a,( )= P[P(Xq1;:::;Xp) ]. Scaling the domains
A; by some positiver =1+ " and by homogeneity ofP,
h i
Fram . () = ;i rXn) 1= P P(XyiXp) P (1.15)

T
M T
>l—|
S v
N
Z X
~
= F
©
-
I
n
>
H.
S
—~~
N
o
_I.'I
>o
'_l.
%
—~~
N
+
2
-

side is obtained by expandingP[P(rXq;:::;rXy) ]in " as a sum over@A
boundaries, which is an argument equivalent to the one shown in the proof of
Lemma 13.
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Alternatively (and perhaps less rigorously), Lemma 20 is a direct consequence of
the Functional Crofton Reduction Technique. We just select (P) = 1p , then

E[ (P)I=E[le ]1=P[P ]=F(): (1.16)

The right hand side of Equation (1.13) is obvious since we now have,...a, =
Fa,:a, (). To show the left hand side, we have, formally

(P)=P P)= P (P )= P ) (1.17)

where is the Dirac delta function. Note that, formally, the probability density
function (PDF) f ( ) of random variableP can be written as

fC)=EL(P ) (1.18)

fromwhichE[ (P)I= f (), S0 anua, = f asazman().

1.1.6 CRT for joint densities of more functionals

Ai. Viewed as random variables, we writ€a, a,-a, ( ; 9 for their Joint Prob-
ability Density Function (JPDF). That is, for any measurable M R?, we

have h i 2
P(MP;PY2M = f(; 9% d?¢ (1.19)
M

Similarly, for their Joint Cumulative Density Function (JCDF),

Faazza, (; C): P[P PO Oj Xi  Unif(A)]: (1.20)

Note that Fa,.oa, (; 9= | | fa,ma, (tt9 dtdtC

..........

Similarly as in the case of the ordinary one-variable Distributional Crofton Re-
duction Technique, we can relate the joint CDF with the CDFs containing the
boundaries. We state the following lemma (without proof)
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\

Lemma 22 (Joint Distributional Crofton Reduction Technique). Let P; P°:
(RY" I R be homogeneous functionals of ordqzrandpo, respectively, and
A A 2 P(RY), a = dim A; and there existsC 2 ; ; ,A(A)). Then
we have for the JCDF of the random variableR; P°,

FAlAz:::An( ; (b po oFAlAz:::An( ; %
@ @°
= a1(Feanan(c ) Faua (G 9) (1.21)
+ aZ(FAl@/&:::An( ; (b I:A1:::An( ; %) +
+ an(FAlAz:::@A.( ) % FAl:::An( : C)),

or equivalently, by di erentiation, we get for its JPDF,

p @f AlAz:::An( ; %) po@ 0':AlAz:::An( ; %)
@ @°
a(feanan(c ) fapa (G 9) (1.22)
a-Z(fAl@&:::An ( : (b fA1:::An( - 0)) +
aﬂ(fAlAzlll@Aq( ; () fAl:::An( ; (b)

+

+
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1.2 Overview of functionals

What follows is an overview of the functionals treated in this thesis. Detailed
derivations are found in subsequent sections dedicated to each functional. We
also discuss which results were known and which are novel.

1.2.1 Distance

Denoted asL = L(X;Y) = kX YKk, the distance between two random points
X;Y  Unif(Kq), whereKy  RY, is among the most natural bivariate homo-
geneous symmetric functionals we might think of. Note that the order df is
exactly one. In order to get higher order functionals, we may pu® = LP, which
has orderp. In the following sections, we often just assume, if not stated di er-
ently, that P = LP. The expected value oP is then the p-th moment of random
distance of two pointsX;Y . In our notation, we write for the moments

LE = L@, = EILOGY)PIX;Y  Unif(Kg)]: (1.23)

Those moments are related with the metric moments de ned in the Introduction
via the following normalisation

(p)
L gd

(p) — .
vi (Kg)= ——————
v (Ka) (volg Kd)p=d

(1.24)

Two dimensions

The functional of distance in two dimensions is fairly understood and has been
extensively studied (see Béasel [4] and references therein). Recently, Uve Béasel
[4] expressed. ) in P, being a regular polygon inR? (that is, d = 2). We will
discuss how we can re-derive those results using Crofton Reduction Technique
(CRT). First-order metric moments of distance in selecte& , are shown in Table

1.1 below.

e B\
AR
B, disk 0:510826 s
Co| square | 0521405 | 2+ -2+ largsinh(l)
T, e?r‘i‘gr?;‘féa' 0:554364 &
Table 1.1: Mean distance in various2-bodies with unit area
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Chapter 1. Crofton Reduction Technique

Three dimensions

Let K 3 be a polyhedron. Even-power moments{? are trivial to compute. When
pis odd, the vaIueLé'? has been known in the exact form only foK 3 being a ball
(trivial) or (for p=1) a unit cube [60], known as the so called Robbins constant

p_ p_
4 17 2 2 3 1 P~ 4 P
= —+ —— —  —+ = + — :
E[L] 105" 105 3B 15 5argcoth 2 5argcoth 3 0661;;)72158)3

Recently, Bonnet, Gusakova, Thale and Zaporozhets [12] found a sharp optimal
bound on thenormaliselg mean distance 33 = L33=V4(K3) in convex and compact
Ks, whereV,(K3) = 2 4 kproj, Kzk df is the rst intrinsic volume of K;. A
special case of their result in three dimensions givg"*gz,< 33 < %
As stated in [12], although the rst intrinsic volume is easy to express in any
polyhedron, number of examples for which an exact formula farss is available is
rather limited. We will show that this might not be the case and indeed one can
nd Lsz (and all natural momentngg)) in an exact form easily for anyK 3 being
a polyhedron. The main result of our own investigation is thus the following
theorem:

r

Theorem 23. For any given polyhedron, the mean distance between two of |ts
inner points selected at random can always be expressed in terms of elementary
functions of the location of its vertices and sides. The same holds for all other
natural moments.

.

Remark 24. By elementary functions, we mean a closed eld of functions
containing radicals, exponential, trigonometric, and hyperbolic functions and
their inverses.

The theorem is solely based on the Crofton Reduction Technique, see [25, 61],
which under certain conditions enables us to expresé%) as some linear combina-
tion of Lff,% = E[LPj]X 2 A;Y 2 B] over domainsA and B with smaller dimen-
sion than that of K 5. The theorem then follows from the observation that we are
able to decompose all the corresponding terms into computable double integrals,
as we will see in Section 1.4.2. In fact, very recently, using di erent methods, Ci-
ccariello [21] showed that the so-called chord-length distribution, which is related
to the distribution of L, can also be expressed in terms of elementary functions
in any polyhedronK s.

Exact mean distances in regular polyhedra

The table below summarises all new results of exact mean distance in various
polyhedra. For completeness, the previously known cases of a ball and a cube have
been added as well. Each solil; hasvolK; = 1. This normalisation ensures
the right column displays exactly.the rst distance metric momentvgl)(K 3) =
L3s=°volsK3. As usual, =(1+ 5)=2is the Golden ratio.
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1.2. Overview of functionals

4 ™\
Ks ViV (K 3)
ball §q3 =
0:63807479 5
199 B 197, 2 241 or 2 (17226+6269" 5)
3°8 P it ods om 2tF mmoo

icosahedron (2186+l413p 5) arccot o (82 75p 3) arccot( 2) o 4(2139+881p§) argcsch

0:64131249 15750 5250 7875 !
+ (15969+7151p 5) argcoth + (4449 1685 5)In3 (75783+37789p 5)In5
12600 42000 252000
P P
1 1516, 2 &2 124 § 73 13 349 | 493
5 30+147 5 1575 45 175 1575 35 175 5 = 23625
397 244 5) arccot2 24023+11788 5)( arccos% arccos x
945°5 18900 0 94500
(461+212" 5)(arccos £ +arccos 32 (1031+521" 5) argcosh £
dodecahedron 1000 75600
) (367+163p 5) argcosh 9 (22197+8149p 5)(argcosh 22L  argcosh 57
0:64252068 T + T
_ p_
+ (15763+7063" 5)(argcosh % argcosh 3) 4 (288889+129739 5)In3
21000 378000
+ 2(423+187p 5)(argcosh4 argcosh 2) + (109 3143 5)In5
875 151200
octahedron qs 3 4 13p 2 4 109/n3 4 16arccot & 2 4 158argcoth 2 §p )
0:65853073 4 105+ 105 45+ 630 2 + 315 + 315 2
cube [60 P> Pz P~ P~
0'6617[07]18 st 2 &2 g+ targeoth 2+ fargcoth’ 3
tetrahedron = Vs P~
B3 %2 o 4 4 a0ctan® 5+ 1wops
0:72946242 7 315 15 210 2

Table 1.2: Mean distance in various solids of unit volume, = (1+ > 5)=2 is the
Golden ratio.
N J

Normalised mean distance

We could select normalisation in whichvy(K3) = 1 rather than volK3; = 1. In
order to exprﬁss the normalised mean distances, we just rescale our values in
Table 1:2 by ~ vol K3=V,(K3). Both volK3; and V;(K3) can be expressed easily.
The following Table 1.3 shows the volume of the regular polyhegra with edge
length equal tol. To expressV;(K 3), we use the formulav; (K 3) = Zi i li( i)
where the sum is carried over all edgés of K 3 having lengthl; and dihedral angle

i. The following table shows the value o¥;(K3) for the ve regular polyhedra
(Platonic solids) with common edge length; = | for all i.

- q—
When K3 is a ball, R volK 3=V (K3) = %3 ¢ trivially. Finally, performing the
scaling, in Table 1.5 we show numerical values os for the same solidK 3 as in
Table 1.2. The lower and the upper bound of 33 for K3 convex compact (based
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Chapter 1. Crofton Reduction Technique

Ks \tetrahedron cube octahedron dodecahedron icosahedron

_ _ _ p_
E 1 E 15+7p5 53+ 5
12 3 4 12

volK 3
|3

Table 1.3: First intrinsic volume of Platonic solids with unit edge length

Ks \ tetrahedron cube octahedron dodecahedron icosahedron

Vi(K3)

3arccos 3 5 6 arccos; 15arctan2  15arcsin
I

Table 1.4: First intrinsic volume of Platonic solids with unit edge length

on [12]) are set t05=28 and 1=3, respectively.

Ks \Iower bound tetrahedron octahedron cube
33\ 0:17857143 (19601928 (21800285 (22056906

Ks \ icosahedron dodecahedron ball upper bound

33‘ 0:23872552 (23963024 (25714286 (B3333333

Table 1.5: Normalised mean distance in Platonic solids with unit rst intrinsic volume

1.2.2 Triangle area

Let X;Y;Z Unif(Ky);Kgq RY. We denoteS = S(X;Y;Z) as the area of a
triangle whose vertices are pointX;Y ;Z. The area functional S is trivariate,
symmetric and homogeneous of order two. For its moments, we write

h i
S = E S(X;Y;2Z)X| X;Y;Z  Unif(Kg) : (1.26)

The question of obtainingSyqq makes sense only whed 2. Further more, we
can normalise it such that the solid from which the points are picked is of unit
d-volume. As a result, we get the metric moment of area

(p)
Sidd

(p) _
Vo (Kg) = —————
2 (Ka) (volgK d)ZP:d

(1.27)

First-order metric moments of area for selectel 4 are shown in Table 1.6 below.
Apart from the d-ball (Miles [48]), v§” (K 4) is not known for anyK 4 with d 3.

1.2.3 Obtusity indicator

We can use CRT to deduce the probability (K4) that a random triangle whose
vertices X ;Y ; Z are independently selected fronUnif(K4); Ky  RY is obtuse.
In order to do that, the only thing we need is to consider a trivariate functional
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1.2. Overview of functionals

e B\
o [ we
B, | disk 0:0739 =
Bs | ball 0:1413 1%4% 2
T, | triangle | 0:0833 Z
Table 1.6: Mean triangle area in various bodies with unit d-volume

= (X;Y;Z) being equal to one when the random triangle is obtuse and zero
otherwise. We shall call this functional theobtusity indicator. It is symmetric,
trivarite and homogeneous of order zero. In our convention,

(Kd) = kykeke = daa = E[ (X3Y;2))X5Y;Z  Unif(Kg)]: (1.28)

Note that a triangle is obtuse when exactly one internal angle is obtuse. Hence,
we can decompose the obtusity indicator almost surely as follows

X5Y;2)= (X5Y;2)+  (Y;Z: X))+ (Z;X5Y); (1.29)

where we denoted (X;Y;Z) as the obtusity indicator that are equal to one
when the obtuse angle is located at the rst vertexX. Furthermore, we can write
out this indicator in terms of a dot product as

(X3Y52)= 1y x)>@z x)<0 (1.30)

since(Y X)>(Z X)= kY XkkzZ Xkcos ,where isthe angle at vertex
X of the triangle XYZ . Therefore,

(X5Y52)= Ly xp@z x)<ot Lz viPx v)cot Lix 2> (v z2)<0- (1.31)

Taking expectation and by symmetry, we get for the obtusity probability
(Kg)=3 Ph(Y X)”(Z X)<0jX;Y:Z Unif(Kd)i : (1.32)
In a given con guration X  Unif(A);Y  Unif(B);Z Unif(C), we write
asc = E[ (X;Y;2Z)jX Unif(A);Y Unif(B);Z Unif(C)]: (1.33)
Additionally, we indicate by the position of the obtuse vertex, so

A B%: E[ (X;Y;2))X Unif(A);Y Unif(B);Z Unif(C)]

) _ _ _ (134
=P (Y X)(Z X)<O0jX Unif(A);Y Unif(B);Z Unif(C) ;
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Chapter 1. Crofton Reduction Technique

similarly for ag ¢ and agc . Hence, we may write the expected value of the
obtusity indicator in any con guration as

amc = aBct aBct aBc (1.35)

Random triangle obtusity probability 4499 = (Kg) in selectedK 4's is shown in
Table 1.7 below. In there,G is the Catalan's constant

* 1)
G= (2(n+)1)2 0:9159655941772190150546035149323841 (1.36)
n=0
e ™
numerical
Ko value (Ka)
B, disk, [77] 0:7197 % 4
Bs ball, [34, 17] 0:5286 %
C> square, [42] 0:7252 =+
p_
T, | equilateral triangle | 0:7482 2+ pst in P
323338  13G 4859 73,
Cs cube 0:5427 385875 33 5In2 62;20|n(11_§§% 2
105 T 224 224
Table 1.7: Probability that a random triangle in K is obtuse
N J

In two dimensions, there are several known results. Obtusity probability was rst
solved in a disk by Woolhouse [77] as a corollary to the Silvester problem. Later,
Langford [42] found (K) for K, being a general rectangle. Our table only shows
the exact result for the special cas&, = C,. Without stating a complete proof,
we believe it is easy to generalise Langford's result to any convex polygon. This
is demonstrated in Section 1.6.1 on(T,), whereT, is an equilateral triangle.

In higher dimensions, apart from thed-ball (Hall [34] and Buchta and Mduller
[17]), (Kg4) was not known for anyK4 with d 3. In Section 1.7.2, we newly
found the obtusity probability in the unit cube C; (also included in Table 1.7).

1.2.4 Perimeter and related functionals of a triangle

Let us (independently) select verticesX ~ Unif(A);Y  Unif(B);Z  Unif(C)
of a triangle XYZ from regionsA;B;C with dimensions a;b;cas usual. We
denoteL = jXY j, L°= jXZj and L= jYZj its (random) side-lengths and

= j\XZYj, %= j\XYZjand %= j\ YXZ j the corresponding (random)
sizes of its internal angles. Then, we denote its perimeter as

=( X;Y;Z)= XY |j+|XZj+jYZj=L+ Lo+ L% (1.37)

31



1.2. Overview of functionals

The perimeter is a trivariate symmetric homogeneous functional of order one.
Correspondingly, using our notation, we write for its moments

h [
W= E (X;Y;2)¢jX Unif(A);Y Unif(B);Z Unif(C)  (1.38)
The question to determine the second perimeter moment, in the unit disk was
rst proposed by Finch [28] who obtained its numerical estimate. Although the
problem of nding exact perimeter moments may seem natural and elementary,
there were essentially no results known (even in the case of the disk). However, by
CRT, we are able to obtain its exact value and also the higher moments (Equation
(1.420)). The exact values of perimeter mgments we found in the unit disk are
shown in Table 1.8 below. In there, (3) = = 1., 1=n° is the Apéry's constant.
See Section 1.6.3 for detailed calculation.

e N
numerical (k)
B2 value =
= . 64 64In2
k= 1| 0416744 = =
= . 128
k=1 2:7162 Ie
= - 3383 35 (3)
k=2 8:0271 3+ 33834 BE
= . 93584 10241In2
k=3 252395 o T e
k=4 | 832737 24 020 4 massy
= 3 62912704 , 32768In2
k=5 285644 c S =

Table 1.8: Random triangle perimeter moments (2"2)2 in the unit disk B>

First moment

By symmetry, we immediately know that

E[]= E[L+ L% LY=3E][L] (1.39)

in any K4. Therefore, the rst perimeter moment is trivially deduced from the
rst moment of distance.

Second moment

The second perimeter moment turns out to be non-trivial. Taking expectation of

2= (L+ L%+ L%2= L2+ L®+ L+ 2LL %+ 2LL %% 2.9 (1.40)

we get, by symmetry

E[ =3E[LY+6E[LLY: (1.41)

32



Chapter 1. Crofton Reduction Technique

The functional LL °= jXY jjXZj is not symmetric with respect to every permu-
tation of points X ;Y ;Z. However, we may de ne another functional, namely the
symmetric polynomial

T=T(X;Y:;Z)= LLO+ LL%% LQ% (1.42)

such that E[T] = 3E[LL9. The functional T is symmetric and homogeneous of
order two.

Third moment

Let us consider the following symmetric and homogeneous polynomials of order
three
J = L2LO%+ LL®+ L2L%% L%+ L@ 00 900 K=LLL%® (1.43)
By symmetry, we haveE [J] = 6 E[LL ®]. Using those polynomials, we can write
for the third power of perimeter,
S=(L+ Lo+ L% =3+ L®+ L%®+3J +6K; (1.44)
from which, taking the expectation,
E[ °]=3E[L®]]+3E[J]+6E[K]=3E[L3]+18E[L2LY+6E[LLL}: (1.45)
Both E[J] and E [K ] are non-trivial to obtain.

Fourth moment
Let us consider the following symmetric and homogeneous polynomials of order
four

U= L% LL®+ L% LL%®+ L®L% L%,

Vo= L2LA%% LL®L%% 908 (1.46)

W = L2|_(2+ L2L09+ L(ZLOQ
By symmetry, we haveE[U] = 6E[L3LY, E[V] = SE[L2LAL} and E[W] =
3E[L2L®)]. The fourth power of perimeter is then

Y= L+ L%+ L% +4U + 12V +6W: (1.47)
Thus, the fourth moment of perimeter is then expressible as
E[ “1=3E[LY+4E[U]+12E[V]+6E[W]
=3E[LY+24E[L°LY9 +36E[L?LA°] + 18E[L°LY:

Although E [U] and E [V] are non-trivial to obtain, interestingly, the rst moment
of W is trivial and it can be actually obtained from the fourth moment of distance

(1.48)

and the second moment of area. LR = =2. By Heron's formula, we have for
the areaS of the random triangle X ;Y ; Z with side-lengthsL; L% L%
S= ! R(R L)YR LYR L9%: (1.49)
Squaring this identity and by rearranging, we get
2W = 16S2+ L4+ L%+ L0 (1.50)

so, taking expectation, we get
E[W]=8E[S’]+ 3E[LY] or E[L’L®]= 3E[S?]+ E[LY:  (1.51)
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1.3 Bivariate functionals in two dimensions

1.3.1 Equilateral triangle

Let us have a bivariate symmetric homogeneous function@l of orderp dependent
on two random points picked from and equilateral triangle. We putP = LP
(assumed implicitly throughout this section). For our triangle, we can take

T, =conv(e;; ez e;) R® (1.52)

with area vol, T, = p§=2 and side-lengthl = Pa Additional, for a given
i =1;2;3, we denoteE; as an edge ofl, opposite to vertexe;. For the def-

inition of various mean valuesP,, = Lg‘t’)), see Figure 1.2. We also included the

position of the scaling pointC in cases reduction is possible. The arrows indicate
which con gurations reduce to which. Each arrow is labeled by a roman numeral
corresponding to a given reduction equation in the system of reduction equations.

Figure 1.2: All di erent Lgf,) con gurations in an equilateral triangle

Reduction system

The full system obtained by CRT is

|2 pP; =2 2(P21  P2)

12 pP2r =2(P11 Pa) +1(P2o  P21);
2 pPyp =2(P1o  Pao)
IV 1 pP11 =2(P1o  Pu):

By the use of symmetry, the terms can be given as follow®,; = Pr,1,, P21 =
Pr,E1: P20 = Pr,e;5 P11 = Peje,; Pio = Pgje, - Our linear system is solved by

24P10

S @rpBrPEr D) (1.53)

P2,

The remaining con guration (10) is irreducible (no scaling point available).
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P 1o

In con guration (10), one point is drawn uniformly from an edge of, while the
other is xed at one of the opposite vertices. We can parametrise the points as

X=e;Y =e+tles e) t2 (0;1); (1.54)
from whichL = kX Yk= P 2 2t+2t2 and thus forP = LP,
Z 1
L = EkX Yk]= (2 2t+2t)"2dt: (1.55)
0

This integral is straightforward. For example, wherp =1, we get

4+3In3 .

P> (1.56)

Lio=

I322

Substituting P into Equation (1.53) with P = LP, we get for generap > 2
(not necessarily an integer),

R
Lo = 2402 2+2t%)2 dt
2?7 @4+pEB+pR+p

(1.57)

Normalising the result, we get in an equilateral triangle with unit area,

R p=2
(p) 241 A (1 t+ t2 dt
W)= b2 o )% 1sg
(vol, T, )P=2 4+ p)@B+ P2+ p

For example, pluggingp = 1, we obtain for the mean distance between two
random points in the unit equilateral triangle,

4+3In3
v (T,) = W% 0:554364 (1.59)

Note that, in the equilateral triangle with unit side-length, we have

4+3In3.

5 (1.60)

. L2oji=P3
LZZJ|=1 = zﬂli 2 =

Distance density

The density f »,( ) of the random distancel. between two interior points inT, can

be recovered from moments using inverse Mellin transform (see appendix A.5).

It is convenient to rst rescale our triangle so its side-length is one (and hence
2 (0;1)). Rescaled Equation (1.57) yields

R _
SPRERT LS (S
L (4+pEB+p2+p

(1.61)
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Taking the inverse Mellin transform, we get, formally,

"7, . 4
f22( ) =241 1| 2| 3 ( 1 t+ t2) dt (162)
0
From Table A.5 (see Appendix A),
_ ( )P
11203 ( )= T1< ; (1.63)

via which we can deduce

2P e

f22( ): 12 (1 t + tz)z

1_Proe dt (1.64)

Note that sincet 2 (0;1), we havep 1 t+t22 (IO 3=2;1) and thus we can write

1. Pre=1 1 Pree=1 1 Pyl Ps. Hence,
2
2P
f =12 dt
22( ) 0 (1 t+ t2)2
" # (1.65)

2P ey

12
0 (1 t+1t?)?

1 . Prpedt 1 Py

N}
o

p_
To calculate the integrals, we substitutet = 1+ —2tan , by symmetry,

2 3
p—Z 3 2 P Zarccosi—§ 2
fn()=16 3 1 2#2 dt 16 34 1 2% “dt51 ey
0 0 2
(1.66)
and hence, immediately, we nally get for the density on 2 (0; 1),
h ) i
fzz( ) =8 P*é 1+ ZT 4 1 7
p (1.67)

w|

_4q P
+8 33 4% 1 21+27 arccos,® 1y

N

1.3.2 Square

Let us have a bivariate symmetric homogeneous function&l of order p depen-
dent on two random points picked fromK being a square. That is,K = C,
with vertices V4[0; 0], V,[1;0], Vs[1; 1], V4[0; 1] and edges connecting thent 15,
Eos, Eazs, Ear (Ej = ViV,). Note that the edge length isa = 1 and the area
volK =1 so the mean ofP is already normalised. We putP = LP. For the
de nition of various mean valuesP,, = L;Ft’,) see Figure 1.3. We also included
the position of the scaling pointC in cases reduction is possible. The arrows
indicate which con gurations reduce to which. Each arrow is labeled by a roman
numeral corresponding to a given reduction equation in the system of reduction
equations.
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Figure 1.3: All di erent Lg'f)) con gurations encountered for K being a square

Reduction system

The full system obtained by CRT is

|2 pP2 =2 2(Pa  Pa2)

Il 2 pPay =2(P1x Pa1) +1(P2o  P2i);
I pPyp =2(P1p  Pao)
IV 1 pPuy =2(P1o P1ay)

with
P11 = %Pllv + %Pnr:
By the use of symmetry, the terms can be given as follow®,, = Pxk , P21 =

Pke i P20 = Pkva;Piv = Peges Pir = PeyesniPio = Pywe,. Our linear
system is solved by

16P1, 4Pq4,

"2 Ui pBrpErp | GrpEF P

(1.68)

The remaining con gurations (10) and (11r) are irreducible (no scaling point
available).

I:)10

In con guration (10), one point is drawn uniformly from an edge o€, while the
other is xed at one of the opposite vertices. We can parametrise the points as

X =[0;1 t];Y =[1;1] t2(0;1) (1.69)

and thus forP = LP,

z 1
L = E[KX  YKP]= i 1+ t3)P2 dt: (1.70)

For example, whenp = 1, we get
Lio = P + ;argsinh(1) (1.71)
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P 11r

In con guration (11r), one point is drawn uniformly from an edge ofC, while
the other is drawn from the opposite edge (Those edges are denoteddaand B
in Figure 1.3). We can parametrise the points as

X =[0;x[Y =[1;y,  x2(0;1);y2 (0;1) (1.72)
and thus for P = LP, using this parametrization,
VA 1Z 1

L) = E[KX  YKP]= NCEC y)?)P2 dxdy: (1.73)

Via the change of variabless = x y;v =y and integrating out v,we get

@ 51 - o 2872
L =2 @ u@+ ud)P?du=2LFH —=: (1.74)
0 p+2
For example, whenp = 1, we get
> P35 :
Ly = 3 3 + argsinh(1): (1.75)

I:)22

Substituting P19 and Py, into Equation (1.68) with P = LP, we get for general
p > 2 (not necessarily an integer),

p R
81 22*1) , 8 o(1+ t?)P=2dt

(p) — 1 _
W Le = GG e e T GrRE P

(1.76)

Plugging p = 1, we obtain for the mean distance between two random points in
the unit square,
> P34
Vi(C) = L= 1e* 15 * gar0sinh(l) 0:5214054331647207 (L.77)

Distance density

The densityf,,( ) of the random distance. between two interior points inC, can
be recovered from moments using inverse Mellin transform (see appendix A.5).
By Equation (1.76), we have

p+l R, B 1
_ (1 _ 81 22) 8 f(1+t3) 7z dt
M [f22] = |_22 = + :
B+p+pl+p (E+pd+p
Taking the inverse Mellin transform, we get, formally,
" . "7, ; "
foa( )=811l2l3 (1) 2( 3) +8l4l; ( 1+ t2)dt (1.79)
0

(1.78)
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Chapter 1. Crofton Reduction Technique

From Table A.5 (see Appendix A),

2
|1|2( ): 3( )1< , |1|2|3( ): (24)1< X (180)
via which we can deduce
P
P_ 21515 ¢2
fo(()=4 (1 )*1c1 2( 2 )°+8 @+ oy Le Predt (181)

Hence,f,( ) is gonzero only when 2 (0; P 2). Note that sincet 2 (0; 1), we can
write for 2 (0; 2)that 1 _Pz=1 1 P=1 1 Pyl 4. Similarly,
wewritel. ;=1 1 4 andthus

. 2. Pre
fa()=4 @ 7 22 yes ol
0 =
) z,P 1+ # (1.82)
4@ s et Pwedt bow
To calculate the integrals, we substitutet = tan ,
P Z =4
fo()=4 (1 ) 2( 2 )*+8 a cos )d
" 0
Z arccos(1= ) # (1'83)
4 (1 )*>+8 (1 cos)d 1 ;

0

and hence, immediately, we nally get for the density on 2 (0; P 2),

h
fao( )=2  2(4 )2 4 ( 17 P 7 T+2arccos L 1 1: (1.84)

1.3.3 Disk

Consider a bivariate symmetric homogeneous function& of order p dependent
on two random points picked uniformly from the unit diskB, = fx 2 R? j kxk

1g with areavol, B, = . Additionally, we require P to be rotationally symmetric
with respect to the origin. That is, for anyx;y 2 B, and any orthogonal matrix
R we haveP(Rx;Ry) = P(x;y). This assumption is satis ed by the choice
P = LP (which is implicitly assumed in this section). Table 1.9 below shows

various explicit ng) distance moments for selected's (from Equation (1.93)).

4 N\

1 0 1 2 3 4 5 6 7 8 9 10
Ly L2 g vy g oy 12 e e g oy

16 1 128 1 2048

128 16384 7 524288 42 4194304 22
3 45

5
525 3 2205 2 31185 ) 99099

Table 1.9: Mean distance momentsL(zpz) between two random points in B,
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1.3. Bivariate functionals in two dimensions

Reduction system

According to our convention, we write
Pap= E[P(X;Y)jX Unif(A);Y  Unif(B)]; (1.85)

wherea = dim A, b=dim B and the concrete selection of; B is deduced from

the reduction diagram in Figure 1.4 below. In this diagram, we also included the
position of the scaling pointC in cases reduction is possible. The arrows indicate
which con gurations reduce to which. Each arrow is labeled by a roman numeral
corresponding to a given reduction equation in the system of reduction equations.

Figure 1.4. All dierent P4, sub-con gurations in B,

Reduction system
The full system obtained by CRT is
| : pP22 =2 2(P21 I:)22)
I P21 = on:
I pPyp =2(P1o  Pao);

where the equationll follows from the rotational symmetry of P. The solution
of our system is

8P10

S @rperp (1.86)

22

I:)10

In con guration (10), one point X is drawn uniformly from the boundary @3,
while the otherY is xed at the boundary. Keep in mind that P, is de ned via
generalization of Remark 9 as a mean weighted by the support function

1 z

Po= -~
10 2VO|2 B, @

P(x;y)hy(x) 1(dx); (1.87)

where the support functionhy (x) of B, evaluated inx and centered aty 2 @3,
(arbitrary xed point) is given explicitly [69, p. 58] as

hy(x) = 1kx yk*: (1.88)
Parametrising the integral using polar coordinates with their center located at,

X =[2sin' cos; 2sirf' +1];y =[0; 1], ' 2[0; ): (1.89)

40



Chapter 1. Crofton Reduction Technique

We havedx = 2(cos(2 );sin(2 ))d' and hence, for the uniform measure o@,
1(dx) = kdxk = 2d" (1.90)

Next, note that kx yk =2sin' and thus hy(x) = 2sin?' . Furthermore, since
P = LP, we get

P(x;y)= kx ykP=(2sin")P: (1.91)
Overall, putting everything together and by using symmetry in' , we get
Z =3
L = EKX  YKP]= 1 (2sin' )2*P d" (1.92)
0

F)22

Substituting P into Equation (1.86) with P = LP, we get for generap > 2
(not necessarily an integer),

~e in' w ! + +
@_ 80 (2sin' )?Pd _ (4+p)d+p!_ 2P0 (PP)

LS Gy pe . (2437 - @rp@rperp &%)

Plugging p = 1, the mean distance between two random points in the unit disk
in various con gurations is shown in Table 1.10.

L Loz L2 Lio

128 32 32 16

45 9 9 3

Table 1.10: Mean distance inB; in various con gurations

Note that L, can be normalised to the rst metric moment as

L, 128

VB, = pZ = 155z 0510826 (1.94)

Distance density

The densityf,,( ) of the random distancel between two interior points inB, can
be recovered from moments using inverse Mellin transform (see appendix A.5).
By Equation (1.93), we have

R_
8, (2sin' )P d

-1 D
Taking the inverse Mellin transform, we get, formally,
8 'z #
foo( )= —11l3 (2sin' )? ( 2sin" ) d' (1.96)
0
From Table A.5 (see Appendix A),
s ()= 5502 A1l (1.97)
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1.3. Bivariate functionals in two dimensions

via which we can deduce

f22( ): m 1< 2sin’ d: (1-98)

This integral is trivial, we obtain that 2 (0;2) and we have there

fo( )= % arccos; 5 1 — (1.99)

1.3.4 General regular polygons

Let K be a regularn-sided polygon 6 3) with vertices V; = [cos%;sin% :
wherei =0;1;2;:::;n 1, sothe polygon is circumscribed by a circle with radius
one. For edges, we writde; = V;Vi,; with convention V, = V,. Note that for
the area, we havevolK = %sin% and for edge lengthl = vol E; = 2sin -. Let
P = LP, then P is symmetric and homogenous of ordgx. In order to expressPs,,
we again use the Crofton Reduction technique. First, we seleCt=[0; 0] as our
rst scaling point. That way, pP., = 4(P2;  P2), whereP,; is a con guration
with A = K and B is an (arbitrary) edge ofK, we thus chooseB = Ey. Our
next scaling point isC = Vy =[1;0], we havepP,; = 2(P1;  P21) + (P  P11).
So far,

P, = 4(2P11 + Pyo)
22

~ (4+p@B+p’ (1.100)

where Py, = Pky, and

|
2 X2 0 i+1)
Pi1= —sec — sin — sin ( )
n n . n

PEiEo: (1101)

The last relation follows from Crofton Reduction Technique and De nition 8 with
he (@K ) = 2sin L sin*2 'where @ = E; with outer normal orientation. To
reduceP,y, we chooseC = V, and getpPyy = 2(P1p  P»), Where (the weights

are the same)

|
2 X2 0 i+1)
Py = —sec — sin — sin ( )
n n . n

PEiVo: (1102)

Finally, we can also reducePg g, into linear combination of Pg,g,. However,
the reduction is dependent on whethen is even or odd. Formally, let us write
PPee, = 2(Pe,@g Pgg,) regardless of parity o, so overall

16 sec (=n) X2 i (i+1)! :
@+ PG+ PE P 0 S PEeRT Pew):
(1.103)

22 —
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Chapter 1. Crofton Reduction Technique

Irreducible terms

First, we shall compute the irreducible term<Pg,,. These terms can be written
as an integral over all pointsX selected uniformly fromE;. A natural parametri-
sation is of courseX = V; + s(Vis1 Vi), s2 (0;1). Thus
yA
1-1
PEiVo = T k\/, + S(\/i+1 \/|) Vokp ds: (1104)
0

However, we may parametris& in polar coordinates centered inV, instead. Let
us writer(* ) = kX ok for X 2 Ej, given that X Vo points in the direction

of the polar angle' . Note that the polar angle of vertexV; is'; = 5 + .
Straightforward calculation reveals that
!
(i+1) 2i  n' +

r¢ )=2sin IF sin sec — (1.105)

and
r

2 . . o
ds= r( )2+ & “d =2sin L sin 1 ge@¢ ZLT* gt (1.106)
Therefore,

. o - R .
Pe,v, = 2Psint*P L sintP (D cge _ U inge@tP 2Lt gt (1.107)

Using reparametrisation(2i n'" + )=n= , we get

. _— - R (i41) =
Pev, = 2Psint*P L sint*p (D cge 7 UM eg@tp g (1.108)

i=n

By de nition and contrary to its usual meaning, we putPg,y, = Pg,v, = 0.

Odd number of sides

If nis odd, we select for all the foIIowinghscaIing point .
. . . |
Ci = A(Ei))\A (Eg)=cos - sec - cos - ;gin (1) (1.109)

n

from which

Peos = 2¢sC - sec & sin "D poy o osin 0D poy, o (1.110)

We can simplify Equation (1.103) in the following way: Note that, rotatingK

by 2 =n, we see thatPg,y, = Pg, ,v,, using which we can deduce, after splitting
and then by shifting the summation fromi toi +1,

16sec(=n) X 2 sir? (i=n )sin?( (i +1)=n)
n@4+ p)3+ p)(2+ p) -, cos(i=n)cos( (i+1)=n)

P22 -

PEiVo; (1111)

from which immediately in total, for odd n andp > 2 arbitrary,

2**Psec() csc(-) X 2sin®*P(L) sin3*P(-*1y z “";li:s@w q-
n(@4+p)E+p)(2+p) iy cosf)cos*) L '
(1.112)

P2y =
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1.3. Bivariate functionals in two dimensions

Even number of sides

If nis even, thenPg__,g, is irreducible sinceE, and E,-, are parallel and we
need two parameters to describe the position of points which are drawn from
those sides. Nevertheless, we can always integrate out one of the parameters (or
use the overlap formula, and adaption of Proposition 27 from the next section in
two dimensions) to deduce that
121 DY
Peeo = (P41 xjdx; (1.113)

|

. . I R

whereh = 2 cos(=n) is the separation betweelk -, and E,. Identifying Il (',(h2+
x?)P=2 dx asPe, _,v, and solving the remaining integral, we get

2@l csé -

1 cogtP — 1.114
24 p - ( )

PEnzon =2 PEnZZVo

The Equation (1.103) is still valid provided we treatPg__,gg Only formally as
the solution of the equationpPs _,e, = 2(Pg,.,es PE,.,E,). Thatis,

Pe,,o8 = 52Pe, 5, =2+ pPLe,_,vo 2Pcs@ - 1 cos*P — : (1.115)

Exploiting symmetriesPg,y, = Pe, . ,v, and Pg,@g = P&, ,@g and and shifting
il i+1, we getfrom Equation (1.103) for any evem andp > 2,

= 32sec - 5 5 E
= — +p+ —
25 NG p@ErpErp on o Pl g Feeaw
n |
[ ? 2 - 2 -: - 2 - : -
pc.Of(n) 1 codP _ sin (? n)sin-( §|+1) n) -
sin“(;) n i=; cos(i=n)cos( (i+1)=n)
(1.116)

Arbitrary number of sides

Alternatively, if we rede ne Pg, gg to be equal tolimy, | Pg, @5, Where

Pe.@s = sCsc - sec X sin X pp o osin &0 pe
(1.117)
and
! z
. X . Xx+1 (x+1) =n
Pe,v, = 2Psint*P = sint*P x+1) csc — cs¢? d
n n n X=n
(1.118)

for x 2 R. One can show, by taking the limit, that we get the same expression for
Pe,_,v, Whenn is even. Thus, using this rede nition ofPg, @g, Equation (1.103)
is valid for n 3 regardless oh being even or odd.
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Chapter 1. Crofton Reduction Technique

Even moments

Let us brie y discuss the case of even moments. Uwe Basel [4] found the values
of L® for p=2 and p = 4, namely

1 2 1 2 4
LY =3 2+cos™ ;LY=o 77+64cos —+9cos— : (L.119)

Using Equation (1.103) with rede nition Pg, g@g = lim x1 i Pe, @5, We can rederive
those formulae easily. For example, whep= 2, we get from Equation (1.118),

@ 25,1002 062X cos? XD
LE. v, 3 3cos cos = cos - (2.120)

and from Equation (1.117), after simpli cations,

2 2 (i 1 2i 2 (i+1
L oe = =+ —CcoS— cosy ZCOS—I COSMZ (1.121)
Ei@k n n n n

Therefore, plugging those into Equation (1.103) wittp = 2,

!
2 _ 2sec(=n) X ? i (i +1)

. . 2
Ly = ———= sin — sin 7+3cos—
N e " ! (1.122)
2 (I 1 2i 2 (i+1
Zcos(ln) SCOSTI 3cos(|n) :

Finally, we can sum this series using CAS softward@thematica of Maple). As
a result, we are able to deduce the following simple formulae for higher even
moments (the formulae are valid fom 3 regardless oh being odd or even),

LY = r;O 628 + 661 cod- + 164 cost +17cos®- g2 (1.123)
LY = -1 4921+5936 cod +1974 cost +368 cost +31cost 18 4+ 2

(1.124)
LS = L. 30476 + 40162 cod- + 16072 cos’ + 4093 cos®-

(1.125)

+ 628 005— +45 005— 154% + 46? 2422

L% = i 15673314 + 21975552 cds + 10006023 coé- + 3122432 cod-

p_
+661402 co$- + 87296 cos'- + 5461 cosl2-  ZB4an 4 68an 1705 4 en

(1.126)
LS = S5k 15540360 + 22811745 cds + 11429660 coé- + 4126221 cos-
+1081192 cos- + 198713 cos2- + 23124 costz- + 1285 cosi-

384 3n 4 1816 4n 3057+331p 5 + 1len 7n -

143 1485 14256 sn 360 6487

(1.127)

where j is the Kronecker delta Based on the obtained results, we state the
following conjecture:
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1.3. Bivariate functionals in two dimensions

Conjecture 25. Let K be a regularn-sided polygon i 3) circumscribed by a
circle with unit radius. Then for p being a positive even integer,

%2 2i
L) = ap CoS Tj + Bp jn (1.128)
j=0
for some numbersa, andb.
Remark 26. Note that, sincen 3, the values oflyy, by, and by, are not given
uniquely as we can subtract them frong, 's.

Using Equation (1.103), we also found the following limit

4 .
D
nsin<-

lim 2+ pLY = (1.129)
p! 2¢

which is in agreement with general statement valid for any compact conve,
that

2
p!|“'2'+ (2+ plLz Vol K’ (1.130)

which is a special case of Corollary 299.1 wiith= 2.

Odd moments
Whenp= 1, we got
LD~ csc(2:n) n tant(an((l i+:rl1)):n); (1.131)
from which, immediately whenn is odd,
4sec(=n)csc(=n) X 2sir? (i=n)sin?( (i+1)=n) tan( (i +1)=n)
3n =y cos(i=n)cos( (i +1)=n) tan( i=n)
(1.132)

1) _
LY =

Limit behaviour for large number of sides

In order to extract the limiting properties of P,,, we let n go to in nity but at

the same time hold ; = i=n as xed. We denote" = 1=n. By Taylor Expansion
of Equation (1.108),
Pey,=2P 142790 1) 2B b GrpleosE ) gs@( ) sinP( )+ O("3);
(1.133)
from which
Peog =2° Y2+ p) 1 P2 @Rt Dese( ) sie( )+ O("Y):
(1.134)

All together, by Equation (1.103),

+ pn P s o4 " H 1
P = by (DS )+ S+ (s )

+225( 12 20+ PP+ (4+ PPCos@ )sin’( )+ O() :

(1.135)
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Chapter 1. Crofton Reduction Technique

Let f (x) be any su ciently smooth function. Note that for any n, again denoting

"=1=nand ;= i=n,
Z 1 |x ]_Z i+"
f(x) dx = f (x) dx; (1.136)
0 i=0 i
so by expandingf (x) into Taylor series aroundx = ; and integrating, we get
Z, X 1 "3 |
f (x)dx=" fCi)+ fo( )+ 0‘3 i)+ °°f’ i)+ f“‘)( )+ 0(")
0

i=0

(1.137)
Replacingf with f© f%and so on, we can, by linear combination, invert this
relation to

Z 1 n np2 n4g

K 1
i:Of( )=t éfo(x)+ 12ff’?x) 50 @ (x)+ O("%) dx; (1.138)

which is not surprising since it is essentially the Euler-Maclaurin formula. Since
our sums run fromlto n 2, so by subtracting terms withi =0 andi=n 1
to the right hand side and performing necessary Taylor expansions, we get

K 2 Z, "
" f()= f(x)dx  S(f(0)+3f (1)) 13 1))
=1 0 2 (1.139)

n3 n4

_fO N ) (3) n5y.
2f 1) + 72Of (0) +119f ©(1) + O("):

Therefore, summing Equation (1.135) using this relation, we get the following
formula [
_ p° 1 .
Ppo= 1 a2 + 0 v P2od; (1.140)

where
(p) A
Py = Loy = 0 1.141
WU @ep@rp’ T 2+8 D
is the mean distancg-th moment in a unit disk (Equation (1.93)). This approx-
imation is valid for all p> 2. Using the same technique, we are able to further
improve the estimate to
!

p?, p(8+1lp) * p(16+p@B+p 15%7)) ° 1
o T + +0 — Py
3nZz  180(1 +p)n* 1890(1 +p)n® n8

(1.142)
with the property that the expansion is valid forp > k  5if it is truncated at
1=nk term. The reason why the approximation is not correct there is becauge
is not su ciently smooth at the endpoints for low p. However, we can treat those
cases separately. Most notably, whep= 1, we got

P22 = 1

|
2 19 4 1
LY = 1 32t 3eqi T O s P (1.143)
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1.4. Bivariate functionals in three dimensions

1.4 Bivariate functionals in three dimensions

1.4.1 Ball

Consider a bivariate symmetric homogeneous function® of order p dependent
on two random points picked uniformly from the unit ballBz = fx 2 R3?j kxk

1g with volume vol; B; = 4 =3. Additionally, we require P to be rotationally
symmetric with respect to the origin. That is, for anyx;y 2 Bz and any orthog-
onal matrix R we haveP(Rx;Ry) = P(x;y). This assumption is satis ed by
the choiceP = LP (which is implicitly assumed in this section). Table 1.11 be-
low shows various expliciﬂ_(g‘%) distance moments for selected's (from Equation
(1.148)).

4 )

2 1 0 1 2 3 4 5 6 7 8 9
L Ly LY LY LY LY L2 LY LY LY LY LY

35 5 21 35 11 15 715 77 65

1 3 6 32 72 32 64 4608 768 1024

Al©
gllo

Table 1.11: Mean distance momentsL(3p3) between two random points in B3

Reduction system

According to our convention, we write
Psw= E[P(X;Y)jX Unif(A);Y  Unif(B)]; (1.144)

wherea = dim A, b=dim B and the concrete selection of; B is deduced from

the reduction diagram in Figure 1.5 below. In this diagram, we also included the
position of the scaling pointC in cases reduction is possible. The arrows indicate
which con gurations reduce to which. Each arrow is labeled by a roman numeral
corresponding to a given reduction equation in the system of reduction equations.

Figure 1.5 All dierent P4, sub-con gurations in Bs

The full system obtained by CRT is

| : pPss =2 3(Ps2 Ps3)
Il : Py = Pag:
I @ pPsg =3(P2  P30);

where the equationll follows from the rotational symmetry of P. The solution
of our system is
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Chapter 1. Crofton Reduction Technique

18P

= 6+ PGB+ p): (1.145)

33

PZO

In con guration (20), one point X is drawn uniformly from the boundary @z
while the otherY is xed at the boundary. Keep in mind that P,y is de ned via
generalization of Remark 9 as a mean weighted by the support function

1 z

= 3WLE. @SP(x;y)hy(x) 2(dx); (1.146)

P2o
where the support functionhy (x) of Bs evaluated inx and centered aty 2 @B;
(arbitrary xed point) is given explicitly as hy(x) = %kx yk?. Parametrising
the integral using spherical coordinate¢ ;' ) with their center located aty,

X =[2sin cos cos; 2sin cos sin'; 2cog +1]; 2 [0; =2);
y =[0; 1}, ' 200;2):

Note that kx yk =2cos andthushy(x) =2cos* . Furthermore, sinceP = LP,
we getP(x;y) = kx ykP = (2cos )P. The uniform measure on@3; is given
by ,(dx) = 4sin cos d d' . Alternatively, integrating out the axial angle '
(which P does not depend on), we get,(dx) =8 sin cos d . Overall,

VA =2 p+2

1 .
LP = E[kX  YKP]= 5, (2cos )¥*Psin d = i (1.147)

P33

Substituting P into Equation (1.145) with P = LP, we get for generap > 3
(not necessarily an integer),

Lo - 72 2

B Grp@GrpB* P (1.148)

Plugging p = 1, the mean distance between two random points in the unit disk
in various con gurations is shown in Table 1.12.

L33 L32 I—30 I—20

36 6
35 5

6 8
5 5

Table 1.12: Mean distance inBg3 in various con gurations

Note that L33 can be normalised to the rst metric moment as

S _
Lss _ 18,6
(B = g2 = 77 063807479 (1.149)

49



1.4. Bivariate functionals in three dimensions

Distance density

The densityf 33( ) of the random distancel between two interior points inB;z can
be recovered from moments using inverse Mellin transform (see appendix A.5).
By Equation (1.148), we have

p 1
MId = L6 = e e (1450
Taking the inverse Mellin transform, we get, formally,
fas( )=721,03l5 ( 2) (1.151)
From Table A.5 (see Appendix A), we immediately obtain
faa( )= & 22 )24+ )l (1.152)

Interestingly, this density function is much simpler thanf ,,( ) in the unit disk.

1.4.2 General and special polyhedra

If K = P3is a polyhedron, the following con gurations are irreducible irR3:

A is a polygon andB is a point

A and B are two skew line segments

A and B are two parallel polygons or one polygon and one line segment
parallel to it

N

PN

Polygon and a point

In the rst case, A is a polygon andB a point. Denote proj, () a perpendicular
projection onto A(A). Next, denoteh the distance betweerB and A(A). With
k= x proj, B wherex 2 A, we have that

Z

1 -
(M) — 2 4 K2)p=2
LR = oA A(h k?)P2 dk (1.153)

is expressible in terms of elementary functions. To see this, write ar@A;i =

vertices ofA is counterclockwise. Then, by inclusion/exclusion, and switching to
polar coordinates
1 x Z 1 % £ Z hi=cos

h2 k2 p=2 k = h2 2\p=2 1
VolA ., Ti( Hk)Td VolA ., i o (h"+ 17" drd
(1.154)

whereT; is a signed triangle whose one vertex is the poiproj B and the other
two vertices are the consecutive endpoints @@A. Rescaling the vectork by h,
we can rewrite each integral in the sum in a standard way
z
(h2+ kP2 dk = h#P 1P (hi=h; ) 18 (hi=h; ) (1.155)
Ti

(P —
Lag =

where ; and ; are their respective polar angles (in counterclockwise order) and
h; is the perpendicular distance fronproj B to @A. The polar angles are de ned
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Chapter 1. Crofton Reduction Technique

Figure 1.6: Point-polygon triangle decomposition

such that the closest point on the lineA(@A) from projB has its value equal

to zero, increasing in the clockwise direction (see Figure 1.6). The integral is
positive if the angle of consecutive vertices of the polygon increased and negative
if it decreased.

Summing all contributions, we nally get our point-polygon formula

L@ = TP 0 hah ) 19 (e ) (1.156)
VolA _;

Two skewed line segments

The second case is in fact equivalent with the rst. IfA and B are two skew line
segments, writeA B = fu vju2 A;v 2 Bg (which is a parallelogram). Then,
by shifting, we get for any homogeneouB, denoting O as the origin

Pas = Poa B (1.157)

So we can always reduce this problem to the polygon and a point problem treated
before.

Overlap formula

From now on, in case of no ambiguity, we often write simplproj instead ofproj,
for the perpendicular projection operator ontcA(A).

Proposition 27. Let A;B 2 P,(R®), a= 2, b2 f1;2g, such thatA(A) and
A(B) are parallel with perpendicular separation vectos having lengthh = ksk.

Let P(x;y) be homogeneous and lét be a vector lying in the projection plane
A(A), then

1 z z
Pre = - Aol P(x ) dxdy
voIAlvoIB S B (1159
= VOIAVOIB e (8t K)VOIAL (projB + k) dk:
R
Especially, forP = LP, we getl i3 = sakors re(nP+k?)P2volA\ (proj B + k) dk.
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1.4. Bivariate functionals in three dimensions

Figure 1.7: Overlap formula

Remark 28 Sincevol A\ (proj B + k) is a piece-wise polynomial function of
degree at most two on polygonal domains, the double integral is expressible
in terms of elementary functions for any integep > 3.

Proof. Let A;B  RY be compact domains with dimensiona and b, respectively,
and P be symmetric homogeneous functiondR? ! R of orderp > 3. Let
Ag(2) = A\ (B+2), c=max,,re dimAg(z) andC = fz 2 RYj dim Az (2) = cg.
Then, by substitution y = x + z and by Fubini's theorem,

1 zZ z 1 z
P(x y)dxdy= P(z)vol Ag(z) dz:

(1.159)

Pag =

volAvolB A B volAvolB c

When A; B are parallel ind = 3, the proposition follows.

De nition 29. An overlap diagramof A (face) andB (parallel face or edge)
consists of partitions ofR? into open subdomain; wherevol A\ (proj B + k)
can be expressed as a single polynomial function kn 2 R? of degree at
most two. SinceA and B are polygons or a polygon and golyline (a piece-
wise straight curve), respectively. These subdomaird; are also polygonal
(polylinial, respectively). When there is no ambiguity, we denote those sub-
domainsD; by numbers corresponding to the number of sides of the polygon
A\ (proj B + k) of intersection in caseB is a face, or the number of line segments
of the polyline A\ (proj B + k) of intersection whenB is an edge, respectively

Remark 30. For brevity, we often write volA\ projB + k as a shorthand for
volA\ (projB + k).

Auxiliary integrals

Apart from rotations and re ections, integrals encountered in this section have
the following form (h > 0)
z _
1P(h; 5 ) = L T0ay) Wy P2 dxdy: (1.160)
D(;

whereD( ; ) is thefundamental triangle domairwith vertices[0;0], [ ; O], [ ; tan ]
(> 00< < = 2 andf(x;y) is a polynomial inx and y of degree at most
two (quadratic in x and y). We can write f (X;y) = ago + ajoX + g1y + ayX? +
a;1Xy + agy?. Based onx andy terms, we have the following

(05 ) = acol & (i 5 )+ awl (N 3 )+ @l (hi )

(p) (p) (p) (1'161)
+ axly (hy )+ aulit'(h; 5 )+ aglg (hy ; ),
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Chapter 1. Crofton Reduction Technique

where Z

P )= XY ety T dxdy; (1.162)

The parameters of those integrals are not optimal. We only need to consider the
caseh = 1. To see this, denote

Z —
P )= 1P@as )= XY ey " dxdy:  (1.163)

By scalingx! hx,y! hy, we can write

|i§p>(h; © )= h2+p+i+1|i§p)( =h; ): (1.164)

Thus, with q= =h,

(p) 2+h (p) (p) (p)
Ifm:)=hp%mMm)+%m£w)+%m£mq
+ aph? ) (q; )+ anh?1(q; ) + aph® $(q; )
(p)

(1.165)

Selected values of the auxiliary integral$;™ (q; ) and the methods how we can
derive them are found in Appendix F.

|

General polyhedra

r

\

the edges and faces &f, respectively, and leP : R RY! R be symmetric
and homogeneous of ordgy > 3. Then

|
2 X X '
PrroWrFot  Pke,Wke; (1.166)

Pk = o
T 6+ PGP o j

with weightsw,g (independent onP and p) given as follows: We xC any
point in R3, Cy any point on A(F) and D; any point on A(E;). Denote
Fi(): Froj) the two faces on which lies the edds, then

vol Fy vol Fyo

WFFo = #(hc(Fk)hck(FkO)"' he (Fro)he o(Fx)); (1.167)
vol K vol E;

Wke; = TKJ hc (Fig))he, g, (Dj) + he (Fiegy)he,q,,(Dj) © (1.168)

J

Proof. Use the Crofton Reduction Technique twice.

Remark 32 Note that the weights are not unique as they depend on the
position of scaling points.

Remark 33. Note that if P = LP and for any polyhedronK , all terms Pag in

Equation (1.166) are either further reducible oA and B are parallel. In both

cases, we can expre pé in terms of auxiliary integrals. Theorem 23 follows.

Nonparallel polyhedra

For polyhedra which have some special properties, we are able to further reduce
Theorem 31 above.
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1.4. Bivariate functionals in three dimensions

De nition 34. Let P (R®) denote the set of all polyhedra having the property
that a ne hulls of any of its three faces of meet at a single point. We call them
nonparallel polyhedra . Also, we denoteP,.(R®) a subset of those which
are convex.

tively, and P be symmetric and homogeneous of ordpr> 3. Then
!

12 X
Pk = 6+ PG+ D@+ PE+ P Pv.r Wy, F, + ” P, E;oWE| Ejo
Vi 2A (Fy) A(E)A (Ejo)=;
(2.169)

for some weightsvag which are independent orP and p.

Proof. Since no pair of faces nor edges are parallel, we can further redéfger
and Pgg, from Theorem 31 twice. The weights are easily computable by choosing
appropriate scaling points. Note that again the weights are not unique and de-
pend on the selection of those scaling points. For example, @€t2 A (FK)\A (Fo),
k <k® Then by CRT, we get
2
PFkao = 4+ p

Note that both Pggr,, and Pk, a@r, are expressible as some linear combination
of Pg,r, with A(E;)\A (Fx). Finally, we can reduce even this term. LeC°2
A(E)\A (Fy), then

P@EFko+ PFk@EO . (1170)

1
2+p

which in turn is expressible as a linear combination oy, and Pg g, with
Vi ZA (Fx) and A(Ej)\A (Eio) = ;. The reduction of termsPyg, is similar.

(Pegr, + 2Pk k) (1.171)

PEiFk =

Nonparallel convex polyhedra

In the case of convex nonparallel polyhedra, we can nd very simple relations for
weightswug . First, we start with a known formula (a special case of Proposition

298 with d = 3 and the factor of2 absorbed into integration over the whole sphere

$? rather than the half-sphereS?)

Lemma 36. Let K be a convex and compact set iR® and P symmetric
homogeneous of ordep > 3, then

1=vol’k % %

S @G o a LVOL( A K)*P dydh; (1.172)

PKK

where the integration in carrieg over all directionsh on the unit sphereS?
with surface measuralf having ¢ dff =4 and over all pointsy on planefi,
passing through the origin and being perpendicular fo Finally, vol;( \ K)
denotes the length of the intersection df and the line passing through
point y in the direction of unit vector fi.

. J
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Chapter 1. Crofton Reduction Technique

Corollary 36.1. By Fubini's theorem,
z

im (3+ )Pk = P(f) dh (1.173)
p! *

volK <
Remark 37. Similar formulae as the Lemma above are available in higher
dimensions as well and can be deduced from Blaschke-Petkantschin formula
(see Appendix B).

{ '

Theorem 38. Let K 2 P .(R® and V;; Ej; Fx; P;wag be de ned exactly
as in Theorem 35. Denotehy the distance betweeV, and A(Fy), similarly
denotehj; o the distance betwee® and A(E; Ejo) and j; o the angle between
E; and E;o (on the same plane under perpendicular projection). Then

12=vol K X
P = Py = nv.r vol Feh:
T E+pG+p@E+pB+p RCTETK
WEA B ! (1.174)
X ) '
. O Pg, E,oNg E,0 VOI Ej VOl Ejohjj osin jjo ;
A(E; )\; (Ej0)=;

with weightsnag satisfying the following projection relation: Choose a di
rection i and project K onto a plane perpendicular to it. Then the weightg
corresponding to vertex-face pairs which overlap and to pairs of edges whjch
cross add up to one. Symbolically,

X X
1= Nvir Inovie, + Ng, Ejolfthj Ejo» (1.175)
ik j<j ©
Vi 2A (Fk) A(Ej )<AJ (Ejo)=;

wherely,ag = 1 if there are points x 2 A;y 2 B such thatx vy is parallel
with fi, otherwise 1y, = 0. On top of that, the extreme case where ong
of the points x;y lies on the boundary ofA or B leaves the valu€ly,ap
unde ned.

\ J

Proof. The key observation is that the weights are independent of the choice of
the function P as long it is symmetric and homogeneous. L&t> 0 be small and

fi be a xed unit vector, .= "2+ O("4) then denotes a solid angle with apex
half angle equal to". We de ne R ("; fi; x;y) = kx ykP if the angle betweerh
and x vy is smaller than" and zero otherwise. Alternatively, denoteC(";V;f)

a double-cone region whose vertex 6, apex angle2" and the axis has direction

fi. Then for any domainsA and B,
zZ z zZ z

R® (" ) = RP (" f:x;y) dy dx = kx ykP dy dx: (1.176)
A B A B\ C("x;Mh)
Note that R is symmetric and homogeneous ir; y of orderp. Hence, by Lemma
36,

O (1.177)

z
. 1 3
(P) (m. o= R I p —
IO!I|m3+ B+ p Rk (") volK ("; ;N dh 7o
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1.4. Bivariate functionals in three dimensions

On the other hand, via Theorem 35,
!

. . X ., X .,
Jim @+ pRE (M =2 REACTMWr + REE (MW,

" 0
Vigpl\(Fk) A(Ej)\A (Ejo)=;

(1.178)

We are able to expresﬁ%ﬁ,i ,:33("; fA) and R(EJ_ ?jo("; fA) in the following way:

" l/nZV-F 3 " 11‘12E' E.o

R(s) ";h - i k+on4; R() n;h — | i +O"4.
vr 0= 35 Fihic (5 Ree (M) = 0 E; vol Ejoh;; osin o ™)
(1.179)

We will prove only the rst equality as the other one is get simply by shifting
(edge-edge con guration is equivalent to vertex-face con guration by means of
Equation (1.157)). LetV; Z A (Fy) for some (polygonal) facd~, and vertex V.
We denote byr the distance betweerV; and the point of intersection ofA (Fy)
and the line passing through the vertex/; in the direction of i. Note that the
perpendicular distancehy betweenV; and A (F) is independent on the direction
of fi. Since" is small, we can write

z
1 rPvolFe \ C(";Vi;h)

——  RP" A x V) dx =

VolFy F, ("5 Aix; Vi) dx vol Fy

+0(")

(1.180)
Assumingf 2 V,Fy, the point of intersection lies in the interior ofF,. Hence, for
su ciently small ", we get thatV;\ C("; V;; ) is an ellipse with area

RPE () =

or3
+

volVi\ C(";Vi;f) = lhovir, H o("% (1.181)
ik
Hence
R(p) ("- h) - 1 z R(p)("- hXV) dx = r&e . rl'l’\‘ZViFk + O(n4) (1 182)
ViFict - vol Fr Fe A - vol Fkhik ’
whenp = 3, the dependency orr vanishes. Finally, comparing this relation

with Equation (1.177), we get the equation for weights

1 _ X Wurdnewr X WeiEoln2eiEo g g
volK . vol Fchig i<j o vol E; vol Ejohjj osin jj 0
Vi 2A (Fy) A(E))\A (Ejo)=;

valid for any f for which all the valuesly,5g are well de ned. Lastly, de ning
auxiliary weight nag via

vol Fkhik Ny, F, vol Ej vol Ej Ohjj OnEj E. o sin ji ©
Wy g = ——————; WE E., = ‘ ;o (1.184
ViF vol K FiEj0 vol K ( )
we get
X X

1= Nvir Inovie, Ng g oln2g E ol (1.185)

ik j<j ©

Vi2A (Fx) A(Ej )\JAJ (Ej0)=;

This constrain alone enables us to determine admissible weights for any convex
nonparallel polyhedron via set of linear equations got by varying the direction of
f.
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Chapter 1. Crofton Reduction Technique

Tetrahedron

As an example, we express the random distance moments in the case of a tetra-
hedron. There are two possible ways how a planar projection of a tetrahedron
could look like (almost surely) with respect to the number of intersecting pairs
of edges and vertices/faces in the projection (see Figure 1.8).

Figure 1.8: Tetrahedron projection orientations

In the rst case, one vertex covers one face. There are no other vertex/face
nor edge/edge coverings. Similarly, in the second case, one edge is covered by
another edge. There are again no other coverings. Thus, in order to satisfy
Equation (1.175), we can simply choosBy,r, = N, Eo=1 for each vertexV;,
faceFy and edgesE;; Ejo. Hence, by Theorem 38,

12=vol K X
P = P i vol Fkh'k
T E+pGE+PE+PEEY o, !
Vi 2A (Fy) | (1 186)
X _ .
+ Pe, ;0 VOI Ej VOIEjohjjosin jjo :
o
A(Ej )\JAJ (Ejo)=:

Regular polyhedra

To apply our general method, we shall derive the mean distance in all ve regular
polyhedra (also known as Platonic solids). Among those solids, only the tetra-
hedron is nonparallel convex, so Theorem 38 applies here. Hence, we used this
theorem to nd the mean distance in a general (possibly irregular) tetrahedron. In
the following sections, we calculate the mean distance in all other Platonic solids
(including the regular tetrahedron again). Since they are an example of parallel
polyhedra, we cannot use Theorem 38 due to presence of irreducible con gura-
tions of type face-face and edge-face. However, we can still calculate the mean
distance. The calculation relies the Overlap formula as well as the symmetries
of those regular polyhedra which drastically reduce the number of con gurations
needed to be considered. Throughout this section, we denotehe area of (any)
face ofK and | the length (any) of its edge. Tpese values makes sense because

K is a regular polyhedron. Furthermore, = 1+2 > is the Golden ratio.

1.4.3 Regular tetrahedron

Let us haveP bivariate symmetric homogeneous of ordgp dependent on two
random points picked fromK a regular tetrahedron given by vertices/;1[1; 0; 0],
V2[O, 1; 0], V3[0, o) l], V4[l, 1; 1], edgeS ConneCting then’Elz, E13, Eq4, E23, E-4,
Es (Ej = ViV;; wherej 6 j) and with opposite facesFy, F», F3, F4. Note that
the edge length isa= = 2 and the volumevolK = 1=3, so if we want to express
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1.4. Bivariate functionals in three dimensions

the mean ofP in a tetrahedron of unit volume, we must multiply all our results

by 3°=. We put P = LP. For the de nition of various mean valuesP,, = L;‘k’]),

see Figure 1.9. We also included the position of the scaling poi6t in cases
reduction is possible. The arrows indicate which con gurations reduce to which.

Figure 1.9: All di erent Lg%) con gurations encountered for K being a regular tetra-
hedron

Based on CRT, let us write our reduction system of equations:
PP33 = 6(P32  Psa)
PP3; = 3(P22  P32) +2(Ps;  Psp)
PP22 = 4(P21  Pa2)
PP31 = 3(P21  Pa1) +1(P3p  Pai)
PPo; = 2(P1;  P21) +1(P2o  P21)
PPs0 = 3(P2o  Pao);
where P33 = Pk and by symmetry, we can putPs; = Pkg,; P31 = Pke,,; P30 =

PKV1; P22 = PFle; P21 = PF4V14; P20 = PF4V4; Pll = PE12E34- This linear System
has a solution

72(3P11 + 2P3)

S G PG PGB (1.187)

33

To demonstrate our technique for irreducible con gurations, we derive the value
of L33. That means, we choos® = LP with p=1.

L 20

Y Y

By (1.156), by symmetry and usingvol F, = P 3=2h,;=1= 6,h=2= 3
!

+ P35
Py LP, = 6h*P o 2.
FaVa ™ volF, ®© 43

(1.188)

Using the recursion relations,

S s
w2 1

23 15 o7 L arcsin §+ —6[%25 argsinhp=; (1.189)
00 43 - 16 2 9 3 3 9 2 g pé, .
q

so, further usingarcsin  2=3 = arctan P 2 and argsinh(lzIO 3)=2In3,

p_
2 32 32 P—- 25In3

Lypg= — —+ — t 2+ —: 1.1

20 3 >7 9 arctan +18 5 (1.190)
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Chapter 1. Crofton Reduction Technique

I—11

By shifting (1.157), we getL,; = Lag, WhereB is the origin and A is a paral-
lelogram with vertices[1;0; 1];[0;1; 1],[ 1;0; 1], [0; 1; 1]. Therefore, by
the point-polygon formula (1.156) withh =1 and volA = 2,

p_ !
8y 2
LT olA' % 2y (1.191)
where by recurrences,
Ps 1 1 1 7 1
W % = _p_  —+ Zarcsinp= + — argsinhp—: 1.192
© 2'4 62 12 3 3 1202°9 3 ( )
. Pz P~ . P
Hence, writingarcsin 1= 3 = 5 arctan 2 and argsinh(l= 3) = 5In3,
P3 4 P~ 7In3
Lpn= —+ = = 2+ P=: 1.1
11 3 T3 3arctan ﬁ (2.193)

L33

Substituting Lo and L, into Equation (1.187) with P = LP and p =1, we get,
nally

pé 37 4 P- 113In3
——+ —arctan 2+ —:

3
= — + =
L33 35(3|-11 2L 20) 7 317 15 40%21 >

Or, re-scaling to the unit volume tetrahedron,

p_ !
W,y Rz 2 37 4 P~ 113In3 _

=3 2 >l L 2 octan 2+ 'S 0:72946242 (1.194
Vi~ (Ts) 7 315 1src@n 210 2 2 (1.194)

which is anexact expression of an approximation given by Weisstein [75]. Simi-
larly, we would proceed in the case of the second moment:

VP (To) = ﬁ%@: (1.195)
A!ternatively, Wepcian express the result as the nor_malis%j_mean distancex .
SinceVy(K) =3 2arccos 3 = (see Table 1.4 witha= " 2), we have
CLs ? 3+ %arctanp§+%j§%3 _
K= K 3n§arccos : 0:19601928 (1.196)

Of course, using the reduction technique, we could get other moments (replacing
11" by 1{” integrals), and even for a general edge-length tetrahedron.
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1.4. Bivariate functionals in three dimensions

General moments

It is convenient to express our distance momentsyy in regular tetrahedron with
edge-lengtha = 1. These moments are deduced from our previous formulae via
rescaling by2 P, By Equation (1.187) and by rescaling,

p

P B P _
L® 1E72(Pyu+2Py) 72125 10 Fia + % 5% 2
a1 (6+p)(5+ P@E+PE+P) 6+ P+ P4+ p)E+p)
(1.197)
Writing out the auxiliary integrals Ic(,B) explicitly, we get
© - 24 g 1732 2°%
P 2+ p)(3+ p)(4+ )5+ P)(6+ P) 2733 L 1108
1 gz 7 1 , %+l , p- 2 gz 3 1 \ %+1 , .
+36 = 1+1seé d +32 3 = 1+1seé d
2 o 3 o
Density

The density can be recovered from moments using inverse Mellin transform (see
appendix A.5). For the densityf33( ) of the random distance between two points
in a tetrahedron with unit edge-lengtha = 1, we have by Equation (1.198)

24 1% 32 2%
M f =L(p 1) = 9 - "~ -
RS T e e p@r e T 2 T3
P 7 P 7
1 a p+l _ 2 = p+1
+36 17 T1elsedr d +32°3 2 7 “1elsed ‘d
2 0 3 0
(1.199)
Taking the inverse Mellin transform, we get, formally,
97 32 a5
fas( ) =2411l2l3l4ls 9 ( 3) %( %)
Z_ .9
+36 " 1+1sed’ I 1+ise¢' d (1.200)
0 7 #
P35 = 1 ' g Eq 1 ' '
+32 3 " 1+1iseé 2 1+lse@¢' d
0
From Table A.5 (see Appendix A),
_ A
I 115l 3l 4l 5 ( )= —ope L (1.201)
via which we can deduce for 2 (0; 1) that
_ 4 p- q— 4
fas( )= 72 3 1_Py 36 3 % 1_P
2 3
Z O p _ 14
+72 T@ ¢l A1 pa d
0 1+ %Se@' < pg 1+Se°2% (1202)
0 7z 0 q 3 14
+48°3 @ g—2 A1 pd——d
0 1+ lgee’ < § l+gsed
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o -9 —— 94— . .
Substituting | = 1 1+ 1seé' andl= £ 1+ 1seé@' respectively, by in-
clusion/exclusion and after some simpli cations, we get

f 3a( )=24p§ 2 773 %4144 2+  Zarctan 2 4 6 64573
q T 4 p_ q 5 4
+72 > 1>q1+36 3 3 1>q2
2 3
z 2 4
1 e, 144 (517 3)( _ ) di

> Pap 3212 1)312 2) 42 3
(1.203)

Calculating the remaining integral is not hard. We got for all 2 (0;1),

P, p

72p§ 34144 2+ Qarctanpé 4 6 6+5p§ g
q_— 4 _q 4
+72 : 1 a_+36 "3

>

1 d

>

wIn|

NI
wIn|

121 r°; 21 P 77343 4436 240 * arctan "127 3
2
_ q _ q
12p2 2+3 % arctan 8 & 24p2 1+2 % arctan 2 %
P— p P #
+6 1+12 ?+4 % arctan 42 3 3 3 2 12+5 ? arccos

(1.204)

1.4.4 Cube

We present a re-derivation of the Robbins constant fok being a cube via our
method. Here, we demonstrate the Crofton Reduction Technique including the
overlap formula. A standard way how to choose its vertices {§;0; 0], [1;0; 0],
[0;1;0], [0;0; 1], [0;1;1], [1;0;1], [1;1;0], [1;1;1]. Under this choice, the edge
length| =1, face area =1 and the volumevolK =1. We put P = LP. For the
de nition of various mean valuesP,, = L), see Figure 1.10. Note that in_,y,
con guration, we let B to be four edges (boundary of an opposite face) rather
than just one edge.

Performing the reduction, we get the set of equations, where

PPs3 = 6(P32  Ps3);

PPs2 = 3(P22  P32) +2(P3a1  Pa);
PP22e = 4( Pfl P22e);

PPs1=3(P21  Ps1) +1(P3o  Pasy);
PP21y = 2(P11 Paw) +1(P2o  P2uw);
PP3o = 3(P20  P30)
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1.4. Bivariate functionals in three dimensions

Figure 1.10: All di erent ng) con gurations encountered for K being a cube

with
P22 = 2Py + 1Por;
P2y = %P21v + §P21r;
P21 = 5Paw + 5Pay:
Solving the system, we get
72(P11 + Pao) N 48P, . 6Pox

= : 1.205
%= Grp@+ pGrp6+ P GrpGrp6+p Grp6erp. 2%
When p =1, we get for the mean distance
1
Las = 375(3|-11+3|-20+8|-21r +5L2): (1.206)

L 20

Without loss of generality, we can writeL,o = Lag , WhereA is the cube's upper
face de ned as a square with verticef0; 0; 1], [1;0;1], [1;1;1], [0;1;1] and B is
the origin [0; 0; 0]. DomainsA and B are separated by distancé = 1. The face
A is having areavol A = 1. By (1.156) and by symmetry,

_ 2 W g
Ly = VOIAI00 1; Rk (1.207)
Using recurrence relations (see Table F.1 in Appendix),
1 4 P
Lo=p= —+ = th 3 1.2
0= B3 gt 3a19C0 3 (1.208)

I—ll

The valuel 1, can be de ned as a mean distance between egée= [0; 0; 0][0; 1; O]

and edgeE, = [0;1;1][L 1;1]. Shifting E; by vector E, (See shifting relation
(1.157)), we can rewrite this ad_;; = Lag, Where againA is the upper face of
the cube andB is the origin. Hencel ;; = L.

62



Chapter 1. Crofton Reduction Technique

L 21r

Since the reduction technique cannot be applied oAB being parallel, we use
the overlap formula with A being one face of the cube. In case b§;,, the other
domain B is an opposite edge. By symmetry, we can add to this edge also three
other edges opposite t&A (see Figure 1.10). HenceB is a boundary of the face
opposite to A with length volB = 4. Let k = (x;y) then projA = proj B is

a square with vertices[3; 2], [ 3;3]. [ 3, 3], [5; 3]. In order to projA and
proj B + k have nonzero intersectionk must be con ned in the region 1<x<

1~ 1<y< 1. By symmetry, we can chosé to lie in the fundamental triangle
domain D(1; =4) (we then multiply the values by 8).

Figure 1.11: Overlap of the opposite face and edges of a cube

Setting up the integral,
8 Zp

- - 2 2 . .
VolAVolB o h? + k2vol A\ projB + k dk; (1.209)

Lo =
whereh =1;volA =1;volB =4 and D = D(1; =4) is a domain in Figure 1.11
on the right (labeled with the number 2). In this domain, we can write for the
length of the polyline of intersection

volA\ projB+ k=2 x vy, (1.210)
which gives us in terms of our auxiliary integrals
2 3
8
— Aoy @ 4. @ 4. W 4. 5
Loy Vol AVolB 2l o5 1,3 I 1o 1,4 I o1 1,4 (2.211)

Via recursions (see Table F.1 in Appendix), we get

7/ 1 1 P~ 5 P~
= —+ = + = : _
Loy = P= P= argcoth 2 argcoth 3 (1.212)

L 22r

Again, we use the overlap formula foAB being opposite faces. By symmetry, we
again integratevol A\ projB + k over one eighth of all positions ok (see Figure
1.12).

Setting up the integral,

8 Z0p

%  "nykz - _
VolAvolB o h?2+ k2vol A\ projB + k dk; (1.213)

Loy =
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1.4. Bivariate functionals in three dimensions

Figure 1.12: Overlap of the opposite faces of a cube

whereh = 1;volA =volB =1 and D = D(1; =4) is a fundamental triangle
domain (labeled2 in Figure 1.15 on the right). In this domain, we have for the
polygon of intersection

VolA\ projB+ k=1 x)1 v); (1.214)
and therefore
2 3
8
27 yolAvolB T4 0 Ty T Sy T Sy ( )

Going through all recursions, we get, after simpli cations

+ 52 4;4& 29 + argcoth 5. gargcothpﬁ: (1.216)

Putting everything together by using (1.219), we nally arrive at Robin's constant

_ p_
4 1%3 2 23 1 P~ 4 P
0:66170718

(1.217)

1.4.5 Regular octahedron

A standard way how to select vertices of an regular octahedron the ‘ygrtices is
[ 1,0,0),[ 1,0,0], [ lpO_ 0]. Under this choice, the edge length if= = 2, the

area of each face is = = 3=2 and the volume ofK isvolK =4=3. Again, we put
P = LP. For the de nition of various mean valuesP,, = Lg%) see Figure 1.13.
We also included the position of the scaling poin€ in cases when the reduction

is possible.
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Chapter 1. Crofton Reduction Technique

Figure 1.13: All dierent Lgt’)) con gurations encountered for K being a regular oc-
tahedron

Performing the reduction, we get the set of equations, where
PPs3 = 6(P32  Pas3);
PP32 = 3(P22  P32) +2(P31  Pay);
PP22e = 4(P21y  Paze);
PPa2y = 4(P21y  Paay);
PP31 = 3(P21 Ps1) +1(P3p  Pay);
PP21y = 2(P11 Paw) +1(P2o  Pauw);
PP30 =3(P20  Pso)
with
P2y = %PZZe +
P21 = 3Paiy +
Solving the system, we get for any bivariate functionaP,
72(P20 + P11) N 54P;; N P2

Pys= : 1.218
%= Grp@+ PGP+ GrpGP6r )  26+p6Erp Y
When p=1, we get for the mean length
3
Las= ——(4Loo+ 4L+ 12155 +5Lox): (1.219)

140

L 20

More precisely, we can writeL,o = Lag, Where faceA has vertices[ 1;0;0],
[0; 1;0], [0;0; 1]and B = [f9 ;0;1] (see Figure 1.13). VertexB is separated
from A(A) by distanceh = 2= 3. By (1.156) and by symmetry,

o p_
_ 2k | @ . o 2
00

2 2
0 23 4’3

(1.220)
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1.4. Bivariate functionals in three dimensions

wherevolA = = | 3=2is the area ofA. Using recurrence relations oSy ( ; ),
_ _
| 2 1 - 7argsinhl_ 1 - 7argcothIO 2. (1.221)
© 373 "2 36 122 4 36 127 '

q_—
The other 153 integral is already given by (1.189) (we just writearcsin  2=3 =
=2 arccot 2), hence
p

Nl

8_ JL@ §3 + 32 arccotp 2+ zgp 2 argcothp 2 (1.222)

_ 8
L2o= 9 27

|

I—ll

By shifting (1.157), we getL1; = Lag, WhereB is the origin and A is a paral-
lelogram with vertices|[1;0; 1], [O; 1, ld [0;2;0], [L;1; (B Therefore, by the point-
polygon formula (1.156) withh = 2= 3 and vol A =

p_ ! p _
h® © 2 @ 2

Ly = al <
17 VvolA T 273

(1.223)

Hence, since thd's are already given by (1.189) and (1.221), we get, simplifying,

p_
4 2 4 25In3 32 P_-  14P p_
Lig= =+ —+ —+ — t 2+ — 2 th 2 1.224
u=g* 9 "7t 5Pz 273 o7 <argeo (1.224)
I—21r

Since the reduction technique cannot be applied oAB being parallel, we use
the overlap formula with A being one face of the octahedron. By symmetry, we
can chooseéB as all three opposite edges ta instead of just one, the mean value
stays the same (see Figure 1.13). This choice makes the overlap formula simpler.
To computevol A\ projB + k, we slide the projectionB acrossA. To get Ly,

we then integrate over the length of their intersection with respect to all vectors
k. By symmetry, we can integrate over just one sixth of all sliding domains (see
Figure 1.14 for our overlap diagram, in which white numbers represent the number
of line segments in theAB projection intersection with respect to position of the
shift vector k black dot).

Figure 1.14. Overlap of the opposite face and edges of an octahedron

Hence, setting up the integral,
6 Zp

2% "hIrkz : _
VolAVolB o h2+ k2vol A\ projB + k dk; (1.225)

Loy =
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whereh = 2:p 3;volA = P 3=2;voIB = 3ID 2 and D is a domain in Figure 1.14 on
the right consisted of two subdomaind; wherej 2 f 2;3g denotes the number
of line segments of the intersectiold \ (proj B + k), which is a polyline. We
haveD = D,t Dj3. Let k = (Xx; X) with the orlgln c0|nC|d|ng with the centroid of

proj A triangle with vertices [0; -], [ 2 ; 2] [ =% 2] (see Figure 1.14). Let
us denotev; = vol A\ projB + kforall k 2p Dj, thgrj v‘\)/e have for the supdomains:
Ds is a triangle with vertices[0; 0], [-2; ;0] [ 2] inwhichvs =~ 2

D is a triangle with vertices[-2; 0], [%3%; 0], [-&; 2] inwhich v, = 4.2 &
Note that in general,vol A\ projB + kislinear in (x;y) in the subdomains. By
inclusion/exclusion, we can write our integral as

hRR P RR P i
Lot = yorawers Da[D,V2 N2+ XZ+yZdxdy+ . (va Vo)  hZ+x2+y?2 dxdy

RR P5 o P RR ,, P5p I
= Vol Aevol B Ds3[D: % % he+x2+ y=dxdy+ D3 % ?2 hZ+ x2+ yzdxdy .
(1.226)

Note that the second integral over domair8 is already in tpe form of an integral
over standard fundamental triangle domain sinc®s; = D (-2 5 3). The rstinte-

gral over domain3[ 2 can be written in such manner after rotation and re ection.
To obtain the correct transformation, e let' °to start (be zero) for the half-line

connectlng the origin with pomt[ 2] mcreasmg in the clockwise direction.

Thatis' = =3 ' %andthusx = rcos(3 ‘9 andy = rsin(z 9. Expanding
out the trigonometric functions and writing x°= r cos' ®and y°= r cos' °, we get
"3
X = r cos=cos °+ rsin=sin' °= x%os= + y’sin= = =x%+ —y°
3 3 3 373 2 (1.227)
y=rsin=cos ° rcos=sin' °= x%in= y%cos= = —Sxo }yo
3 3 3 3 2 2
and so p_ p_ o
42 X _ 42 x0
= — — = —— — X 1.228
V2 3 9*3 3 % y ( )

p_
Our integration domain D3t D, in (x% Y9 is simply D(=; ). Note that x2 + y?
is invariant with respect to this transformation sox? + y° = x% + y®, By scaling
with h, we can writeL,q, in terms of the auxiliary integrals as

p= p— p_ p_
_ 6h3 4 27 (@) 6. 1) 6. 1) 6.
Lo = wrmves 30000 353 Pslic w3 hlo =03
: o (1.229)
he@w Ps. 5@ Ps.
+ B0 w3 2o w3

o

6—5 = 72 Via recursions (see Table F.1 in Appendix), we get

P P P
Lo = 2+ A5 84 Mp3 4 Zaccot 2+ £ 2argeoth 2 (1.230)

L 22r

Again, we use the overlap formula foA and B being opposite faces oK. By
symmetry, we again integratevol A\ projB + k over one sixth of all positions of
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1.4. Bivariate functionals in three dimensions

Figure 1.15: Overlap of the opposite faces of an octahedron

vector k (see Figure 1.15, in which white numbers represent the number of sides
of a polygon of intersection oAB projections with respect to position of the shift
vector k black dot).

Setting up the integral,

z
6 P
= - 2 2 ; .
L oo VolAVOIB b h? + k2volA\ projB + k dk; (1.231)

whereh = 2=p 3;volA=volB = = P 3=2 and D is a domain in Figure 1.15 on
the right consisted of two subdomains labele@ and 4 according to the number
of sides of the intersection (which is a polygon). That isD = Dgt D,4. Let
k = (x;y) and denotev; = vol A\ projB + k for thosek which lie in 2 D;, then
the subdomain . .

De is again a triangle with vertices[0; 0], [-2; 0], [; %] in which vg =

L Cae Pae

s 2 z P P

D,is a triangFI)e with vertices[2; 0], [%52; 0], [
2p32x + ?{% gyz
Domains6; 4 coincide with 3; 2 in L, case, thatisDg = Dz and D4 = D,. Note
that in general, vol A\ projB + k is quadratic in (x;y) in the subdomains. By
inclusion/exclusion, we can write the integral as

[
6. 271; H —_
—6,—2]|nwh|chv4— 4&3 3

3

RR RR
6 v4p h?+x?+y2 dxdy + 5 (Ve Vi) P hzrxes y2 dxdy5

L 220 vol A vol B De[ D4

RR P 2 P=2 P

= 6 4 224 ¥ 3y h2+ x2+ V2

~ WiAwiB D¢[Ds 33 3 T P3 5 h2+ x2+ y? dxdy
RR

P p
by F3T 2 %‘—; hZ+ x2+yZ dxdy :

(1.232)

Again, the integral over domainé6 is ip a standard form. The other integral must
be rst transformed usingx = x%+ 2y% y = —3x® 1y0 which gives

P P P-o 55
4 22 x? 2_ 4 2x° 0
V= —P— + L 3y = p=— yY % + x40 (1.233)

2
333 3 273 2 33 3 3
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and therefore

[ [ [ q_ p_
Laar = voIAvoIB ?Ll(l) 72;5 %hlf([)) 72;5 %hl(()i) 72;5
W 3 @ Pz
Bl g +hIR P .
W Pz o Pz 2 @ P3.
Filoo 255 + 5500 s P5la s
(1.234)
Going through all recursions, we get, after simpli cations
p_
8 2 32 293In3 64 P-  124p _ P
Loy = —+ —  ——+ — ——arccot 2+ — 2argcoth 2 (1.235
2= 25" 9 135 2702 135 135 ~ %' (1.233)
L33
Putting everything together by using (1.219), we nally arrive at
P~ P P~
4 13 2 4 109In3 16 arcco 2+ 158 argcoth 2 ID 3 (1.236)
®7105° 105 45 630 2 315 315

Rescaling, we get our mean distance in a regular octahedron having unit volume

q = P p_
(1)(0 y= 3 3 ﬁs_'_ % 45+ 1603%1{1234_ 16ar§(1:gt 2, 158ar§fgth 2 5 0'65853073
(1.237)

1.4.6 Regular icosahedron

Regular icosahedron shares many features with regular octahedron. We have al-
ready seen that the Crofton Reduction Technique itself is very powerful to reduce
the the mean distance until two domains from which we select two points have
empty ane hull. As a consequence, the only remaining terms in the icosahe-
dron expansion are the parallel edge-face and parallel face-face con gurations.
Note that these two parallel con gurations have the same overlap diagram as the
octahedron h

Let = (1+ 5)=2 be the Golden ratio. A standard selection of vertices is
[ ; 1;0]and all of their cyclic permutations,, That way, our edges have IBngth
| =2. The volume is equal tovolK = 10(3+ 5)=3 and the face area = 3.

(p)

Again, we put P = LP. For the de nition of various mean valuesP,, = L,

Figure 1.16.
Performing the reduction, we get the set of equations:

see

PPs3 = 6(P32  Pas3);

PPs2 = 3(P22  P32) +2(P31  Pap);
PPs1 = 3(P21 Pa1) +1(P3o  Pay);
PP2e = 4(P21y  P22e);

PPy = 4(P21g  Paay);
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1.4. Bivariate functionals in three dimensions

Figure 1.16: All di erent Lg‘;) con gurations encountered for K being a regular icosa-
hedron

PPa2g = 4(P3  Paa);
PPazi = 4(PY  Paa);
PP = 3(P20  Pso);
PP21y = 2(P11d Paw) + 1(Paou  Pow);
PPaiw = 2(P1yr  Paww) + (P20 P2w);
PPayt =2(P1y  Poy) +1(P3y  Pay);
PP = 2(Py  Paia) + 1(P3  Paua);
PP2ie = 2(PY  Paie) + 1(P2° Pote);
with
= T P P T
P, = P521e + 2&3% + P;” + P251d + 221; + I:Dlzolw;
_ Poas Powg, *Pae.
2 2 2
P= %Paur P o

F)20f I:)ZOe I:)ZOr
Py = + + :
20 2 2 2 2 )
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P
ono = Poor 2701:;

ng = %Pype P ox;
PZOC?O: 2I:)20r P 20e;
P11 =2P1yy  Pay;

PAh= %Pur P g

PY= ?Pug P
Solving the system, we get, after simpli cations,

P..— 18(12 2Py 12 *Pygs +4 8Pyyq+12 2Pyyp 6 “Paget4 BPoo +6Pgor)
=T 543+ p)4+pGE+p6E+p
. 108 2Py, . P, _
54+p)(5+p®6+p 55+p6+P

(1.238)
When p =1, we get for the mean distance
_3Lox 9Lanr 9Loee . 9Laor . 9Liig
Lss= =2 175 350 @ 3504 ' 1752
(1.239)

9I—11t + 18 2L21r + 3 4I—llg + 3 4L20r,
175 2 175 175 175

L11d

Let A°= [1,0; ][ 1;0; ]and B®= [0; ; 1][; 1;0] be edges oK, then Lyg =
Laogo. By shifting, Laoge = Loa, Where O = [0;0;0] is the origin and A =
A® BOis a polygon with vertices[1; q; e 3 S I T I R

(a parallelogram) having areavol A = 10 2 5. Projecting O onto A(A), we
obtain proj, O =[0; 1 #%; %] and separationh = 2+ #%. Point-Polygon
formula yields

1
Lig= 25 28 S22 1% Lz +18 L2 A 20431430525135

vol A 22" 5 2'5 5
(1.240)
Explicitly, after series of simpli cations on I(%)( ;) by recursion formulae, we
obtain
— 5 1 p = 8 p =
L11d—g+;%+ﬁ(2) 3+ 5 &£ 3+ 5 arccot (1.241)
= 3+p§ arccot( )+ & 31 3p§ In3+ 2 3+p§ In5:
Lllg

Let A° be the same edge as ihj;q and B® = [1,0; ][ 1,0; ], then Lyyq =
L pogo. By Shlftlng, Lacgo = Loa, where O = [0,0, O] and A = A0 BOis
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1.4. Bivariate functionals in three dimensions

a polygorbwith vertices[0;0;2 I;[1; ; 2;[ 1, ; ?I;[ 2,0;2 ] having area
VOlA =2 3. qProjecting_O onto A(A), we obtain proj, O = [0; %;%] and
separationh = % +2 5. Point-Polygon formula yields

1

Lig= 20 21§ g +1& Li5 A 31806727116118  (1.242)

vol A 13

Explicitly, after series of simpli cations,
r

Lig= 3+ 2+ 2 25+|?>+4i5 9+4"5 10 9+4"5 arccot
p— — p_
+ 2+ 22 argcoth + 2 23+9"5 argcsch 2+ 2 In5:
(1.243)
L 111

Let A°be the same edge as ib;;g andB®= [; 1;0][; 1;0], then L1y; = Laogo.
By shifting, Lago = Loa, WhereO = [0;0;0] and A = A® BPYis a polygon
withvertices[ %; 1, ;[ %1, ;[ %1, 1;[ % 1 ]havingareavolA = 4.
Projecting O onto A(A), we obtain proj, O = [0;0; ] and separationh =
Point-Polygon formula yields

3
Lie = 2% 180 Larctan( ?) + 1§ ; arctan % 1Y L:arctan
!

15 L;arctant 2:3977565034445

(1.244)

Explicitly, after series of simpli cations,

Pz — 3 — —
Lt = 2+ 5 1+p5 + 2 2+p5 arccot ¢ 2+p5 arccot ( ?)
+ L 39+17" 5 argcoth + L 1 55 In3 i 17+11" 5 Ins:

(1.245)

Lllt

Again, let A°be the same edge as ih;;g and B%= [1;0; ][; 1,0], then Ly =
L acgo. By shifting, Laogo = Loa, whereO =[0;0;0]andA = A° BPCis a polygon
\r/vith vertices [0;0;2 I:[ i 1; 1. % 1 I;[ 20,2 ] having areavolA =

2 5+ 5. Projecting O onto A(A), we obtainproj, O =[0; 1 #%;#%]and

qg__
separationh = ~ 2+ p%. Point-Polygon formula yields
1

3 @M 1. 1) 1. 1) . :
Lie= 2% 18 5 1§ 52 +18) ;¢ A 2:8940519649490(1.246)
Explicitly, after series of simpli cations,
q Pe o p

_ p_
1 8

5 5 ﬁ1+ 5+El+ 5 arccot
13 P

B 1+75 In5:

I

'Omjﬁ\’

L1t =

(1.247)

1+
+ A2 8+3 5 argcsch

Gla w
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I—20e
Let A be the face ofK with vertices [1;0; ], [ 1,0; ], [0; ; 1] (an equilateral
triangle) and let B be vertex[; 1;0],thenL,e = Lag . Projecting B onto A(A),
we obtainproj, B =[; 3; %] and separationh = 2 =" 3. By Point-Polygon
formula,

| |
1 1 pP—_ P
533 | 5 parctan 15423

1 (1.248)

3 A 2688729552544

—2h3 (D)
Looe = == log

+ 18§ - arctan Pz P

Explicitly, after series of simpli cations,

p_ — —
=+% 2+ "5 %2+p5 arccot

. p_ (1.249)
104 + 47lo 5 argcoth = 112+61 5 In5:

Loge= 5+

+

Nk ©i~N

L 20r

Let A be the same face df as in the section orl. 5o, and letB be vertex[%;io; 1,
then Logr = Lag . P[)ojecting B onto A(A), we obtain proj, B = [1;%; —2-] and
separationh =2 2= 3. By Point-Polygon formula,

0 1

Lo = 2@ L;5 1§ 415 A 328394367574 (1.250)

Explicitly, after series of simpli cations,
r

P= p
LZOng 25+ 5 %

P

6 9+4 5 + 18 9+4p§ arccot

©
lon

p_ p_ .
2+ 22 argcoth + 24 23+9 5 argesch + =+ 2 In5:
(1.251)

L 20f

Let A be the same face df as in the section orlL e and let B be vertex[; 1;0],
then Lo = Lag .. Projecting B onto A(A), we obtain proj, B = [ ; ;; %] and
separationh = 2=" 3. By Point-Polygon formula,

2 Pz =
Lo = 22 1) 55 18 arctan @
! (1.252)
logp —.arctan = 15 2 3 2:2472771159735
Explicitly, after series of simpli cations,
P _ P
Loor = 2+ 22 8+ Zarccot + Larccot( ?) %p5ln3+ 2+22 In5:

(1.253)
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L 21r

Let A be a face oK and B be a boundary ofrghe opposite face. In icosahedron

K, two faces are separated by the distan& 2= 3. Since the overlap diagram of
these faces is the same as the one associated to two opposite faces of an octahedron
(see Figure 1.14), the coe cients of the expansion of irreducible,;, term into
au6iliary integrals | iﬁl) match However, this is only valid provided the edge length

is , 2. Since our icosahedroiK has| = 2, we rst rescale our icosahedron by

1=" 2. In the nal step, since the mean distance scales linearly, we have just
rescalel 5, back by multiplying it by =~ 2. Hence, by using Equation (1.229),

P Ps e P30 Ps Ps
Lov=Law |, = 2aw | 0,= 2as 5100 s P50 anis
) ) ) . i (1.254)
@) _s. hy@ 6. 2D 8. .
hlgt 2.5 + 80 3 =l a3 3:1819213671057
_b5,P5 _bP5 _,P3 :
whereh =" 2 “= 3,volA =" 3=2andvolB =3 2are the rescaled icosahedron

opposite faces separation, rescaled face arga and face perimeter, respectively.
Contrary to the octahedron case, we now havg? = 1= 2and 2 = 1=(2 ?). Via
recursions, we get after some simpli cations,

p

p q_— _ p_
— 227 107 5 25 2 8 16
Lowr = T58 + “10g 5 10+ 1% E 9+t4 5 + 5 9+4 5 arccot

p— P
1043 13 5 179 75 1043+468 5 .
+ o5t ~g— argcoth + F+ 52 argesch =552 1In5:
(1.255)

L 2o

Again, Overlap diagram ofL,;, con guration matches that of gn octahedron.
Immsdiately from Equation (1.234), by rescaling and replacing 2=2 by 1= ?
and  2=4 by 152 ?) in the rst argument of Iiﬁm integrals, we get

_P5 e L 1. Pony @ 1. Y0 1.
Lox = 258 F3lo 23 5w w3 shla i
2@ . (1) . 4| @ 2 2h (D)
’%'20 %,g +#h2|11 %,g F3! 00 212,5 + == 212,5
2 @ 1. :
WD Lis  312998447304770

(1.256)

whereh = P 2 2P 3andvolA =vol B = P 3=2. Explicitly, after some simpli -
cations,

R © _
Loar = 5 3+2"5 10+75 %55 Pitom 78435 5
p_ >
22 67+30 5 arccot + S+ 25 argcoth (1.257)
i p7
= 9+5"5 argcsch 84 415 |n5;

74



Chapter 1. Crofton Reduction Technique

L33
Putting everything together by using (1.239), we nally arrive at

9 _—— (17226+6260"5)  (2186+1413" 5) arccot
- 197 239 44
Lss = 525 + 525 5 525 2+ p% 157500 15750

4 (82 75" 5) arccot( 2) 4 (15969+7151IO 5) argcoth + 4(2139+881p 5) argesch
5250 12600 7875

(4449 1685 5)In3 (75783+37789p 5)In5 ]
42000 552000 1:66353152568500

(1.258)

Rescaling, we get our mean distance in a regular icosahedron having unit volume

L33
10 =
20 3405

ViV (icosahedroi = 0:64131248551 (1.259)

1.4.7 Regular dodecahedron

Finaly, we will calculte the mean distance in the regular dodecahedron. Let us
choose thebv_ertices as ; 1;[0; 1; 2] and all their cyclic permutations
( =@+ b5)=2as u%ual). Under this choice, each edge has lendtlx 2 and

each face has area= 25+ 10 5.

Performing CRT, we get the con gurations shown in Figure 1.17. Even though
there are less con gurations than for the icosahedron, the dodecahedron has more
complicated overlap diagram (see Figure 1.18, there is ten-fold symmetry with re-
spect to rotation and re ection). Distance moments are again connected through
CRT via the following set of reduction equations

PP33 = 6(P32  Pa3);

PPs2 = 3(P22  P32) +2(Pa1  Pa3y);

PP31 = 3(P21  Pa1) + 1(P3o  Paa);
PP = 4(Pg  Paze);

PP = 4(P3Y  Pay);

PP3o = 3(P20  Pao);

PPy = 1(P2ge  Paiy) +2(P11 Paw);
PPart =2(PY  Poy) + (P  Pox);
PPo1g = 2(PY  Poig) + 1(PSY  Paa)

with
1 P- p_

Poo = 5 BPyse+ P oy + 2 BPyy ;
P = Porr =~ Paig . P | Po.

73 3 6 62’

1

I3201 = 4% Poy + %Pag ;
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Figure 1.17:  All di erent Lg'%) con gurations encountered for K being a regular icosa-
hedron

1
p2010: %(Pm + Por  Pag);

_ 2 .
P2o = Pooe + P oot + “Paor

22
ono = 2P20r P 20f ;

00— 2 .
on - I:)20f P 20e»

1
Pi1 = 4%5 (2P11a+ Paxr);

1
I:)101 FFE (2P 11t Paxr);

1
P = FFE(Pllg"‘ P Pia):

Solving the system, we get, after simpli cations,

12 zp 5P119+5 P 20042 3Py 2 P BPiis 5 Py +4p§ 6P, +2 9Py

4"5(3+p)(4+ p)5+ p)6+ P
60P 5 N 3P _
54+pG+p6+p G+PE+DP

Ps3=

+p

(1.260)

When p =1, we get for the mean distance

76



Chapter 1. Crofton Reduction Technique

L 114 L 20e L11g L1t
L aq = +_pe 4 gl D
% 14 53 35 5

~ 354 35 (1.261)
I—22r L of 2L 21r 2 2L20r 5Lllt '
+ il U L a—
14 14 5 7 5 35 35 5
L 114
Let A°= [0; 2;1][0; 2; 1]and B°= [;; J[L0; 2] be edges oK, then

L11g = Laogo. By shifting, Lacgo= Loa, WhereO = [B ;_O; 0] is the origin andA =
A® BPOis a polygon wli}rlvertices[ S B S ST I R Y I B |
having areavolA = 2" 3. Projecrging 8 onto A(A), we obtainproj, O=[ 1
—; %,0] and separationh = (1+ ~ 5)= 3. Point-Polygon formula yields

P p_ p_
Lua= 2% 1% 255 + 16 =55 156 harctan 3 2+ 5
!
w Ps 93
lgg —;arctan ¢ 3:1367199950978
(1.262)
Explicitly, after series of simpli cations,
P. P. P _ _ P
Lia = “’9; S+ 510 5 2 2p+p5 L 5+2" 5 |n3IO fer_Sihs
+ 4 2+ 5 2arccot2+2arccot 2 arccosi + ;= 5+2 5 argcosh:
(1.263)
L1lg
Let A° be the same edge as ihj;g and B®=[; ; 1[ 2, 1;0], then Lyg =
Laogo. By shifting, Lasgo = Loa, Where 9_= [0;0;0] ?ﬁﬁ A=A° BO%sa
polygon with verticeg[ ; ° 1=TL[ % 5;1k[ % 5; 1F[ ; % 7]

having areavolA = 10 2 5. Projecting O onto A(A), we obtain proj, O =
[ 1 #;2+#;0]and separationh = 10+ #2. Point-Polygon formula yields
1

Lig= 2% 218 22 1) A +18 A% A 460478605392525

(1.264)

Explicitly, after series of simpli cations,

Lig=3 A+ Rapl T4 4 1 2191975 In3
2

+ 2 47+ 21p 5 arccosi +2 arccosp% +2 arccosp% 2 arccotp 2
1 — 7
+ 120 219 + 97p 5 argcoskE argcosh 3 |
s L 91 + 33p 5 ar cosh[ﬁ ar coshé. :
60 g i &9 a1

(1.265)
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1.4. Bivariate functionals in three dimensions

L 1as

Let A°be the same edge as iny;g and B%= [1;0; 2][ 1;0; 2], then Ly =
Laogo. By shifting, Lamgo = IJOA’ wherer [0;0;0)and A = A° BPis a
polygon with vertices[ 1; %;" 5 ];[1; 511 % ;[ L 2% ]having area
vol A = 4. Projecting O onto A(A) we obtaln proj, O =[0; 2;0]and separation
h = 2. Point-Polygon formula yields

_ P
Lae = 2% 18 iz;arctanp 5 + 1% —5; arctan p1- 1Y L:arctan
!
1Y L:arctant 3:770095521642
(1.266)
Explicitly, after series of simpli cations,
1 5 s 3, "5 1 3p— 9
Ly = ?% 5t 3 st 3t ta 125+53 5 arccosei:
p_
+ 3+ 2 p2 arccos;pS: +2arccot2 arccos; 2arccos 2arccosi:
+ L 23+9 p5 argcosh L 125+g§5 argcoshe L ,
2 37+17 5 argsinh2 5 23+9 5 In3+ g 37+17 5 In5:
(1.267)
I—llt
Again, let A°be the same edge as ih;;g andB°=1[; ; ][0; 2; 1], then

L1t = Laogo. By shifting, Laogo = Loa, WhereO =[0;0;0]and A = A° BPYis
a polygop with vertices[ ; 3 ?;[0;2 %2];[0,2 %0];[ ; * 1= ]having area

volA = 2 5+ 5. Projecting O onto A(A), we obtain proj, O = [ 1
q —
;2 + ;0] and separationh = ~ 10 + #2. Point-Polygon formula yields

Lie= 2% 18 55 +18& s 1% 5% 5:04162416571318
(1.268)
Explicitly, after series of simpli cations,
Lin= 5 3+2 2+8 F¢ z 29+13 5

©

+ & 29+13 5 2arccotp§ arccos; + 2+ p% (argcosh4 argcosh2)

+ ﬁ) 133+61p§ argcosh 3 argcosh% In3 :

(1.269)

L 20e

Let A be the face oK with vertices[1,0; 2], [; ; Lo % 1, ;; 1,
[ 1,0; 2] (aregular pentagon) and letB be vertex[0; 2;1], then Lyge = Lag .
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Projecting B onto A(A), we obtain proj, B = [0; 5?= p%] and separationh =

L) 5|
2+ p% By Point-Polygon formula,
2hd () 1 M 1.2 1 2 1 3 p5 2'5
L2oe= == loo 3:% loo 5% loo 5.5 *log Trarctan
|
r .
+19 Zarctan 55 275 3:346942678627
(2.270)
Explicitly, after series of simpli cations,
Pz p.
7 13" 3 4 4 1 9 13In5 , 8arccos?
L 20e = 35+ 15 15 ?%4_155 §+10§In3 3075 T 1563

+ 3+ P argcoshy + 2 25+8p§ (argcoshp2-  argcoshpL:)

_ b
16argeot2 | 8arctan = = 8arcta JLTZ 8arcta p 0.
15 5 15 :

15 5 15 5 15 5

|
k=]

ol

(1.271)

L 20r

Let A be the same face oK as in the section onlL,, and let B be vertex
[0; 2%1], then Loy = Lag. Projecting B gnto A(A), we obtain proj, B =

[0; 55 pg 5; 1 #4]andseparationh = 10+ #2. By Point-Polygon for-
mula,

!
Lo = 25150 L5 4160 %% 1% shis 10 %

245 (1.272)
4:87605984948

Explicitly, after series of simpli cations,

P P_ P~
Loor = 1 2152+§§‘3+?3‘5+94T5p+18+#5 1 20+9 5 arccot 2
3 8 = 1 3
+ 3+ ¥ IIOnS + £ 20+9 5 arccos; arccosei: arccospi:
% 85+37 5 argcosh2+ ¢+ ¥ argcosh] argcosh3

+ 2 85+37IO 5 argcosh4+  + -8 argcoshel argcoshe?-
(1.273)

L 20t

Let A be the same face oK as in the section onlL,, and let B be vertex
[O; Z'p 1], then Lot = Lag. Projecting B onto A(A), we obtain proj, B =

[0, 2.5 2 7] and separationh =2 1+ #%. By Point-Polygon formula,

r
—p—
e 1S A% +1§) Siarctan 55+2°°5

Lo = 20° | 2
20f — 00 25 00 2275

q -
e 1§y S;arctan 85 38 5 4:000363965317
(1.274)
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1.4. Bivariate functionals in three dimensions

Explicitly, after series of simpli cations,
Pz

=1+ —5 24+ F_+4 4+ & 4
Loor =1 3 5 35 15 155

_ _ b _
® 5+2p5 arccos;+ & 5+2° 5 arccot2+arctan>-2 arctan 7p2

+ % + 143% argcosh% % + Té’% argcosh 3 +1 35 +4p 5 argcosh%?’

p 150
£ 5+2 5 argsinh2

2+p§ In3+ 5+2p§ In5

2
3 300

(1.275)

L 22r

Finally, let us take a closer look on parallel con gurationd_,;, and Loy. We
start with the Iatter. Let A and B be opposite faces of dodecahedrdfi with
separationh = 10+ 13% then Ly, = Lag with overlap diagram as seen in Figure
1.18. Note that, due to symmetry, only one tenth of the diagram is su cient
to be considered. The subdomains wherm®l A\ projB + k can be written as a
single polynomial are shown in the diagram. Again, they are labeled by number
of sides of polygon of intersectioA\ (proj B + k), sliding proj B + k acrossproj A

by letting k to vary (vector k is shown by a black dot). Let us denotd as the
union of the labeled subdomains. Then, by Overlap formula,

10 Z%0p
volAvolB b

Loy =

h? + k2vol A\ projB + k dk; (1.276)

Figure 1.18: Overlap diagram for opposite-faces con guration in dodecahedron

Let us expressvol A\ projB + k in the aforementioned subdomains. We de-
note v; = vol A\ projB + k for all k 2 D;. Let us restrict ourselves to the
plane A(A), in whiq.la we put k = (x'y) and in which projA is a regular pen-
tagon Witrrl vertices 2+ p% cos%; 2+ p%sin% ,1210;1;,2;3;4g and area

volA = 5 542 5. Similarly, projB is another pentagon with vertices
hq R o [ N r Pz
2+ & cos2 U127 2+ & sin2012) andareavolB =vol A= 5 5+2 5.

Under this projection, the labeled subdomain®; are triangles with vertices
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hq p_i hq i hg i
" (subdomainD,) 3+ %3 1+ 5 ; 2 %0 8+ #;0,inwhich
q —p= _ r —p_ q —p=
V4= 45 8 50+22 5 4 5+3p5 X+ 5 542 5x? 5 5 2 5y? .

) M p_ing o_ i ng_(127])
(subdomainDe) 2+ ;2 1+ 5 ; 1 & 5 2,; 2 &0,
in which

1 9——p= P =
Vo= 55 8 145+62 5 45+3°5x 105+ 5x2
. ) | (1.278)

4 10 5+ 5y+10 1+p§xy 5 25+ 5y?;

i hq i
1 &:0: 2 #:0,inwhich

51

hq _ i hg
(subdomainDg) 1 pzt;pS 2 ;

q - p_. q—_ -
Vg= = 4 130+58 5 8 5x 5 1+x? 5 572‘@2 ; (1.279)

hq p_ i hq [
" (subdomainDi) 1 92—5; 5 2:[00]; 1 1@%;0 , in which
q p_ —_— —
Vig = ; 5+2 5 4 IO5x2 IO5y2 ; (1.280)

In order to use the Overlap formula e ectively, that is, to integratev; = vol A\ projB + Kk,
k 2 D; over all subdomainsDj, it is convenient to rst perform appropriate ro-
tation transformations and inclusion/exclusions. First, by inclusion/exclusion,

L __10 ’ qh2 2+ y2 dxd ’ h2 + x2 + y2 dxd
= u + X2+ xdy + u + X2+ X
27 VolAVolB by y Y Dol Ds Y y

z q z q !
+ Us h2+ x2+ y2 dxdy + us; h2+ x2+ y2 dxdy ;
Dio[ Dg[ De Dio[ Dg[ De[ D4
(1.281)
whereus = V4, Us = Vg V4, Ug = Vg Vg andUupg = vig Vg. Explicitly
p.d —p— _ "'——p=— ,9—p—
up=%42 25+11 5 % 5+3"5 + ¥ 5542 5 ¥ 5 25 (1.282)
4 —p= q___ _
Us= £ 5+2 5+x 1+ y 2+ + 4 1+°5
p_ p.U—p— (1.283)
X24 2q 5+ ]é y24 2 5 5,
4 —p— _
us= £ 5 25+x 1 . +y 2+ %1+p5
b_q 0 _q p— (1.284)
201 B Y2 254110 5
49 —p= q___
up= £ 5 2 5+ & 2 1+ (1.285)

Note that domain lalo is already in the form of the fundamental triangle domain

D ;g with = 1 92—5 Since =h = 1=(2 %), we immediately get in terms
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1.4. Bivariate functionals in three dimensions

of auxiliary integrals,

Z 9 49— p—
uo h2+x2+y2dxdy=h® 2 5 2 BIfY lig +8E S
D1o
|
22 1+ 15 Sles
(1.286)

Domain D = Dyg[ Dg[ Dg[ D4 in (x;y) is transformed to the fundamental
domain D( ; ) with =2 1+ & in (x%y9 via polar angle substitution' =

=5 'Othatis x = rcosg "9 andy = rsin(z '9. Expanding out the
trigonometric functions and writing x° = r cos' ®and y° = r cos' °, we get the
following transformation relations

S —p— S —p—
1 — 5 5 5 5 1 p_
=~ 14+ 5 0y = =0 = — —Tx0 = 1+ 5 0 1.287
X= 7 X s gl Y s 85 2 y© ( )
and so
49 ——p— 4 > 2 ) 2
Us= ¢ 50+22 5 x° 2+% 2y° 1+ %+ xy%+ x® 1 {EFE: (1.288)

Since =h = 1=, we immediately get

49— p—
47 50+22 BIfY L5 h 2+# 1 1

R
b u4p h?+ xZ+ yZ dxdy = h®

q_—— q_—
2h 1+ &I15) Lo +naf) Lo o+n2 1 &Iy L;

(1.289)

In order to express the remaining integrals, we writ® o[ Dg[ D¢ = E4 NEg

and D[ Dg= Egnkyo, where p_i h g i
~ E4 isatriangleh ﬁ%% 1+ Eq,[0,0], z i1+ Y
" Egisatriangle s ,[O;O_], %i1+ p%;h%q, o_ i
" Egis a triangle éqg g p5_ 1 ; [0; 0], }%q 2 215‘;)%_ 5I 1,
" Episatiangle 7 3 ;2 "5 1 ,[00, 1 & 5 2.

Note that Egs E, and E;; Eg and thus

R Prg—rr—s R Porm—s R P
P 1ol D[ D Us he+x2+y2dxdy= ¢ Us hé+x2+y2dxdy ¢ Ug h+x2+y2dxdy;
D1o[ Ds U8 hZ+ x2+ y2dxdy = EgUs hZ+ xZ+ y2dxdy EqoUs hZ+ x2+ y2dxdy:
(1.290)
DomainsEg; Eg; Eg and E 1o can be rotated to fundamental triangle domains after
appropriate rotations. First, let' ='9 =5 so
S p S p
x= L 1475 xop 2 ey = 2 —Ex°+} 1+ "5 0 (1.291)
! g 87 Y~ g 8""% v
and thus, after simpli cations,
! S
q _ !
Ug = : 5+2|5+2x° 1+p£§ x® 2+p2—§: (1.292)

82



Chapter 1. Crofton Reduction Technique

. . qd _—p—
Suddenly in (x%y9, we haveE, = D(; £) and Eg = D(; g) with = 33,
hence =h = 1=(2 ?) and immediately in terms of auxiliary integrals,

R p —t
D1l D DsUs N2+ X2+ y2dxdy=h3 £ 5+2 I8 22 18 e
2h 1+ 1D L2 1D L n & 1S AT 1 A
(2.293)
Next, let ' = % ' 0 from which we obtain transformation relations
S S
—p—= —p=
1 P 5 5 5 5 1 P-
x=> "5 1x% Z+ y° = ~+ x5 1y% (1294
4 s" 8y YT 88X 1 y, (1.294)
S0 q 0 S
27 T P=-  4x 2
Us= ¢ 5 2 5+F.F 2x® 1+p—§: (1.295)
q
In (x%y9, we haveEg = D(; %) andEo = D(; g) with = 1 ¢, hence
=h = 1=2 %) and immediately in terms of auxiliary integrals,
R p 99— p=
DDy Us N2+ X2+ y2 dxdy = h? 25 25 1Y 7 & | =1 E
!
q__
D s IR es T v &G A 1R s
(1.296)
Therefore, in total,
Loa = il 2 5+2 818 F4ig 2 5+2 8 ik
9 —p— 9 ——p— f—p—
25 275§ AL +2 50422 5% L 2 L5+2 5h 1
anQ Ak 2hly Sl 2hl{f Ly
10 p2§4 5 1op2g 5 Zhl%) 2%’5 +ip%75+2h|%) 2%’2?
(1.
Mi(Cis) o ® 1o+ ha 1o 2 1+ &R A |
q !
+ 2+ &hA Y R 2+ p%h2|§]6) 2o+ 1 gh2|§%)) 1
4:69357209587
Or explicitly, after a lot of simpli cations,
P P
_2 Z 16 8(1839+820° 5)
Laor = 5 ?g 4 4& ﬁi 25 15 1125

+ 2 67+30IO 5 arccos; + ;o 388+ 173P 5 arccow +arccos;H
+ 2 817+371p5 (argcosh2 argcosh4) +51 1833+82(5)5 I[I)n3 .
+ L 3538 + 1523 5 argcoshe?-  argcoshel= 2 67+30 5 arccot 2

125
+ L 1833+82(5)§ argcoshl  argcosh3
(1.297)
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1.4. Bivariate functionals in three dimensions

L 21r

By de nition, L, = Lag, WhereA is a face ofK and B is the perimeter of its
corresponding opposite face. Again, we use the Overlap formula to deduce the
value ofL ;,, that is, by symmetry,

10 ¢

o
- 2 2 . .
VolAVolB o hz+ k2vol A\ projB + k dk; (1.298)

Lot =
r IO
wherevolA = 5 5+2 5 s the area of A and volB = 10 is the length

of B. The overlap diagram is the same as in the case b, although the
value volA\ projB + k now corresponds to the total length of polylineA \
(proj B + k) of intersection. In order to keep the naming of the subdomains,
and functionsv; = vol A\ projB + k, k 2 D; the same as in the case @f,,, we
let j, exceptionally, to denotetwice the number line segments oA\ (proj B + k)
in this section. That way, we getD = D[ Dg[ Dg[ D4 and

q_—— —
v4:4+|94—g X 2+p%; v6:4+|92—E g 2+192—§+; 1 p5,

v8:2+p% 2x 1 92—5; v10:2p5:

Let us= V4, Us = Vg Vg4, Ug= Vg Vg Ug= Vig Vg, thatis

! —

u4:4+p“—g X 2+92—§; Ug = p%+g 2+p%+% 1 5
q —
Ugo = 2+p4—§+2 1 %X Ug= 2+p4—§+x 2 ﬁLzlg Y1 I05

Overall, by inclusion/exclusion,

R

R
10 b1 ulop hZ+ xZ2+ y2 dxdy + , u4p hZ+ x2+ y2 dxdy

Loy = vol A vol B

+ u6p hZ+ x2+ yZ dxdy

Eq

Ee uep hZ+ x2+ yZ dxdy '

+

R
Eq ng hZ+ x2+y2dxdy ¢, ng hZ+ x2+ yZ dxdy ;

(1.299)

The rst integral can be immediately expressed in terms of auxiliary integrals

R q
D1 uloloh2+x2+y2 dxdy=h® ¢t 2 16 Stg +2h 1 p%lﬁ,)

+

1.
2415 -
(1.300)
Performing the same set of transformations as in the previous caselLgf,, that

q
= =5 'Owegetu,=4+ L X0 1+ Y
q

© ' ='0 =5 we getug = 1@2—§+x0 2 92—5
q
S =% 'O wegetug = 2+|9“—§+2x0 1 p%
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and as a result, since all the subdomains are now expressed as fundamental tri-

angle domains, we get
|

hl(()ll) l;g ;

R

q__
S PR Pdxdy=he 4+l 1 L h A1 L

R

Dio[ Ds[ Ds U6p ﬁ2+_x2+_y2 dxdy = h3

R

Dio[ Ds ng h2+ X2+ y2 dxdy: h3 p%

Therefore, in total Therefore, in total,

10h3 4
vol A vol B p?

5+p

@ 1.2 p
2 log sa:% + P =

Loy =

+ 5108 4 hE) Lo +2 1 Ehf 22 |

4
5
!

q_—
1 . 1
2 &hifg b + 2 &h{

4:808558828667

Or explicitly,

2 P
— 149 2 ﬁl 1@6 p 4
Lz1r—3op 5 B 531 155 310 p19+8
8 E 1 3 1043+468" 5
75 2t 5 arccosegz tarccosegz t+ R
p_
271+117 5
+ 150

p_
8 2
= 9+4 5 arccos; +

&= 5

225

argcosh!  argcosh 3

p_
746+283 5
(argcosh4 argcosh 2) + #2505

90+4" 5 arccot” 2+ o5 1043 + 4685 In3:
(1.301)

argcoshp®-  argcosheL-

16

75

L33

Putting everything together by using (1.261), we nally arrive, after another
series of simpli cations and inverse trigopnometric and hyperbolic identities, at

- P
2 2 124 3 P35 Pz
Lis= 2+ 2° —m5° B mot oot mst ubs
(397 244" 5) arccot 2 + (24023+11788p 5)(arccos2 arccos?)
18900 94500
(461+212p 5)(arccos 22 +arccos 32 (1031+521p 5) argcosh 2
1000 75600
(367+163p 5) argcosh 9 + (22197+8149p 5)(argcosh 22 argcosh 37
16800 84000
+ (15763+7063p 5)(argcosh Z argcosh 3) + 2(423+187p 5)(argcosh4 argcosh 2)
pZEOOO b 7) 875
288889+129739 5)In3 109 3143 5)In5
+ ( 378000 ) ( 00 2:533488631644
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1.4. Bivariate functionals in three dimensions

Rescaling, we get our mean distance in a regular dodecahedron having unit volume

v\ (dodecahedroh = qi,F 0:65853073 (1.302)
30+ 14
1.4.8 Unsolved problems
Weights

We believe that the equation for weights (1.183) possesses a closed form solution
in terms of geometrical properties of convex non-parallel polyhedra. However, we
were unable to deduce that.

General convex polyhedra

Let K RY then for any xed p > d, L¥) is continuous with respect to
continuous transformations oK . Hence, in principle, we could obtain the formula
for convex parallel polyhedra by a continuous limit from some convex non-parallel
polyhedron. However, were not able to perform this limit.

Bounds on moments

Also, we believe, since the valup = 1 is not special, there could be a bound on
Lff,l similar that of Bonnet, Gusakova, Théale and Zaporozhets [12].
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1.5 Bivariate functionals in higher dimensions

1.5.1 d-Ball

Consider a bivariate symmetric homogeneous function& of order p dependent
on two random points picked uniformly from the unit ballBy = fx 2 RY j
kxk  1g with volume volgBy = 4 = ! ¢4=d Additionally, we require P to be
rotationally symmetric with respect to the origin. That is, for anyx;y 2 By
and any orthogonal matrixR we haveP (Rx;Ry) = P(x;y). This assumption is
satis ed by the choiceP = LP (which is implicitly assumed in this section).

Reduction system

According to our convention, letP,, = E[P(X;Y)j X Unif(A);Y  Unif(B)],
wherea = dim A, b=dim B and the concrete selection of; B is deduced from
the reduction diagram in Figure 1.19 below. In this diagram, we also included
the position of the scaling pointC in cases reduction is possible. The arrows
indicate which con gurations reduce to which. Each arrow is labeled by a roman
numeral corresponding to a given reduction equation in the system of reduction
equations.

Figure 1.19: All dierent P4, sub-con gurations in By

The full system obtained by CRT is
| : pPag =2d(Pgg 1 Paa)
I Pd;d 1 = Pd():
I 2 pPgo = d(Pg 1.0 Pudo);

where the equationll follows from the rotational symmetry of P. The solution
of our system is

202Py

P = 2d+ p(d+ p);

(1.303)

Pda10

In con guration (d 1;0), one pointX is drawn uniformly from the boundary @4
while the otherY is xed at the boundary. Keep in mind that P4 1.0 is de ned
via generalization of Remark 9 as a mean weighted by the support function
z
1

Py 10—
d 10 dvolgBy @y

P(x;y)hy(X) a 1(dx); (1.304)

where the support functionhy (x) of By evaluated inx and centered aty 2 @y
(arbitrary xed point) is given explicitly as hy(x) = %kx yk2. Analogously
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1.5. Bivariate functionals in higher dimensions

to the 3-ball case, we parametrise the integral using hyper-spherical coordinates
with the axial angle ofx y being 2 [0; =2). We havekx yk=2cos and
thus hy(x) = 2cos® . Furthermore, sinceP = LP, we getP(x;y) = kx ykP =
(2 cos )P. Integrating out the axial symmetry from the uniform measure or@3y,

¢ 1(dx) =214 1(2cos sin )? 2d (1.305)

Overall, calculating the following Beta integral and by usind-egendre duplication
identity

p_
(2)(z+ )= % (22); (1.306)
we obtain
o _la1%=? _ 2 (d) i(d+p+1)
L = (2cos )% Psind 2 d = : (1.307)
d 10 | 1+d p
40 2 4+
P ad

Substituting Py 1.0 into Equation (1.303) with P = LP, we get for generap > d
(not necessarily an integer),

L 2°Pd(d) sint cos*P d | 2d(d) (d+prd)
dd —

= : (1.308
@+p 5 @rp) 5 drarg

Distance density

The densityf 4q( ) of the random distancel. between two interior points inBg can
be recovered from moments using inverse Mellin transform (see appendix A.5).
By Equation (1.308), we have
z
2°d (d! 7 .
( )1 i
+
(d+p 1) =& °

M [foa] = LB Y = cos*P 1 d: (1.309)

Taking the inverse Mellin transform, we get, formally,

| Z = #
2d1((j.)2|d 1 (cos sin )4 ( 2cos)d : (1.310)
i+a 0

2

faa( )=

By Equation (A.41) (see Appendix A), we immediately get

faa( )= sin

1 d | Z arccos >
2 1) " sind d: (1.311)
d

1+d 0
2

This result is not new, see Tu and Fischbach [72].
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1.6 Trivariate functionals in two dimensions

1.6.1 Equilateral triangle

To demonstrate the approach of CRT for trivariate functionals, we solve the
Silvester problem (c.f. [76]). The objective of the problem is to determine the
expected value of the are& of a triangle whose vertices are three points chosen
randomly from the intetrior of a given triangle T,. In our CRT notation, the
exact result is expressed as

V0|2 T, .
12 -
Although this result holds for any triangleT,, thanks to the scale a nity of areas

in two-dimensions, we can indeed assume that our triangleaguilateral with unit
area.

Sooo = Vgl) (T2)vol, Ty =

Beyond the Silvester problem, we also nd higher area momen&ss) for any non-
negative integerk. Table 1.13 below shows various explic$§'§)2 area moments
for selectedk's (from Equation (1.333) or (1.334)).

e p
(1) (2) (3) 4) (5) (6) (7) (8)
S S S S S S S5 S
1 1 31 1 1063 403 211 13
12 72 9000 900 2469600 2116800 2268000 2646000

Table 1.13: Values of volumetric momentsvgk)(Tz) = Sg;)z for selectedk's

Consequentially, from the knowledge of all moments, we deduce the probability
density function f 555(s) of S using the inverse Mellin transform, a method due to
Mathai (see [45]).

Furthermore, we show how we can deduce the obtusity probability

p_
25 393, 3
()= 5+ Pg*t g, 0748197 (1.312)

in (the standard) equilateral triangle T,. Our approach can be generalised to
obtain obtusity probability (T,) in any other triangle T, though.
Con gurations

In general, letP be a trivariate homogeneous symmetric functional of ordgr (in
case of random triangle area, we have = S and p = 2). In agreement with our
convention,

Pac= E[P(X:Y:Z)jX Unif(A):Y Unif(B);Z Unif(C)];  (1.313)
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1.6. Trivariate functionals in two dimensions

where a; b; care dimensions of domain®\; B; C, respectively, from which the
points X;Y ;Z 2 T, are selected. In the case of ambiguity, the speci c meaning
of eachP,y is deduced from the reduction technique itself or it is shown in Figure
1.20. In there, we also included the position of the scaling poir€@ in cases
reduction is possible. The arrows indicate which con gurations reduce to which.
Each arrow is labeled by a roman numeral corresponding to a given reduction
equation in the system of reduction equations. Note that the assumption the
triangle being equilateral gives us a lot of symmetries.

Figure 1.20: All dierent (abg con gurations for K being a triangle

Reduction system

The full system obtained by the Multivariate Crofton Reduction Technique is

| 2 pP22=3 2(P221  P222)

I pP21 =2 2(P211 Pa21) + 1(P2o  P221);
2 pPa1a = 2(P11in Pai) #2 1(P21o Pa1a)
IV i pPao =2 2(Paio  P220)

V 1 pP1o=2 1(Pioo P110)

Solving the system foiP,,,, we get for any functionalP the following result which
already appeared in Ruben and Reed [61], namely

24(2P111 + 3 P21g)

S @rpGr PG (1.314)

222

Irreducible terms

Using CRT, we have expresse®,,, as a linear combination ofP;;; and Pjio.
Those terms cannot be reduced since the con guratior(d11) and (210) are ir-
reducible (no scaling point available). However, for specic functionals, we can
use some important symmetries to get us to even more reduced con gurations
anyway (dashed arrows in Figure 1.20).

First moment of area
S111

Although the con guration (111) is irreducible (no scaling point), note that

90



Chapter 1. Crofton Reduction Technique

S=1 S° g% gow® (1.315)

where S% S%S%%re areas of triangles formed by xing one vertex and picking
the other two from the adjacent sides (see Figure 1.20). Taking the expectation,

Simi=1 3Supo
since by symmetry,E[S9 = E[S°] = E[S°P= S,10 which is, however reducible

P 110

One of the unreachable con gurations i€110). This con guration is reducible
for general functionalP by equationV in the reduction system. We get

_ 2P0
P110 = 2+p) (1.316)

and therefore withP = S (and thus p=2), we getS; o = %Sloo.

Si00

In con guration (100), the point selected from one of the sides dividds into two
triangles with areasS and S° (see Figure 1.20). Therefore, we have= S + S°
Taking expectation and by symmetry, we get

Siwo=E [S] = %: (1317)

So10

This con guration can be solved using conditional expectations. Le®;Q;R be
vertices of T, and we denoteX as the point selected from the interior andY

as the point selected from the sidRQ (see Figure 1.20). Let us denot&° as
the area of the trianglePRY . The areaS of the random triangle with vertices
P;X;Y can be conditioned with respect t&° (or Y ). Since the pointY is xed,

we split the problem into two cases by the location of poinX. Either X is
above or below the linePY . However, each of those separate cases is equivalent
to con guration (200) (apart of scaling so the area of triangld®’RY or PQY is
one). Writing down the correct scaling factors and bys°  Unif(0; 1), we obtain

h i
Si0= E[S]= E[E[SjSU = E Sp00S%+ Sh(1  SY2 = 2Sy00:  (1.318)

S200

Note that the only point selected from the interior of T, divides T, into three
triangles with areasS, S°and S%(see Figure 1.20), for which

1=S+ S0+ g% (1.319)

Taking the expectation and by symmetry, we immediatelly geS,qg = %
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1.6. Trivariate functionals in two dimensions

S222

Therefore, we nd by backtracking and by Equation (1.314) withP = S (p = 2),

1

1
V6)(T2) = Soo = 7, (S +3Sm0) = 13 (1.320)
which is the resolution of the Silvester problem. To conclude, the following Table
1.14 shows the mean area of a random triangle in all con gurations found along

the way.

So22 Soo1 Sz11 So20 S111 S210 S110 Sz00 0 Sioo

1 1 17 4

A7 1 2 1 1 1
12 9 108 27 4 9 4 3 2

Table 1.14: Mean triangle area in T, in various con gurations

Higher moments of area
S® 100
For generalk > 1, we have in con guration (100) that S  Unif(0; 1) and thus

1 .
1+k’

(k) h ki
st = E sk = (1.321)

S(k) 200

In con guration (200), since the areaS is proportional with the distance of the
base ofT,, we have for its densityf (s) =2(1 s) ons2 (0;1). Therefore

4

1
s(1 s)ds= 2
0

Sl =E'SK =2 -
200 1+ Kk)@2+ k)

(1.322)

S(k) 210

By the same approach as in th&,,4 case, writing down the correct scaling factors,

h i
k k k k .
Shio= E SioeS™ * + Siop(1 S = A4S0 = mritmgs (1.323)

sinceS® Unif(0; 1) and thus E[S®*K] = E[(1 S9Y*X]=1=(2 + k).

S(k) 111

Let X;Y;Z  Unif(0; 1) be the (independent) ratios to which the vertices of the
random triangle divide each corresponding side d%. We can write

SP=zx: S®%=(@1 X)1 V), Sk v@a 2z); (1.324)

SO
S=1 S% S g0 x XY XZ+VYzZ: (1.325)
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Taking the expectation by integrating overX;Y;Z, we get
K h i 2121724
si=E S = O (x xy xz+yz)*dxdydz: (1.326)
0

Integrating out z,

Z,Z + +
slo - L IO oyt (y yqtE
M7 1+k o o Xy

dxdy: (1.327)

We may use the formulaal** b*k=(a b(a<+ a b+ :::+ al 1+ B), so

X z 1Z ! | k | 1 X z ! | k| 2
Sin=nx X XY yx)© Tdxdy= o5 XA ) dx:(1.328)
1=0

The remaining integral is a Beta integral. Straightforwardly, we nally arrive at
the explicit result which also appeared in a recent paper by Maesumi [43],

w1 X (ko2

Si11 = : 1.329
111 1+ k o (1 + k)|2 ( )
Alternatively, note that the integral
Z,Z 1+k 1+k 1+k 1+k
1 171 1 1
I = T )70 YT T gy (1.330)

1+k o o X Yy

vanishes, since by substitutiorx ! 1 xandy! 1 vy, we get I¢. Hence,
adding I ¢ to Equation (1.327) and by symmetry,

2 Z lZ 1 (X Xy)1+k y1+k(1 y)k

+kK o o X Yy
Z.,7Z + +
2 ! 1(1 y)1+k Xl X yl K
Xy

dxdy

St = ¢
(1.331)

dxdy:

1+k o0 o

The formulax®**  y*& = (x y)(xk+ xK ly+:::+ xyk 1+ yk) leads to another
Beta integral, but only raised to the rst power, we get

X Z1 X I I
(k) — 2 1 (1 y)k+l yk |dy =2 k (k |)
1+K,,1+1 o o @+ D@k 1+2)

(1.332)

We do not know whether there is some simple combinatorial explanation why
those sums are equivalent.

S@ 500

For the second moment of area, we simply puP = S?, for which p = 4. By
Equation (1.314), we get

1 1
Vi (T2) = S5, = 55 251 +3Sho = o

Table 1.15 below again summarises mean square areas of a random triangle in
various con gurations.
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1.6. Trivariate functionals in two dimensions

2 2 2 2 2 2 2 2 2
S%, S% S S S S, S S%, S

1 5 1 1 1 1

1
72 216 24 24 12 12 9

(eI

1
3

Table 1.15: Mean square triangle area inT» in various con gurations

S® 500

For a generalk integer, we get by Equation (1.314) withP = Sk (sop = 2k),

Ty = s g 2Smr3S |
2 227 " (k+2)(2k +5)(k +3)

By the results forsﬁ)l and Sé'ﬁ) we get explicitly, after some simpli cations,

@+k)2 Pk 2k ) 24P K+l j12(keL )12

(k) — (1+ k)12 j=0 — j=0 2+ k)12 .
S22 = 12 1+ Kk)(@2+ Kk3B+K(B+2k) (@L+Kk)(@2+ k)23+k) (1.333)

in agreement with Mathai [46, p. 391], Reed [59] and Alagar [2]. Or equivalently,
by rearrangement of the sum as discussed earlier,

Py  (ke2)(k j) Prsl  Ki(k+1 )
S(k) 4 3+(2+ k) i=0 @2k j+2) _ 48 =0 G+D@ Kk j+a) . (1 334)
222 1+ K2+ KB+ K5+ 2K) 2+ KE+k o

Either way, we get a very interesting relation betweerfBi'i)1 and Sé'g)z

S(k) - 245&11) :
2227 1+ K)(2+ K)(3+ k)

(1.335)

Area density

f111

For the density f11;(s) of the random variableS in con guration (111), we have
by Equation (1.327),
ZZ
®kn_ 17T1(x xy)* (y yx)~

M [f111] = Si1y ™ = K oo Xy dx dy; (1.336)

so formally,

ZE1(x xy)k (Y yx)

f111(s) = 1M * dx dy
00 Xy

2z, (1.337)
_ X1 y) (s x(@ y) y@ x) (s yd x)) :
=lg dXdy

00 X y

by Equation (A.41) (in Appendix A) with r =1,
lo (s )= }1s< : (1.338)
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via which we can deduce, with = x(1 y)and =yl x),
z,2Z

1219 1
f112(s) = o sx (1 ’;)( ys<y(l %) dxdy: (1.339)

We can deduce thatf111(s) is nonzero only whens 2 (0;1). Evaluating this
integral is not complicated. By using Mathematica, we arrive at

< 6p1 4sargtanhp<t—  3Ins; 0<s< 1=4;

f111(s) = I 1.340
() = . Pa 1 6arctansi— 3Ins; 14 s< 1l ( )

Althought the derivation of f 13, is already part of Alagar's work [2], it is worth
to mention that the result was later independently rediscovered by Maesumi [43].

f222

For the density f 555(s) of the random variableS in con guration (222), we have
by Equation (1.335),

24sf"
Ml = St = e

Taking the inverse Mellin transform, we get
fo00(S) = 24 1ol 11 oM H[SE] = 241 gl 41 5 [sF111(9)] : (1.342)

R
We will write sfq11(S) = 01 f 111( ) (s )d . From Table A.5 (see Appendix
A),

(1.341)

S 2
I ()I ]_I 2 (S ) = (23)15< , (1343)
using which we obtain
z 1 S 2
fzzz(S) =12 . 1 — flll( ) d: (1344)

It is very easy to carry out this integration, we get

S g 12(1 s) 6(1+24s+ GSInps) Ins ;
%3 12(1+26s) ;L 4sargtanhp 1—45 3 ; O<s< 1=4
fom(S) = g 1481+ 9)(5 argtanh®” 1 4s)’ o
3 121 9) 6(:24s+ GSlng)In_s 3
%B 12(1+26s) 4s 1(3 arctan 4s 1)3 ;1M s< L
' 1445(1+ s)(5 arctan’ 4s 1)
(1.345)

The computation of the area probablity distribution function f,,,(S) was rst
carried out by Alagar [2], while the form shown above is due to Philip [51]. A
remarkable feature of Philip's paper is that he also found the cumulative density
function F,,(s) explicitly. Note that the methods of both authors relied crucially
on the knowledge of the relation betwee(il11) and (210) con gurations. Philip
also found the area probability density function of a random triangle for a regular
pentagon [56] and hexagon [54].
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1.6. Trivariate functionals in two dimensions

Obtusity probability

The probability a random triangle is obtuse in a given triangleT, is no longer
a ne (only scale invariant). Hence, the results of this section holds only fofl,
being equilateral. We can use the following standard parametrization

T, = conv(ey; e; e3) = conv([1;0;0]; [0; 1; O]; [0; O; 1]) (1.346)

of an %quilateral triangle embedded irR® with area vol, T, = P 3=2 and side
length = 2.

111

In con guration (111), the random points X;Y ;Z are selected from (di erent)
sides ofT,. We may parametrise the points as

X=e+ U(eZ el); Y =¢e + V(e3 el); Z=e+ W(e3 ez): (1347)
where we introduced random variablet); V; W  Unif(0; 1). Note that
(Y X)((@Z X)=V 2Uu+2U? UV+UW+VW: (1.348)

The probability that the triangle XYZ is obtuse is obtained by integrating the
obtusity indicators (Equation (1.31)). Moreover, by symmetry,

h i
111=3 111=3E 1y x>z x)<o0 =3E[1lv 2u+2u2 uv+uw+vwe<o]; (1.349)

which can be written as the following integral,
z 1Z lZ 1
111 =3 o o0 o 1y 2u+2u? uv+uw+vwe< o dudvdw: (1.350)

The integral was evaluated byMathematica (see Code 1.1 below). We obtained

9 P 3
=5 271n - 0:616292 (1.351)

Code 1.1: Simple code to evaluate 111 in T,

etalll = 3 =*Integrate [ Boole [v-2u+2u”2-uv+uw+vw<0],
{u, 0, 1}, {v, 0, 1}, {w, O, 1}];

210

In con guration (210), the rst vertex X of the inscribed random triangleXYZ is
selected from the interior ofT,, the second vertexy is selected from its side and
the last vertex Z is xed at the vertex of T, opposite toY . We may parametrise
the points as

X=e+U(e, e)+V(es e); Y=e+W(e e); Z=e; (1.352

where we introduced random variabledJ; V; W such that (U; V)~ Unif(T,),
where T, = conv([0; 0]; [1; 0]; [0; 1]) is the canonical triangle, andW  Unif(0; 1).
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Additionally, in order to obtain the probability that the triangle XYZ is obtuse,
we recognize three sub-con gurationg2 10); (21 0); (210) based on the exact
location of the obtuse angle (the corresponding vertex domain is indicated by
We can express the dot products in the decomposition of the obtusity indicator
(Equation (1.31)) as follows

(210): (Y X)*(Z X)=2U2+2UV 2UW U+2V2 VW 2V+W;
(210): (Z Y)Y (X Y)=U+2vV W 2UW VW+2W?
(210): (X Z)°(Y Z)=2 U 2V W+2UW+ VW:

(1.353)

The probability ,,, that the triangle XYZ is obtuse is obtained as a sum of
probabilities that the random triangle is obtuse at a specic vertex. Via the
same technique as in the previous case, we obtained for those probabilities

P P
1 5 1 3 83 3
- -4 _ ZIn—; = —+48In —; =0: (1.354
210 5 ﬁ 5 n 5 210 75 n 5 210 ( )
Summing those up, we nally get
p_
200= 210% 210t% 210 = 89 + —SFE + %Sh‘l 3 0:836134  (1.355)

12 36 3 2 2

222

Inserting 171 and ;3 into Equation (1.314) with P = , for whichp =0,

p_-

1 25 393 3
= (2 +3 = — -+ —In— 0:748197 (1.356
222 5( 111 210) 1 %12 3 10 n > ( )

1.6.2 Square

Next, by using CRT, we rederive the result of Henze 5.1, that is the volumet-
ric moments vék)(Cz) of a random triangle area. In our convention, we write

vék)(Cz) = Sé'g)z (they are indeed equal, since we already have proper normal-

ization sincevol,C, = 1). Table 1.16 below shows various epriciSé'g)2 area
moments for selectedk's (from Equation (1.369)).

4 N\

1 2 3 4 5 6 7 8
S5, S St Sy SH, S S, SE

11 1 137 1 363 761 7129 61
144 96 72000 2400 3512320 27095040 870912000 24192000

Table 1.16: Values of volumetric momentsvgk)(cz) = s§§)2 for selectedk's

Consequentially, from the knowledge of all moments, we again deduce the prob-
ability density function f,,,(s) of S using the inverse Mellin transform.
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Furthermore, we deduce the obtusity probability

97
(C)= 15q* 75 0725206 (1.357)

which is a result due to Langford [42]. In fact, Langford obtained the obtusity
probability in a rectangle of any side-ratio.

Con gurations

As usual, let Py = E[P(X;Y;Z)j X Unif(A);Y Unif(B);Z  Unif(C)],
wherea =dim A, b=dim B, c=dim C and the concrete selection of;B;C is
deduced from the reduction diagram in Figure 1.21 below. In this diagram, we
also included the position of the scaling poinC in cases reduction is possible.
The arrows indicate which con gurations reduce to which. Each arrow is labeled
by a roman numeral corresponding to a given reduction equation in the system
of reduction equations.

Figure 1.21: All dierent Pguc sub-con gurations in C,

Reduction system

The full system obtained by the Multivariate Crofton Reduction Technique is
| 2 pP222=3 2(P221  P222)
0 pPa21 =2 2(Pa11 Paa1) + 1(Pazo  Pa21);

2 PPy = 2(P111 Poin) +2 1(P2io  Po11)
IV @ pPoo=2 2(P210 Pa220)

with
-1 1 .
P21 = 5P221v + 5P221r:

Solving the system forP,,,, we get for any functionalP,

24(P111 + 2P210) + 12P514,

G+pG+pP6*+p  GrPG+ P (1.358)

P22o =
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Moments of area
S(k) 111
Let us parametrise the location of the random points irff111) con guration,
X = Uey; Y = e+ Vey; Z=e +Wey; (1.359)

whereU;V;W Unif(0; 1). Hence, the area is given by

1
S= é(l U+ UV VW): (1.360)
Note that the expression on the right is always positive. Taking the expectation,
212121 y v+w uw K
Sﬁ)l = > dudwdyv:
0 O

This integral is straightforward, we obtain

W _ 2t FHy

S = A+02+ k) (1.361)

P . .
whereH, = J-kzl 1=j is the k-th harmonic number.

S(k) 210
In con guration (210), vertices X ;Y ;Z of the random triangle selected fronC,
can be parametrised (see Figure 1.21) as

X = Ue; + Vey; Y = Wey; Z=e+ ey (1.362)

whereU;V;W Unif(0; 1). Hence, the area is given by
1. ,
S= éjU V+W UWj: (1.363)

Taking the expectation and splitting the integral into two cases based oX being
located above or below the line segmeMZ , we obtain

u+w uw Kk Zl

K k
S 4y at o dv + L dv dudw:
0o o0 0 u v+w uw

Integrating out v and u (and alsow in case of the second integral), we get

R 2+ k
gl = 2 K 2 Ko L —dw 2 A s P

207 (14 K)2+ K2 L+ K@+ K  Q+KE+K)? @K+ K

(1.364)

S® 211

The last irreducible con guration (211r) is the hardest since it has an extra
degree of freedom. One poinX is being selected from the interior ofC,, while
the remaining twoY and Z are taken from the opposite sides. Parametrizing the
location of the points,

X = Ue; + Vey; Y = Wey; Z = e+ Rey; (1.365)
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whereU; V;W;R Unif(0; 1). Hence, the area is given by
1 .
S= QJRU V+W UW;: (1.366)

Taking the expectation and realizing that, by (two-fold) symmetry, we can assume
that the point X is always locatedabovethe line YZ ,

2121212 ew uw r + k
S =2 4 VEW W Gvdudrdw:
0 0 0 0 2
Integrating out v and u is straightforward, we get
21 k lelr2+k W2+k
Si, = ——— drdw 1.367
AT (1+KE+K) o0 0 1w (1.367)

Luckily, the remaining integral is trivial, we get

22 ka+2

s, = :
T+ e+ EH K

(1.368)

S® 500

For a generalk integer, we get by Equation (1.358) withP = S¥ (sop = 2k) and
after some simpli cations, we get Henze's [35] result

3 28 kH
(k) = qk) — 2+k .
V5 (Tz) - S222 - (1+ k)(2+ k)2(3+ k)z

(1.369)

Note that we can deduce this result independently by the Canonical section in-
tegral introduced later in this thesis (see Section 4.3.2 in Chapter 4).

Area density

See Section 4.3.2 in Chapter 4.

Obtusity probability

111

In con guration (111), the vertices of the random triangleXYZ are selected from
three (di erent) sides. Let X and Z be picked from the opposite sides and be
picked from (one of) the remaining sides. Again, we parametrise the points as

X=e+ U(eZ el) + V(eg el); Y =¢e + W(ez el); Z = e3: (1370)

whereU;V; W  Unif(0; 1). We recognize three sub-con guration§l 11), (11 1),
(111) based on the exact location of the obtuse angle (the corresponding vertex
domain is indicated by ). By symmetry, con gurations (1 11) and (111) give
the same contribution. We can express the dot products in the decomposition of
the obtusity indicator (Equation (1.31)) as follows

L111): (Y X)(Z X)=U? UW U+V+W,

g , (1.371)
(111): (Z Y)Y (X Y)=UW U+VZ V W+1:
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The probability ,,, that the triangle XYZ is obtuse is obtained as a sum of
probabilities that the random triangle is obtuse at a specic vertex. Taking
expectations and byMathematica (Integrate ~ with Boole as an argument),

1 4 1
111= Z‘r; 11= §; 111 = 1117 Z‘r: (1.372)
Summing those up, we get
19
111~ 111t 111+ 11 T 36 0:527778 (1.373)

210

Recall that in the (210) con guration, the rst vertex X of the inscribed random
triangle XYZ is selected from the interior ofC,, the second vertexy is selected
from its side and the last vertexZ is xed at the vertex of C, opposite toY . We
may parametrise the points as

X = Ue; + Vey; Y = Wey; Z=e+ ey, (1.374)

whereU; V; W  Unif(0; 1). We recognize three sub-con guration§2 10), (21 0),
(210) based on the exact location of the obtuse angle. We can express the
dot products in the decomposition of the obtusity indicator (Equation (1.31)) as
follows

(210): (Y X)(Z X)=U? U+V? VW V+W;
(210): (Z Y)Y(X Y)=U VW+V+W2 W (1.375)
(210): (X Z)>(Y Z)=2 U+VW V W

Taking expectations of the corresponding indicators and evaluating the integrals
by Mathematica we get

13 1
210~ E; 210~ Zl; 210 = 0: (1.376)
Summing those up, we get
55
210= 210t 2101t 210 = 7 0:763889 (2.377)

211r

In the last irreducible con guration (211r), X is being selected from the interior
of C,, while the remaining two Y and Z are taken from the opposite sides.
Parametrizing the location of the points,

X = Ue; + Vey; Y = Wey; Z = e+ Rey; (1.378)

where U;V;W; R  Unif(0;1). We get three corresponding sub-con gurations
(2 11r), (21 1r), (211 r), out of which (21 1r) and (211 r) give the same contri-
bution by symmetry. For the dot products, we have

1I): (Y X)(Zz X)=(R V)W V) U@l U);

. (1.379)
11:(Z Y)Y (X Y)=(R W)V W)+ U:
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The probabilities that those dot products are negative can be computed by rst
grouping the random variables, this is the method of Langford [42]. Let

=( R V)(W V) = U@ U); (1.380)
then Langwith CDF (see Appendix A.1)
8
N P —— P <
;1 8) 1+4 +4 tanh- 1+4; 1 <
F()= i( ) am argian 4 (1.381)
§§ 1 6 +8 = 2 In; 0 < 1
© 1 1

and, trivially, with PDF of  beingf (1) = pﬁl! 2(0:1=4) (S€€ Example 278).
We can write the obtusity probability in (2 11r) sub-con guration as

h i Z 1=
2ur=P (Y X)(Z X)<0=P[ <]= fO)f (1)dd
0 1=4

_° T (Hf () d! R 28 oA | = 35
= ! tydt = P = ot g
Similarly in (21 1r) con guration, we havefy(u) = 1,2¢:1) and thus
h i z l:4Z u
auw=P (X Y)Y (Z Y)<O0=P[+ U<O]:0 1z11‘ ()d du
Z 1= Z 12 148up 1 (1.383)

1 4u 4u argtanhp 1 4udu= &):

Lastly, by symmetry, 511, = 21 1y = 1=60. Summing up three obtusity proba-
bilities we have found so far, we get

= F ( u)du=
0 0

53
20r = 21wt 21urt o211 = %"' 16 0:785238 (1.384)
222
Inserting 111, 210 @and ,iq iNto Equation (1.358) with P = , for whichp=0,
= —( +2 +2 )= ﬂ + — 0:725206 (1.385)
222 — 5 111 210 211r ) — 150 40 . .

as obtained by Langford [42].

1.6.3 Disk

Consider a trivariate symmetric homogeneous function& of order p dependent
on three random points picked uniformly from the unit diskB, = fx 2 R? j kxk

1g with areavol, B, = . Additionally, we require P to be rotationally symmetric
with respect to the origin. That is, for anyx;y;z 2 B, and any orthogonal matrix
R we haveP(Rx;Ry;Rz) = P(x;y;z). Table 1.17 below shows various explicit

St), area moments for selectell's (from Equation (1.426)).

102



Chapter 1. Crofton Reduction Technique

4 N\

1 2 3 4 5 6 7 8 9 10
S5, s, sty s, s, sB, s, s¥,  sh,  shy

35 3 1001 1 138567 275 1062347 1911 86822723 2499

48 32 6400 32 2007040 16384 24772608 163840 2664431616 262144

Table 1.17: Mean triangle area momentssgg)2 in B

So far, the only known (higher) perimeter moments (2"2)2 are av@lable in the unit
disk (our result in this thesis, see Table 1.18, in which(3) = = }_, 1=n® is the
Apéry's constant). Apparently, to our knowledge, the second and also any higher
perimeter moments are still unknown and yet to be determined in any othé« .

(1 [€)) (2 (3) (4)
222 222 222 222 222

64 64In2 128 3, 3383 4 35(3) 93584 4 1024In2 49 , 1029 (3) , 9745549

15 15 15 72 2 16 2 1225 245 2 32 2 18000 2

Table 1.18: Random triangle perimeter moments (2'(2)2 in the unit disk B>

Also, we are able to deduce statistics for the smallest and the largest internal
angle. As a consequence, we get for the probability a random triangle in a disk
is obtuse (a famous result of Woolhouse [77]),

9 4
(By)= > — 0719715 (1.386)
8 2

Con gurations

As usual, let Py = E[P(X;Y;Z)j X Unif(A);Y Unif(B);Z  Unif(C)],
wherea = dim A, b=dim B, ¢ = dim C and the concrete selection oA;B;C
is deduced from the reduction diagram in Figure 1.22 below. In this diagram,
we also included the position of the scaling poin€ in cases reduction is pos-
sible. The arrows indicate which con gurations reduce to which. Each arrow
is labeled by a roman numeral corresponding to a given reduction equation in
the system of reduction equations. Recall that the verticeX  Unif(A);Y
Unif(B);Z  Unif(C) of triangle XYZ are selected independently and we denote
L = jXY j,L%= jXZjandL%= jYZjits (random) side-lengths and = j\ XZY j,
0= j\ XYZ jand %= j\ YXZ jthe corresponding (random) sizes of its internal
angles.
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1.6. Trivariate functionals in two dimensions

Figure 1.22: All dierent Pgyc sub-con gurations in By

Reduction system
The full system obtained by CRT is
| 2 pPa2 =3 2(P221  P222)

I P221 = Pzzo:
Il pPxg =2 2(P2io0  Pazo);

where the equationll follows from the rotational symmetry of P. The solution
of our system is

24'F)210

—(6 @+ p): (1.387)

P22o =

Note that when p =0, we getP,, = P19, Which is essentially Proposition 8.1 of
Sullivan [69, p. 65].

P 210

In con guration (210), one point X is drawn uniformly from the interior of B,,
the second pointY is drawn uniformly from the boundary @, and the last one
Z is xed at the boundary. Keep in mind that P, is de ned via generalization
of Remark 9 as a mean weighted by the support function

1 Z Z

VLB 5 @, Y AINY) 2(dX) (dy); (1.388)

P210 =

where the support functionh,(y) of B, evaluated iny and centered atz 2 @3,
(arbitrary xed point) is given explicitly as

h,(y)= iky zk* (1.389)

Let us parametrise our integral using angular coordinate§; ;" ), where ;

are internal angles of the random triangleXYZ located at vertex Z and Y,
respectively. We denote as the remaining internal angle at vertexX, but keep
in mind that implicitly depends on ; since + + = . The angle" is
the angle between the chor&Y and the tangent lines (see Figure 1.23). Also,
we de ne local perpendicular unit vectorse;; e, as shown in the gure.
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Figure 1.23: Parametrisation of points in (210) disk con guration

By (twofold) symmetry, we can only consider the case where the poiX is
located above the chordZY (as shown in the gure above). Hence, we get the
following set of inequalities for our angular variables

o< <™ o< <™ + <"<: (2.390)
The (half-)domain of integration in (; ;" ) is therefore a tetrahedron
conv([0 0;0L,[; 0;0L[; O; T,[0; ; 1;[0;0; 1I): (1.391)

The parametrization of our pointsx;y;z (Figure 1.23) is given by

X Z= X161+ X85! y z=2sin"(cos"e;+sin"e,) (1.392)
with
Xy = 2sin sin." cos(' ); X, = 2sin sin_" sin(" ); (1.393)
sin sin
from which
2si in" . :
kx zk = % ky zk=2sin"; ho(y)=2sin?"  (1.394)

Calculating the Jacobian, we get the transformation of measures

o
A(dx) = d xydx, = 25N SIS:]Q LI (dy)=2d"  (1.395)

Therefore, we may write for our integral (including the twofold symmetry factor),

Z Z Z
P210 = 0 o . P(X;y;z) 210(; j")d"d d; (1.396)

where we introduced theinternal angle trivariate density

v 2 5(dx) 1(dy)h,(y) _ 16sin sin sin*"
20 1= S0onB)2dd d 2 sin’ ' (1.397)
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1.6. Trivariate functionals in two dimensions

Angle-only dependent functionals

When the original functional P depends on integral angles, only, we can
integrate out " to obtain
zZ z
Po1o = . P(X;y¥;2) 210(; )d d; (1.398)

where we introduced the (210) con gurationinternal angle bivariate density

7 . . . .
210(; )= . 200(; J")d"= sn_sih (122 22?3”(2 )J*sin(4 ));

(1.399)

which is the PDF of two internal angles (at Z) and ©(at Y). Moreover,
such functionalP must havep = 0 (it cannot depend on the scale of the random
triangle) and thus, by the solution of the reduction equations,

P222 = Paio: (1.400)

Bivariate internal angle distribution

As a simple consequence, we can identify the probability denity function of in-
ternal angles in con guration (222) with that of con guration (210). This is
essentially Proposition 8.1 of Sullivan [69, p. 65]. However, keep in mind that
while ; and are permutable, this is not the case i{210) con guration. In
order to obtain the correct function for the distribution of internal angles in(222)
con guration, we must rst select two vertices whose corresponding internal an-
gles would play the role of and in (210) con guration. Symbolically, this
corresponds to the following symmetrization construction of the (222) con gura-
tion internal angle bivariate density

22(; )= %[ 210(; )+ 210(; )+ 210( ;)
_sin sin sin 12  8sin(2 ) +sin(4 )
- 6 2 sin® , (1.401)
12 8sin(2 )+sin(4 ) 12 8sin(2 )+sin(4 )
+ _ + _ ;
sin® sin®
where =

Univariate internal angle distribution
Finally, integrating out from ,5(; ), we get the(222) con guration internal
angle univariate density(PDF of a random internal angle)

z csé h
2l )= edls )4 =5 A0 ) 2es) g o)

+2cos(5)+8( +2 )sin( ) ( )(9sin(3 ) +sin(5 )) :

from which we get the CDF of the (222yandom internal angle of XYZ triangle

vA h
1
Ra22( ) = P 1= . 222( 9 d °= 12 2 11+24 12 ? (1.403)
I -

5cos(2)+6( 2 )cot 2 ) 3 csé  sin(2)
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Internal angle order statistics

Our goal is to determine CDF of the largest internal angle=max f ; % 99of
a random triangle XYZ picked from the unit disk, that is the function Goo(! ) =
Pl I'] and its corresponding probability density functiongoo(! ) = G3,,(! ).
Clearly, the PDF is non-zero only when=3<!< . Moreover, trivially [29],

B22(!) =3 222(!) and Goxp(') =1 3(1 Rax(!)); ! 2[=2 ): (1.404)

This fact alone enables us to deduce the probability a random triangle is obtuse

4
200 =1 6222( = 2) = 3(1 R222( = 2)) = Z - 0:719715 (1405)

as derived by Woolhouse [77]. Finch [29] wrote that the probability density
O22(' ) when! < = 2 is not known. However, Sullivan already found some
partial results with CRT [69, Lemma 8.2]. In Eisenberg & Sullivan [27, p. 318],
they also derivedgy.,(! ) when! =2 but did not give a solution for! < = 2.
We nished their calculation and concluded that

h
Oooo(! ) = 212 36 12 +6( 6 (  3)! cot!)cs@!
2( +9!)cos(2 )+ 18cot! +i3( 2! Ysel! (1.406)
+2sin(2! ) +2sin(4!) 6tan! ; 1'2(=3 =2]

which matches the numerical result of Small [65, Fig. 1]. In order to derive this
result, note that we can write using the (222) bivariate density function

z z
GZZZ(! ) = 0 0 222( ; ) 1maxf g ! d d (1407)
forall! 2 (=3; ). When! 2 (=3; =2), this integral becomes
z, z,
Goxo(!) = ' 220(; )d d: (1.408)

2!

Di erentiating this double integral with respect to ! , we get
Z,
Op22(! ) =3 ) 222(;! ) d; (1.409)

which is straightforward. Moreover, integrating back, we got for the CDF,

1 h
Gox(!) = csc;.ZSZed 82 11 7272 cos! 8( 3)*cos(3)
+10cos(3 )+cos(7! )+(20 36/ )sin! 26 sin(3) (1.410)
|
+78! sin(3)+2 sin(5 )+ 18! sin(8) ; 1'2[=3;, =2):

Similarly, the CDF of the smallest internal angle =min f ; ¢ % is given by

Z Z
Hoo( ) = P 1= 0 o 22(5 )lmint;: ¢ d d; (1.411)
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hence 2 (0; =3). Writing out the complement of this integral,

z ,zZ
Hoo()=1 P[ > ]=1 (o) (1.412)

Immediately, recognizing that the integral on the right was already calculated,

h
Hooo( ) =1 CS(L;ZSZEC 82 11 722 cos 8( 3)%cos(3)
+10cos(5)+cos(7 )+(20  36)sin 26 sin(3) (1.413)
|
+78 sin(3)+2 sin(5)+18 sin(5) ; 2 (0; =3)

and for the PDF given ash,x( ) = H2,,( ), we get

h
hooo( ) = 21236 12 +6( 6 ( 3) cot )csc

2( +9 )cos(2)+18cot +3( 2 )sed (1.414)
|
+2sin(2 )+2sin(4 ) 6tan ; 2 (0; =3):
Perimeter moments
() 210
Let P = K. In (210) con guration using ( ; ;" ) parametrization (see Figure

1.23), we have for the triangleXYZ side lengths

2sin sin" 2sin sin" ,
= L= "~ L%=2sin"; (1.415)
sin( + ) sin( + )
from which, by using a known formulasin +sin +sin = 4cos- cos; C0S,

in" (sin +sin  +si 4 cos; cos; sin”
2sin" (sin +sin_+sin ) _ 4c0s, cos; sl . (1.416)

(x;y;z)=L+ L% L%

sin sinE
Therefore, by Equation (1.396),
Z Z Z _
4 cos; Cc0oS5 Sin .
b0 = 2 2 aol; jMdid di (1.417)
0 + sin5

e It is convenient to change our independent variables frofm ) to (; ). Triv-
jially d d =d d is the transformation of measure and for the integral, substi-
tuting 210(; ] "), we get
M
k) _ Z Z Z  prkgin sin sinttke cos; COs;
210 = 3 . d'd d
0 sin sin;

. (1.418)

where =
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® 222

Substituting (2"1)0 into Equation (1.387) with P = ¥ (and thus p = k), we get

222 — (6+k)(4+k)’ .
so for generak > 2 (not necessarily an integer),
Z Z Z 3+ K o s A+ ko ! k
4°7%sin  sin  sIn Cos; cO
(k) — S 005 . :
=6 . . d'd d; (1.420

2277 9 o 6+ Kk)(4+ k) 2sin® sin ( )

where = . We do not know whether there is a way how we can simplify

this integral for generalk's. However, for any given selected, the integral can
be computed in an exact form.

@) 222

For example, whenk = 2, we can integrate out" and in Equation (1.420),

Z h i
@ _ - csCsseC; _ : :
= —2—"245sin(2) 9sin(4)+sin(6 60
2= o 3082 (2) 9sin@)=sin@ ) (a2

6( )cos(2) 56sin cos (24( )+26sin ) d;

which can be solved usinylathemtica or by using derivatives of the Beta function,

3383 35 (3)
2 _ .
22=3% 55t Jg 2

(1.422)

Area moments
S(k) 210

Let P = Sk. In (210) con guration, we have for the area (see Figure 1.23),

2sin sin sin?"

S(X;y;2z) = 1.423
(x:y;2) = (1.423)
Therefore, by Equation (1.396),
zZ z z L o'k
2sin sin sin?" :
SHE . a0 jU)did d: o (1.424)
0 0 + Sin
Integrating out  rst, we get the following neat result
Z Z " H (1] H n H k
4 (2 sin( )sin"sin )?*
(k) —
S1o 5+ K o0 o 2o d d (1.425)
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1.6. Trivariate functionals in two dimensions

S(k) 222

Substituting S{) into Equation (1.387) with P = Sk (and thus p = 2k), we get
for generalk > 1 (not necessarily an integer),

sl _ GSS% =24Z Z (2sin(" )sin" sin )2*k
227 2+ KB+ K "o o (2+K)2(3+k) 2sin?

d d (1.426)

Remarkably, this integral possesses a closed form solution in terms of Gamma
functions. This follows from a result by Miles [48, p. 363, Eq. (29)] (Theorem
220 in this thesis). We get for anyk > 1,

s — (3=2) 3+ %) :
227 41+ Kk)(3+ k) (2+ X)3

(1.427)

After appropriate normalization, we get for thek-th volumetric moment,

S (3=2) 3+ %)

(K) _
vy (Bp) = (vol, Bo)K (4 )k(1+Kk)(3+ k) (2+ £)3

(1.428)

Area density

The density f ;5,(s) of the random areaS can be recovered from moments using
inverse Mellin transform (see appendix A.5). By using th&samma function
triplication identity

(2)(z+1)(z+2)=2,3@32) (1.429)

33
with z =1+ k=2, we can rewrite Equation (1.427), in terms of a product of two
Beta integrals as follows

Z,Z 3P K| 1=3,2=3
1 141 = z z
S = 8 A W Y 4ydz  (1.430)
4 2(1+k)(2+K)(B+k) o o (1 w31 2)*3
Taking the inverse Mellin transform ofSS;Z Y we get, formally,
"z.z 3P 1=3.,2=3 #
_ 81 1“1 sy 3z ¥z _
f222(S) = ﬁ I 0| ]_l 2 0 o (1 y)1:3(1 2)2:3 dde . (1431)
From Table A.5 (see Appendix A),
2
ol (s )= o (1.432)

via which we can deduce that in the unit disks 2 (0; 3p 3=4) and

3P x— 2 1=3,2=3
g 2141 3z s y¥z

f220(s) = F’? o o (y2)32(1 y)=3(1 Z)2=315<

%p 5z dydz: (1.433)

Unfortunately, this integral is nontrivial. There exists a closed form expression
in terms of generalised hypergeometric functions due to Mathai [45], but we are
not showing it here since it is not particularly illuminating.
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1.7 Trivariate functionals in three dimensions

1.7.1 Ball

See Finch [29, p. 694] and re erences therein.

1.7.2 Cube

Consider a trivariate symmetric homogeneous functiond& of order p dependent
on three random points picked uniformly from the unit cubeCsz with volume
vol; C; = 1. Nothing is known about area moments (Finch [29, p. 691 692]).
However, we are able to deduce the obtusity probability,

323338 13G_4859 73 2 3 In2 3 n+" 2)
385875 35 62720 1680 2 105 224 224 (1.434)

0:54265928142722907450111187258177267165716732602495

(Ca)=

P ! , .
whereG =~ 1 A-iyz  0:9159655941s the Catalan's constant This result is

new as far as we know [29].
Con gurations
As usual, let Py, = E[P(X;Y;2Z) ) X Unif(A);Y Unif(B);Z Unif(C)],

wherea =dim A, b=dim B, c=dim C and the concrete selection of\;B; C is
deduced from the reduction diagram in Figure 1.24 below.

Figure 1.24: All dierent Pgyc sub-con gurations in C3
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Reduction system
The full system obtained by CRT is

| : pPss3s =3 3(Pss2  Pasd)
Il : pPsz2 =2(P3s1  Pas2) +2 3(P32  Pza2);
I 2 pP33; =1(P3as0  Pasz1) +2 3(Pa21 Pazi);
IV @ PPy =2 2(Pg;  Paoa) +3(Pazz  Paa);
V i pPsp =2 3(P320 P3so);
VI @ pPsary = 1(Ps20  Paary) + 2(Pair Psawy) +3(P221 Paaw);
VII @ pPazay =3 2(Pa2ie  Pa2a)

with
P32 = 1Pasor + 2Paon;
P32 = %P321r + %P321v;
P = %P321r + %PSZIV;
P22z = 2Paoor + $P2on;
P21 = %P221r + %Pzzlei

The solution of our system is

108(4P221e + Pa2ir +2P311 + 2 P3y0)
6+ p)(7+ p)(8+ P9+ p)
72(P222r + 2P321) - 18Pz |
7+p@B+pPO+p @B+pPO+p°

P33z =
(1.435)

Obtusity probability

In order to decuce (C3), it is convenient to introduce the auxiliary Langford
random variables(see Appendix A.2). LetU;U% U% Unif(0; 1) (independent),
we de ne those random variables as having the same distribution as the functions
of U; U% U%0n the right of the following equalities:

=( U U)U® uU); =(U UYU; = Uu® = U@ U): (1.436)
Moreover, we write Lang (Langford distribution). Probability and cumula-
tive density functions of ; ; and are shown in Table A.2. By symmetry, we

get for the obtusity prolgability in Cz _
|
(Cs)=3 333=3P (Y X)(Z X)<O0jX;Y;Z Unif(Cs) : (1.437)

We can rewrite (Csz) in terms auxiliary variables introduced above. This is the
method used by Langford [42] to deduce(C,). In con guration (333), we may
parametrise the random pointsX;Y ;Z as
x3 X3 3
X = Xig; Y = Yiei;, Z= Zie; (1.438)
i=1 i=1 i=1
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where X;:Y;i: Z; Unif(0;1);i = 1;2;3. Hence, for the scalar product of the
(3 33) con guration (obtuse vertex at X),
X3
(333): (Y X)Y(@Z X)= (i X)Zi X)) (1.439)

i=1

and thus, using our auxiliary random variables,

Z
(C3)=3P[+ % %0]=3 f0 () (9 (9d dd (1.440)

1t 2t 3

where ; % 9 Langare independent random variables following the Langford

distribution. Unfortunately, we were not able to nd the closed form expression of

the integral in Equation (1.440) withd = 3 straightaway. The intermediate result

involves dilogarithms with intricate arguments. However, there is a workaround
CRT.

322r

In con guration (332), the rst vertex X of the inscribed random triangleXYZ
is selected from the interior ofCs, while the other two Y and Z are picked from
(any xed) opposite faces. We may parametrise the points as

X = X181+ Xye, + Xgeg; Y = Yie1+ Yoy, Z=7Z101+ 2765+ €3, (1441)

where X 1; X,; X3; Y1; Y2, Z1;Z,  Unif(0; 1). Based on the exact location of the
obtuse angle, we recognize three sub-con guratio3 22r), (32 2r) and (322r),
out of which the last two give the same contribution by symmetry. Expressing the
dot products in the decomposition of the obtusity indicator (Equation (1.31)),
we get

B2Z): (Y X)(Z X)=(Y1 X1)(Z1 X)+(Yz X2)(Zz Xz) Xzl Xa);
(B22r):(Z Y)Y (X Y)=(X1 Y)(Z1 Y)+(Xz2 Y2)(Z2 Yo)+ Xg:
(1.442)

The probabilities that those dot products are negative can be computed by the
method of Langford [42]. The method relies on noticing that the dot product

can be written as linear combinations of auxiliary Langford random variables

;0 Lang(two independent copies). We can write the obtusity probability in

(3 22r) sub-con guration as

322r:Ph(Y X)(zZ X)<0i:P[+ 0 < 0]
Z 94241242
= . » 1=4f () ( %f (')d 9 d! (1.443)
Z 1424122
F(YEQ ) (1)d d

0 1=4

Unfortunately, the leftover integral is far from trivial and even Mathematica is
unable to nd its closed form solution straightaway. Nevertheless, via simple
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Weierstrass substitution, the integral can be decomposed into linear combination
of special integrals recently discussed d1SE website [47, 74], via which

p_
6739 8G 211 17 2 In(1+" 2) In2
== —t+ — = — + 0:57636350
3227 5750 15 1440 257 2 45 24 24 ?
5 (1.444)
whereG ="}, ﬁ 0:9159655941s the Catalan's constant Somehow, the

situation is much more elementary in(32 2r) con guration. We have

h i
2a=P (X Y)(@Z Y)<0=P[+ °+U<(]

Z,,2 Z 0
= t 14 o f ( )f ( %fu(U) dud Od (1445)
S U EOd = 2y oesiaans
= LP IR O = 255" 68 @
Lastly, by symmetry, 30 = 32 2. Summing up the three obtusity probabilities,

it mat = 4t o= 341101 8G 2060
322r — 3 22r 32 2r 322 r— 3 22 32 2r — 330750 15 20160

17 2 , In2 In(a+ p?)

582 45 24 24

(1.446)
0:611626173665235356686

321r

In con guration (321r), vertex X is selected from the interior ofC; andY and Z
are picked from one face and its opposite edge, respectively. We may parametrise
the points as

X = X610+ Xoeo+ Xze3; Y =Yie+ Yoe,, Z= 2.1+ €3 (1447)

where X 1; X2: X3:Y1; Y2, Z1 Unif(0; 1). Based on the exact location of the
obtuse angle, we recognize three sub-con guratioi3 21r), (32 1r) and (321 r).
Expressing the dot products in the decomposition of the obtusity indicator (Equa-
tion (1.31)), we get

(B2Ir): (Y X)(Z X)=(Y1 X1)(Z1 X2)+(Xz Y2)Xz X3l Xg);
B21r):(Z Y)Y (X Y)=(X1 Y)(Z1 Y)+(Yz Xp)Yo+ Xsg;

(321 r) . (X Z)>(Y Z):(Xl Zl)(Yl Zl)+ XoY+ 1 X3:
(1.448)

Using auxiliary Langford random variables, we can write the obtusity probability
in (3 21r) sub-con guration as

321 = Ph(Y X) (Z X)<Oi =P[+ < 0]
Z 14211202
= . - 1:4f ()f (H)f (1)ddd! (1.449)
Z 1424124
= fF(FEQ ) (1)d do
0 1=4
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By using the MSE integrals, we get

49043 8G 1567 67 2 2  In@+'2)

Sl _ 4 58167
320 5a000 15 11520 720 2 240 192 96 0:5816795685

(1.450)

Next, in (32 1r) con guration,
h [
=P X Y)(Z Y)<0=P[++ U<(]
Z,42 Z
‘1= 37

» JF ()d = oet 134, 003380008

At last, in (321r), con guration, sincel X3 Unif(0;1), we get

1
M
—~

2Ly = Ph(x Z)™ (Y Z)<OI =P[+ + U<Q(Q]
Z, Z 2
= . f ()f ()fy(u)dudd (1.452)

7 1=4 0
1=4 43
= F( )F()d = =0 000292517

Summing up the three obtusity probabilities we obtained in all sub-con gurations,
_ N N _ 2494097 % N 11029 67
321r = 3 21r 32 1r 321 r _p72646000 15 7 80640 7420%
2 L _In2 In(1+ " 2)
240 192 96

(1.453)
0:61840481814327429018

222r

In con guration (222 ), verticesY and Z are selected from opposite faces G
and X is selected from another face in between the two. We may parametrise the
points as

X = Xoes+ Xz€3;, Y =Yie1+ Yooy, Z=7Z161+ 76+ €3 (1454)

where X,; X3; Y1, Y2, 21, Z> Unif(0; 1). Based on the exact location of the
obtuse angle, we recognize three sub-con guratiof2 22r), (22 2r) and (222 r),
the last last two of which give the same contribution by symmetry. Expressing
the dot products in the decomposition of the obtusity indicator, we get

(22Z): (Y X)(Z X)=Y1Z1+(Y> X2)(Z2 Xz) X311 Xg); (1.455)
(222r):(Z Y)Y (X Y)=(Y1 Z)Yi+(X2 Yo2)(Zr Yo)+ Xt .

Using auxiliary Langford random variables, we can write the obtusity probability
in (2 22r) sub-con guration as

22 = Ph(Y X)Y(Z X)< Oi =P[+ < Q]
Z14Zy Z,
= . o f()f ()f (!)ddd (1.456)
Z 142,
- FQ  Of ()f ()d dn
0 1=4
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By using the MSE integrals, we get

14393 2G 11 2 In2
222 = 55~ =t o= S5 7T
27000 15 1152 72 96

Next, in (22 2r) con guration,

0:326548524 (1.457)

h i
22a=P (X Y)(Z Y)<0=P[++ U<OQ0]= xnqy

37 (1.458)
= 4+ — :
1176+ 1344 0:03380008
Atlast, .00 = 22 2 by symmetry. Summing up the three obtusity probabilities,
200 = 222 % 2mat 200 = 20212 222
788507 2G 89 2 In2 (1.459)

0:39414868337494

= 4+
1323000 15 8064 72 96

320

In con guration (320), X is selected from the interior ofCs, Y is selected from a
face andZ in one of the vertices opposite to the selected face. We may parametrise
the points as

X = X161+ Xoeo+ X33, Y = Yie1+ Yo, Z = e3; (1.460)

where X 1; X,; X3; Y1; Y, Unif(0; 1). Based on the exact location of the obtuse
angle, we recognize three sub-con guratior(8 20), (32 0) and (320 ). Expressing
the dot products in the decomposition of the obtusity indicator, we get

(3 20)(Y X)>(Z X)=(X1 Yl)X1+(X2 Y2)X2 X3(1 X3),
(32 O) . (Z Y)> (X Y):( Y, Xl)Yl + (Yz Xz)Yz + X3, (1461)
(320): (X Z2)°(Y Z2)=XiY1+ X,oYo.+1 Xg;

Using auxiliary Langford random variables, we can write the obtusity probability
in (3 20) sub-con guration as

h i
320=P (Y X)’(Z X)<0=P[+ ° < 0]
Z 14211202

= L PO O (1)d W d (1.462)

0 1=4 1
VA 1=4Z 1 +1=4
= f ()F ( ¥ (1)d d:
0 1=4
By using the MSE integrals, we get

_ 42977 TG 2
"~ 54000 30 1440

Next, in (32 0) con guration,

320 0:575291173117 (1.463)

Ph(X Y)Y (Z Y)<Oi:P[+ °+ U < 0]

320
Z 124 Z Z 0
= et 144 0 f ( )f ( c)fu(U) dud od (1464)
£ F F d 23 0:0511111
= ( JF()d = 250 005
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Chapter 1. Crofton Reduction Technique

At last, in (320), con guration, sincel X3 Unif(0;1) and both independent
copies and Care positive, we get trivially

h i
20 =P (X 2 2Z)<0=P[+ °%+U<0]=0: (1.465)
Summing up the three obtusity probabilities we got,

45737 TG 2

- eI : 1.466
2000 30 1440 0:6264022842 ( )

320= 320t 3201 320

311

In con guration (311), X is selected from the interior ofC; and Y and Z are
selected from perpendicular edges which do not share a common vertex. We may
parametrise the points as

X = X161+ Xoe5 + X3€3; Y = Ygeg; Z = e+ Zey; (1467)

where X 1; X2; X3;Y3;Z,  Unif(0; 1). Based on the exact location of the obtuse
angle, we recognize three sub-con guration& 11), (31 1) and (311 ), out of
which the last two give the same contribution. Expressing the dot products in
the decomposition of the obtusity indicator, we get

B11):(Y X)(Z X)= (1 X)X1+(Xz2 Zp)X, (X3 Y3)X3;

. (1.468)
B11):(Z Y)Y (X Y)=Xy+ XaZy+(Ys X3)Ys;

Using auxiliary Langford random variables, we can write the obtusity probability
in (3 20) sub-con guration as

h i
su=P (Y X)(@Z X)<0=P[ + + %< 0= 32

42977 TG 2 (1.469)
= 54000 30 1440 0:575291173117

Next, in (31 1) con guration,

h i
311:P(X Y)>(Z Y)<O:P[U++ <O]

ZO Z Z
= , s o . fU(U)f ( )f ( )dud d (1_470)
1=4 17
= F( )F()d =05 000944444

At last, by symmetry, 311 = 31 1. Summing up the three obtusity probabilities,

43997 717G 2

= == = : 1.471
20 = £2500 30 1440 0:5941800620 ( )

320= 320% 320t

221r

In con guration (221r), X and Y are selected from opposite faces @f; while
Z is selected from one of the edges connecting them. We may parametrise the
points as

X = X161+ X565, Y =Yi€1+ Yoo + €3, Z = Z3€3; (1472)
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1.7. Trivariate functionals in three dimensions

where X 1;X5; Y1;Y2;Z3  Unif(0; 1). Based on the exact location of the obtuse
angle, we recognize three sub-con guration@ 21r), (22 1r) and (221 r), out of
which the rst two give the same contribution by symmetry. Expressing the dot
products in the decomposition of the obtusity indicator, we get

(22Ir): (Y X)(Z X)=(X1 Y)X1+ (X2 Y2)Xz+ Zg;

. (1.473)
(2211) 1 (X Z)7 (Y Z)= XiYi+ XoYo+ Zs(1  Z3);

Using auxiliary Langford random variables, we can write the obtusity probability
in (2 21r) sub-con guration as

23

h i
2ar =P (Y X)’(@Z X)<0=P[+ ° U<0]= 3202@

. (1.474)
By symmetry, ., iy =  21r. Finally, in (221 r) con guration,

h i
21r=P (X Z)(Y Z)<0=P[+ ° <0

Z %Z % Z % Z %Z % q
= f () (9 () d% = InIn°1 4+ 9d %
0 O + 0 0 O
Z 1 —
_Ti( 4)? 788 2

(1.475)
Summing up the three obtusity probabilities,

2 = 220t 2wt 211 = gg —2 0:2534570004 (1.476)
3375 120

221e

In the last irreducible con guration (221e), X and Y are selected from adjacent
faces ofCz; while Z is selected from an edge opposite to the face on whi¥h
reside. We may parametrise the points as

X = X161+ Xs6y, Y =1+ Yoer+ Yses, Z = Zj€3; (1477)

where X 1; X5; Y,; Y3;Z3  Unif(0; 1). Based on the exact location of the obtuse
angle, we recognize three sub-con guration@ 21e), (22 1e) and (221 e). Ex-
pressing the dot products in the decomposition of the obtusity indicator, we get

(2218): (Y X)(Z X)= Xl Xi)+(Xz Y)Xo+ YsZs;
2216): (X Y)Y (Z Y)=1 Xi+(Yo Xo)Ya+(Ys Zo)Ys (L478)
(221 e) . (X Z)> (Y Z) = X1+ XoY, + ( Z3 Y3)Zg,

Using auxiliary Langford random variables, we can write the obtusity probability
in (2 21e) sub-con guration as

h i
222= P (Y X)(Z X)<0=P[ + + < Q]
L1242, 2,
S 0 me OO Oddd (1.479)
Z 142,

f ) ()F(@  )dd:
1=4
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By using the MSE integrals, we get

32629 7G 2
221~ £2000 30 360 0:363099867:7 (1.480)

Next, in (22 1€) con guration, we have sincel X; Unif(0; 1),

h [ 23
22 1e — P (X Y)>(Z Y) <0 = P[U+ + 0< O]: 320 — ﬁ): (1481)
Finally, in (221 e) con guration,
h i 17
= > <0 = ++ <0]= = __ )
=P (X Z)(Y 2)<0 =P[U 0]= 311= ;oo (1482)

Summing up the three obtusity probabilities,

35899 7G 2
= + + == —— ___  (:4236554232 (1.483
221r 2 21r 22 1r 221 r 54000 30 360 ( )

333

Inserting 221ey  221rs  222rs 311y 3205 321r and 3221 into Equation (1435) with
P = , for which p=0, we nally obtain

_ _ 1
(Ca) = 333= 55(4 2200t 220 +4 220 +2 311+2 320+8 321, +7 3221)

_ 323338 136 4859 73 2 312 3 In(1+" 2) - aea
~ 385875 35 62720 1680 2 105 224 224 (1.484)

0:54265928142722907450111187258177267165716732602495

which is a natural generalization of Langford's (C,) [42].
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2. Even Moments of Random
Determinants

In this chapter, we study the moments of random determinants. It turns out that
they are closely related with moments of volumes of random simplices. We will
see this correspondence later in Chapter 3. For now, we shall study the moments
of random matrices on their own, the usefulness of which will be apparent later
on.

2.1 Preliminaries

2.1.1 De nitions

De nition 39. Let Xj's be independent and identically distributed (i.i.d.)
random variables with (non-central) momentsm, = EX{, from which we
construct two (random) matrices A = (Xjj)n n and U = (Xj)n p. Let
fi(n) = E(detA)* and f(n;p) = E(detU>U)¥=2 be their k th determinant
moment andk-th Gram moment, respectively. By de nition, we setf,(0) =1
and fi(n;0) = 1 (we put det(U”U) = 1 whenp = 0). Also, we de ne their
corresponding generating functions
n
F= " Trey R =" O P e ey 2
n=0 ni2 n=0 p=0 ﬂ!p!

Remark 40. This de nition of generating functions makes sense only f&r 5,
otherwise it does not in general de ne an analytic function af on any interval.
Although, we can still treat them formally.

Remark 41 Notice that, when n = p, that is when U = A, we get by the
multiplicative property of determinant, det(U”U) = (det A)?. Therefore,
fr(n;n) = f (n) and thus Fi(t; 0) = Fi(t).

Example42 Whenn =2 and k = 4, we have
4
X1 X2
Xo1 X
AX XX 12X 21 + BX XX HXE AX 11X 22X HX 31 + X 15X 5))

— 2 2112 4 212 2 — 2 212 4.
=m; 4mzmi+6m; 4mims+ my=2mz; 8msmi+6m;:

f4(2) = E(detA)* = E = E(XuX2 XuXa)*= E(X{1X5,

(2.2)

De nition 43.  Sometimes, we restrict the distribution ofXj; 's:
We say X 's follow a symmetrical distribution, if the odd moments are
equal to zero up to the orderk (that is, my.; = 0 for 21 + 1 K).
We denotef*™(n) and F2X™(t) the correspondingk-th moment of the
random determinant formed by those random variables, and its generating
function, respectively. Similarly, fi(n;p) = 2™ (n;p) and F(t;!) =
stym(t,' ) if Mi=M3=Mg= :::= Mog=oe 1 =0.
We sayX; 's follow acentered distribution (or equivalently, we say X 's
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2.1. Preliminaries

are centered random variables) im; = 0. For those variables, we consider
f2"(n) and Fe"(t) in the same way. Similarly,f¢(n;p) = f"(n; p) and
Fe(t; )= FSE(t; ! ) if my =0.

2.1.2 Polynomial nature and scalability

We present some general statements about the random determinant moments.

Proposition 44. Let k be even, then

f(n) = " w(nyma;mg;mg;iiiime 15 my); (2.3)
where' ¢ is a polynomial inmg;:::;my. Equwalently, there exists a function
whose expansion coe cients are polynomials img;:::; my, we can write

Fr(t) = w(tma;iiiimy) (2.4)

Similarly, k(n p) is also some polynomial (n;p;mg;:::;my) and F(t;! ) =

k(t;1;m q; 000 my) for some functions  with polynomial expansion coe cients.
Corollary 44.1.

f7™(n) = ' k(n; 0;my; 0;my; 0;mg; 52 0); (2.5)

FIM() = «(t 0;ma; 0;my; 0y mg; 20 3); (2.6)

flfen(n) = k(l’l,O, m21m31m41m51m6; . )1 (27)

FO(t) = (t; Oy m2; mg; My Ms; Me; 2 02); (2.8)

similarly for fi(n;p) and Fi(t;! ).

The following proposition allow us to x onem; and still retain the full generality:

Proposition 45. Let' and ¢ be de ned as in Proposition 44, then for any
2 R and k even,

c(n; mo; 2my; 3mgiii Kmy) = (M my;my;mg; s my) (2.9)
and as a consequence,
6 mos Pmyii *m) = kKt maoagmyiiimy): (2.10)

Similarly for the non-symmetric case,
"k(nip; mog; ms; i Km) = P (npmygmgmg;iinmy)  (2.11)

and
my;:::; I‘mk): k( tml,mz;:::;mk): (2.12)

one hand, by de nition,

E(detA ) =" (mmy:im) =" (m mygii Kmy) (2.13)
E(detU” U )2 =" (n;p;mg;::o;m) =" (mp; my;iiz; *my):  (2.14)
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Chapter 2. Even Moments of Random Determinants

On the other hand, by linearity of determinants,
E(detA )= "™E(detA)*= "™ (n;my;:::;my) (2.15)
E(detU” U )2 = PKE(detU”U)*2= PK (niprmy;::i;my): (2.16)

The assertion for the generating functions follows simply by plugging those results
into De nition 39.

Corollary 45.1. Assume we know (n) and Fy(t) with m, =1, that is

fu(M)mo=1 = " k(n;myq; 1 mg;my; i myg); (2.17)
Fe(@ime=1 = «(tmyg; 1ma;mg; i my); (2.18)
then
!
=2, m mz m m
fl(n) = MET2 0 M L g g (2.19)
m; m; — m; ms,
=, M mz; m m
F®) =k Myt —o L —aos i 0 g (2.20)
m; m; — m; m;
Similarly
!
=2, m mz m m
fr(n;p) = m2  n; 1iz;l; 352; 4‘:‘2;:::; kiz . (2.21)
ma m; — m; mx
- m mz; m m
Fe(tl) = « ms2; liz;l; 352; 4‘:‘2;:::; kiz : (2.22)
ma m; — m; my

2.1.3 Permutations and derangements

De nition 46. Let P, be the set of all permutations (that is, bijections) of
ordern on [n] = f1;2;3;:::;ng. An inversion is a permutation which only
switches two elements. We de ne the sigesgn of a permutation to be the
number of inversion necessary to get from the identity. This de nition is
unambiguous.

A permutation can be represented in theCauchy notation It is well known
that the permutation can be decomposed in cycles. This is becomes obvious by
showing the same in the previous example in itscycle representationof . Both
representations are shown on Figure 2.1.

w -
DN
= W
o b
H O
~N o
N~
U1 0o
0 O™

Figure 2.1: A permutation 2 Pg being represented in (tabular) Cauchy notation
(left panel) and the cycle notation (right panel)

Let C( ) be the number of cycles which decomposes to, thesgn = ( 1)" ©(),
wheren is the order of the permutation . We can write this formula as the prod-
uct over cycles. Let = ;t ,t t , be (disjoint) decomposition into cycles
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2.1. Preliminaries

(i =1;:::;m, where we denotedn = C( ). Then
yn m o
sgn =( 1" (1= (1Y (2.23)
r=1 r=1

wherej (] is the order of | (that is, the length of the cycle ;). Note that,

but rather on a subset ofn. In fact, our permutation from Figure 2.1 is also a
special special case of another set of permutations called derangements.

Lemma 47. Let D, be the set of allderangementsof order n on [n]. That
is, D, are permutations in P, which have no xed points (cycles of leghth
one). If we letC( ) denote the number of cycles in a permutation and take
Cn(u)y= ,p, uc0), then

Cn(u) = ( n 1)(Cn 1(U) +u Cn Z(U))

and

Proof. See the chapter on Bivariate generating functions in the textbook An-
alytic Combinatorics by Flajolet and Sedgewick [30]. For completeness, we
present our own derivation. We proceed recursively based on the position of
the noden in the cycle representation of . We can create a derangement 2 D,

by either:
1. Adding the noden to one of the cycles of a derangement’2 D, ;. That
is, ifi ! (i), then we insertn asi! n! (i). Since there aren 1

nodes in © there aren 1ldierent 2 D, we can create. In this case,
the number of cycles is unchanged, i.eG( ) = C( 9.
2. Adding a cycle(n;n 1) of length two to °°2 D, ,. We can then replace
n 1byanyi2 % Thisgivesn 1 new derangements 2 D, created
from 99 all of them havingC( )= C( %9+1.
We can obtain all derangement®, in this way. These two possibilities are shown
in the gures below.

, Figure 2.3: D, 2! Dy.
Figure 2.2:. Dp 1! Dj.
In terms of C,(u), we get the desired recurrence relation

X X X
Cn(u) = u¢)=(n 1) u€+(n 1) ucl M
2Dn 02Dn OQDH 2

=(n 1)(Cy 1(u) + uCy 2(u));
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Chapter 2. Even Moments of Random Determinants

from which one can deduce its generating function easily.

2.1.4 Analytic combinatorics

We follow the notation from the textbook Analytic combinatorics [30] by Flajolet
and Sedgewick. LetA be a combinatorial structure with weightw, : A No.
The structure is said to be labeled if any of its members 2 A (an object of
structure A) is composed of atoms numbered Gwa( )] = T1;2;3;4;:::;wa( )0.
Moreover, we assume tha#A,, = 2A ] wa( )= ngis nite for any natural

n 0. We also deneé, = jA,j as the number of objects with weight equal
to n. Combinatorial structures can be composed together. If a structur€ is
composed out of structure®\ and B, we can depict this dependency in a form of
a structural relation (or structural equation)

C=( A;B) (2.24)

One common composition of labeled structures is thatar product. Note that a
tuple (; ) cannot represent a labeled object of any structure, since the atoms
of and are labeled by[wa( )] and [wg( )], respectively. Relabeling our ,
into % © so every number froml to wa( )+ wg( ) appears once, we get
a correctly labeled object. There are of course many ways how to re-label the
objects. The canonical way is to use thetar product. We say( ¢ 92 ?
if the new labels in both °and ©increase in the same order as in and
separately. An example is illustrated below in Figure 2.4.

° 6 5 31 4 3 2
@ 0 .%Az ?/
2 4 1 1 2 1

Figure 2.4. Star product

The key concept in labeled structures is theigenerating function(EGF for short)
de ned as
X tW( ) po tn

2A WA( )' n=0 n’

A) =

(2.25)

Generating functions encode the relation between combinatorial structures (i.e.
how are they composed). In general, there is often a relation in the form

Ct)y = (Aw);B) (2.26)

for some function (or an operator) . The following Table 2.1 enlists the most
common constructions.
Let us make some further comments of the constructions in the table above.
" Seqy(A) is a shorthand for asequenceand indeed it can be represented as
(re-labeled)k-tuples of objects taken fromA. Note that since everything is

re-labeled, even though ;; ; might be the same for di erenti;j , the cor-
responding {, ? are always distinct. Formally,Seqy(A) = f( $;:::; R) ]
i 2A;i 2 [Klg, where( %:::; 992 1?2 ? .
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e B\
C representation ofC we( ); 2C )
8
< if 2A;
A+B A[B “wal ) LA + B(t)
-wg( ) if 2B
A?B |f j 2 ?; 2A; 2Bg|l wa( )ws() A@®)B(t)
Seqi(A) | AKE p2A2  2A Aty
k
Set ((A) LAk LR (1)
Cyc «(A) LA LR (1)
P
P
Set (A) 1, Set(A) expA(t)
P
Cyc (A) t_, Cyck(A) In - /1Q(t)
Table 2.1: Composition of combinatorial structures and the corresponding expo-
nential generating functions

G J

N

Set ¢ (A) is a structure ofsetsof k relabeled elements, that is, the order of
objects ?is irrelevant. Formally, Set((A) = ff %:::; 29 2 A;i 2
[k]g. Alternatively, Set (A) can be represented as the structure of classes
of k-tuples in Seq(A) which di er up to some permutation.

Cyc «(A) represents the structure of classes @ftuples in Seq,(A) which

di er up to some cyclical permutation.

For completeness, we brie y explain these results. To see that the exponential
generating function forA ? B is A(t)B(t), let &,, ., and &, be the number of
elements of weightn in A, B, and A ?B. We have that

X' n
t= . oah
ECI
SO . . _ _
n xn . 1) L
) = &t" _ aiit ﬁL = A)B (1)
n=0 nt n=0 j =0 J! (n J)!
The generatllang functions forSeq(A) Set (A), andPCyc (A) come from the Taylor
seriesft: = Lot €=ty U andin A = L X
Tagging

Often, we asign a parameter (real or complex) when a given combinatorial sub-
structure appears in a more general construction. Let us say that each time a
substructure 2 A appears, we multiply the weight by . The generating func-
tion for a labeled combinatorial structureA = 5 A isthenA (t) = AA(1).
Similarly, let us attach a parameter g to a substructure B and let us create the
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Chapter 2. Even Moments of Random Determinants

following construction

C:(AA;BB): (227)
In terms of EGF's, this translates to
Ct) = ( AA@); sB(1): (2.28)

Example48. Let us denoteD as the combinatorial structure of all derangements.
Any derangement can be decomposed into cycles of length at least two. Attaching
a tag u to each cycle, we get a structurd,, which can be also constructed as
follows

D, = Set uCyc , (D (2.29)
and thus immediately in terms of generating functions,
e ut
Du)=exp( ut uln@@ t)= T o (2.30)

This is an alternative proof of Lemma 47.

2.2 Permutation tables

We can express the value df,(n) = E (det A)* as a sum of terms ovepermutation
tables Permutation tables are well known and have been used to nd older
results [50][24]. However, they have never been used as a tool, but merely as a
visualisation. The main ingredient how to obtain random determinant moments
thus still remained a plain recursion. Although recursions are versatile (the author
of this thesis foundF,4(t) and F4(t;! ) in his original work [8] by recursions only),
they have a major disadvantage they hide the underlining structure. Simply
because there are so many of them and they are connected nontrivialy (see Figure
1 in [8]). After nding F4(t) and Fu(t;! ), the author begun a collaboration
with Zelin Lv and Aaron Potechin, who foundfg’™(n) earlier the same year.
Together, we are able to deduce a slight generalisation, namél§"(n), using a
clever handling of generation functions. In our paper [5], the bijection between
random determinants and permutation tables is used extensively. For the rst
time, the overall structure of permutation tables played a crucial role in obtaining
the moment of a random determinant. Nevertheless, the paper still relied only
on recursions (coupled with exclusion/inclusion technique), which again made the
derivation incredibly technical and hided some crucial insights. It was only later
after publishing our work that we realised that each block of our nal generating
functions F,4(t) and F§®"(t) have a concrete combinatorial meaning. Rather then
top to bottom, the natural question is how we can build our permutation tables
from bottom up from generating functions. The new approach is thus to view
permutation tables as a standalone combinatorial structure on which we can
perform analytic calculations in the spirit of Flajolet and Sedgewick [30]. This
is the method of permutation tables in its present form as it arose from the
collaboration with the aforementioned authors. We will show how the method
works in the remaining sections.

De nition 49. We say is ak by n permutation table, if its rows are permu-
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2.2. Permutation tables

De nition 50. We de ne the sign of a table 2 Fy., as the product of signs
of permutations which form its rows.

De nition 51. _ We de ne the weight of thei-th column of 2 Fy, as the
expectation E }‘=1 Xi ;) Then, we de ne the weightw( ) of the whole table
as the product of weights of its individual columns.

De nition 52.  Finally, we denoteFy as the set of all permutation tables with
k rows with the above weights and signs. That is, structuralllyy,

Fe = ¢ Fin: (2.31)
n=0

Example 53 The following example in Figure 2.5 shows a permutation table

2 F49 with weight w( ) = miZmim3m,. Weight of each individual column
is shown below each column. For instance, the second column corresponds to
term X,6X 22X 26X 23, Whose expectation is obviouslynfmz sinceEX 226 = m, and
EX, = EX23 = mjy.

1 6 3 9 5 2 7 8 4 +

3 2 1 9 4 6 7 5 8 +

4 6 1 9 3 2 7 5 8 +

2 3 1 5 4 6 7 8 9

m;  m2Zm, mimz mimz mim, m3 my m3  m2m,
Figure 2.5: A permutation table 2 Fgo with w( ) = m#?mim3m4 andsgn = 1.
Proposition 54. For any distribution X ,

X
fi(n) = E(detA)* = w( )sgn( ): (2.32)

2Fkn

. . P .
Proof. Follows directly from the expansiordetA = = ,p sgn Qiz[n] Xi (i) raised
to k-th power and by taking expectation.

Example55. The correspondence betwedn(n) and permutation tables is shown
below in Figure 2.6 forn =2 and k = 2 showingf,(2) =2(m3 mf) =2!(m,+
m2?)(m, m?) by summing the contributions from all permutation tables.

(detA)Z = X121X222 X 11X 20X 10X 21 X 19X 21X 11X + X122X221
Fyy 1[2 1]2 2[1 2[1
’ 12 211 12 2|1
Weight: m,ms m2m? m2m? m,ms
Sign: + +

Figure 2.6: Correspondence between determinant momenft,(2) and permutation
tables F».»
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2.2.1 Exponential generating function and analytic com-
binatorial nature of permutation tables

Note that our generating functions (see De nition 39) aredouble exponential
meaning they have a facton! squared in the denominator, where the usual expo-
nential generating function (EGF) has only rst power ofn! in the denominator.

It turns out there is a simple way how the tables so their generating functions
are EGF. In order to achieve this, we relax the assumptions of knowing the order
of the columns.

De nition 56. Let Ay, be some set ok n nontrivial tables with usual
weight de ned as a product of weights of its columns. We denoi&,., as tables
formed from Ay., in which the order of the columns is irrelevant. That iSAx:n

is split into equivalent classes of tables which di er only by some permutation
of columns. The setAy., can be then viewed as the set of representats (one per
each class). Or equivalently, iMA.,, tables which di er up to permutation of
columns are treated as the same table. Accordingly, we de ne

X X
a(n) = w( )sgn; &y (n) = w( )sgn

2Akn 2A kn

and their corresponding generating functions

R0 Roqn
A= —pa(n); Au(t) = rA(n): (2.33)
n=0 """ n=0 """

Lemma 57. Let a.(n), &(n), A(t) and A.(t) be de ned as above, then

a(n) = na(n) and A t) = At): (2.34)

\

Proof. Let 2 Ay,. Sincek is even (otherwiseac(n) is zero), permutation of
columns of does not change the sign nor weight of. Select one representant®
from each class of tables whose columns di er only by permutation of columns.
Since there aren! ways how we can arrange the columns,

ac(n) = X w( )sgn = X n'w( )sgn = nl&(n); (2.35)
2Axn 02A n

from which immediately

n

Rt R
A= pa(n) =
n=0 ""* n=0

Lo = A (2.36)

De nition 58. Finally, we denote Ay as the combinatorial structure of all
permutation tables with k rows with the above weights and signs (whose column
order is irrelevant). That is, structurally,

b3
n=0
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2.2. Permutation tables

De nition 59 (Tables Fy). According to the above de nition, we write Fy.,

for the set of all permutaﬁion tables with k rows andn columns with irrelevant
order. Similarly, Fx = ﬁzo F«.n is the combinatorial structure of all such
tables regardless of the number of columns (including zero columns).

Example60. Let us computef 5(3). We may write f»(3) = 311',(3), wheref'5(3) =
2F ., W( )sgn . Figure 2.7 enlists all elements of 53 and shows their weights

and signs. Summing the contribution, we gef\2(3) = m3 3mymj+2mé =

(my+2m32)(m,  m3)2 and thusf,(3) = 3!/(m,y +2m2)(m, m2)2,

( N

F.o: |12[3] [1[2[3] [1[2[3] [1[2[3] [1]2[3] [1]2[3
' 1{2(3 1{3(2 312|1 2113 3112 2/13|1
Weight: momom,;  mymim?  mZm,m?  m2mZm, mimim; mZmzZm3
Sign: I i +

Figure 2.7. Correspondence betweerﬁ\z(?)) and permutation tables F.3

Remark 61 Since the order of the columns in any 2 Fy is irrelevant by
de nition, we often sort them by the rst permutation (the rst row in the
given table ).

Sub-table factorization

Let n( ) denote the number of columns (which is the same as the number of
elements) of a table 2 A . Using this de nition, we can write the exponential
generating function from Equation (2.33) more compactly as

Ad() X tn()
t) =
“ oa, NC)!

w( )sgn ; (2.38)

Any table can be viewed as being build up by smaller constituents. Those
constituents aresub-tables which we de ne as the smallest subsets of columns
not sharing any element which cannot be further divided. The following propo-
sition underlines the property of tables with irrelevant column ordeA being a
combinatorial structure with the usual property of the star product, namely that
the (exponential) generating functiondactorise over sub-tables

De nition 62. Let be aAy table. We denoteEGF [ ] as the contribution
of to Ak(t) (Equation (2.38)). By de nition,

tnC)
EGF[ ]= ()

§imilarly, if B A  is a subset of tables fromAy, then EGF[B] =
o5 EGF[ 1.

w( )sgn: (2.39)
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Chapter 2. Even Moments of Random Determinants

Proposition 63 (sub-table factorization). Let be aAy table build up from
exactly two disjoint sub-tables; and ,, then

EGF[.1? ;)= EGF[ 1EGF[ JI: (2.40)

Proof. Let n; and n, be the number of columns of; and ,, respectively. We
also denoten = n; + n, as the total number of columns of (See Figure 2.8).

n = n, columns + n, columns

Figure 2.8: Table consisted of two dis-joint sub-tables ; and ».

Any from the set ;? , (with elements shu ed) gives the same contribution to
A(t). Since there are n“l ways how can we select elements for and »,,

! !
n

tl’l n
) HW( )sgn =

EGF[,? 5] = :1 EGF[ ]=

nllnz!w( )sgn: (2.41)

On the other hand, we already know that both weight and sign factorises over
sub-tables, that isw( )sgn = w( )w( »)sgn 1sgn ,. Hence,

ni n2 ni+nz

t t
EGF[4]EGF[ 2] = nT!W( 1) Sgn 1@W( 2)sgn 2 = WW( )sgn;  (2.42)

which concludes the proof.

2.2.2 Highest moment recursion formulae

The following statement and its proof due to Prékopa [57] enables us to replace
my with any arbitrary value and still not loose any generality:

Proposition 64.
@K(t)

am - Fe; (2.43)
from which, for m, 2 R arbitrary,
Fe(t) = €™ ™ (Fe()ime m,): (2.44)
or equivalently
w(tmy;ime om) = €M™ Mt (tmyg; i me 1 my) (2.45)
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2.2. Permutation tables

Proof. For each factor ofmy, there must be one column lled with the same
elements in a given permutation table (&-column). The columns ofFy can be
depicted in the diagram below.

( 0

Type: k-column other columns

Fk:

Weight: My

. J

Crucially, thesek-columns are disjoint from the rest of the table. If we denotE7
as the structure of tables not containingk-columns, we can write the following
structural equation

Fi = Set % (&2 P (2.46)

Note that the star product arises naturally, since it handles relabeling. The rst
term in the star product is precisely the structure ok-columns with EGF equal
to exp(mgt), wheremyt is the EGF of a singlek-column. For the second term,
we have for its EGF that Fi(t) = Fy(t)jm,: o, Since we can erase thk-columns
by setting my = 0. Combining those generating functions together,

Fi(t) = €™ (F(Dim,: o); (2.47)
which is equivalent to the assertion of the proposition.

Dembo (Lemma 2 in [24]) showed that a similar result holds also féf(t;! ),
namely

Proposition 65.

@(E@(tm;) = tFe(t; ! ); (2.48)
from which, for m, 2 R arbitrary,
Fe(t;!) = ™ MIF(t! imr m,); (2.49)
or equivalently
(thmgzime gm = e™ M (mhm ginme m)  (2.50)

Remark 66. There is a general pattern found throughout the thesis. Namely,
if a table is composed of two disjoint sub-tables, its EGF is a product of those
EGF's for the two sub-tables. This is because not only weights decompose
into product over sub-tables, but also the signs (as shown in Proposition 63).
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2.2.3 Second moment general

The following formula for f,(n) was derived by Fortet [32] as a special case of a
more general setting by recursions, although it could be derived in a much more
elementary way [68]. In this thesis, however, we shall prove this formula using
permutation tables and their corresponding combinatorial constructions.

Proposition 67 (Fortet [32]). For any distribution of Xj ,
fo(n) = ni(my+ mé(n 1))(my mH" L (2.51)
Fo(t) = (L+ m2t)emz mit: (2.52)

Proof. In order to deducef,(n), we can add up weights and signs in tables,.
Let us examine their structure. Leta;bbe di erent integers, then there are two
types of columns inF, (see the diagram below).

( N

Type: 2-column 1-column

H

Weight: m, m2

k J

A crucial observation is as follows: Each table 2 F, can be decomposed into
sub-tables(disjoint sets of columns). This should be obvious since any can
be associated with a corresponding permutation in the Cauchy notation. The
xed points of  correspond to2-columns and the cycles of are created by
connecting thel-columns ( rst row to second row). An example of 2 F, with

its corresponding permutation is shown in Figures 2.9 and 2.10 since the order
of columns in is irrelevant, we grouped the columns into sub-tables right away.

® ® O B
1;11335968 @
@) O ® O

Figure 2.9: 2 F 2.9 with two 2-columns  Figure 2.10: The corresponding permu-
and seven 1-columns (5 sub-tables) tation 2 Fq for table

w
©
ol
(0]
»

As a consequence, we can write down a structural equation for the structure of

all 2-tablesF, as follows
|

-
F, = Set ?Set Cyc , m(Q) (2.53)

That is, the second term in the star product is exactly the structure,. Based
on analytical combinatorics, we immediately get in terms of generating functions,

Fo(t) = exp(mat) exp( m?t +In(1+ m?t)) = (1+ mt)e™z ™Dt (2.54)
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2.2. Permutation tables

This concludes the proof. By using Taylor expansion, we immediately recover
alsof,(n). For completeness, let us discuss how the signs are handled in the
EGF of F,. Those tables are decomposable into sub-tables, each sub-table &
identi ed with a corresponding cycle. Each cycle of length n has the sign equal

to ( 1)" ! and this must be the same sign of the sub-table of of the same size
(n columns). We can therefore write for the EGF of all tables composed of one

cycle only
!

(07, o O

8 ( t)“+
2! 13

m2( t)+ mj g =In(1+ mit): (2.55)

Note that the power of the minus sign att" is exactly ( 1)" ! as it should be.
Finally, since the cycle of length one is impossible (a single 1-column can never
be disjoint), we have to subtract the rst term in the series expansion above.

2.2.4 Fourth moment central

Note that when m; = 0, the number of tables with nontrivial weight is reduced
signi cantly. As a consequence, we can easily derive the result of Nyquist, Rice
and Riordan [50], namelyF;*"(t) and the corresponding ;*™(n).

Proposition 68 (Nyquist, Rice and Riordan [50])

oym gl(ms 3m3)
Fo0() = @ mae (2.56)
Corollary 68.1.
| . |
y » -
£9™(n) = (nl)?m2" oil' 2‘%‘ g N 12 (2.57)
iz !

Remark 69. In fact, those formulae hold even iXj 's follow just a centered
distribution. That is, f$®"(n) = f;*™(n) and F{e"(t) = F;”™(t). This is due to
the fact that mz appears always as a produan;ms in the f4(n) polynomial.

Proof of Proposition 68. Let a; b be di erent integers, then there are two types
of columns we need to consider which give rise to tables with nontrivial weights
(see the diagram below). It is convenient to denote those tables B$'™ (or F ;'™

if we do not care about the order of columns).

( 0

Type: 4-column 2-column

sym .
Fo e

O o D
oo 9o

Weight: my m

NN
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By de nition X
f2™(n) = nify, (n) = n! w( )sgn : (2.58)
28 2

Again, we can write down a structural equation for thed-tables F;*™ as follows

01
F;)™ = Set % 1 E? Qu: (2.59)
1

The rst part of the star product corresponds to tables with4-columns only. Its
EGF is equal toexp(mat). The second termQ, denote the tables with2-columns
only. Let us further examine how we can construct the latter tables using disjoint
sub-tables. Letb be a number in the rst row of a given column of table 2 Q.
Since it is a 2-column, we denote the other number in the column & We
construct a permutation to a given table as composed from all those pairs
b! . Note that since b and P are always di erent, the set o all admissible
permutations corresponds to the set of atlerangements . On top of that, since
the rst row of can be assumed to be xed to identity (we simply reorder the
columns), there are3 possibilities how to arrange the leftover numbers in the
2-columns of a given cycle of as the number in the rst row of each2-column
can reappear either in the second, third or in the fourth row. For each possibility,
we draw a vertical box with four slots lled with two dots representing in which
rows the number in the rst row appears (see Figure 2.11).

1[3]|[2]6]7][4][5]8]9 (T) (9
1/3|/6[7]2]|/9]4|5|8 9@

3/1|/2|6|7||9 4|58 i ORINO
3/1//6|7|2|/4/5/8)09 © @ )

Figure 2.11: One-to-one correspondence between a tablein Q4.9 with nine 2-columns
decomposable into three disjoint sub-tables, and its associated derangement with
cycles labeled according to the repetitions of the number in the rst row of

Any derangement can be decomposed into cycles of length at least two. Those
cycles correspond to disjoint sub-tables of. Since each permutation appears
twice in any sub-table, the sign of those sub-tables is always positive. Hence,

Q.= Set 3Cyc , mi(D (2.60)

and thus immediately in terms of generating functions,

glma 3m3)t

sym _ 2 )= — -
FY™(t) = exp(mat)exp( 3m2t  In(1  mat)) 1 3mi®

(2.61)

This concludes the proof. By using Taylor expansion, we immediatelly recover
alsof;"™(n).
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Remark 70. By considering all tables, one could theoretically tackle also the
casem; 6 0. However, this approach is rather ine ective since it turns out
the problem drastically simpli es if we shift the random variablesX;; by their
rst moment m;, as we will see later on in the section on marked permutation
tables (Section 2.4).

2.2.5 Normal moments

In the case ofX; being normally distributed, we know much more. In fact we
know all determinant moments (even for the Gram case as we will see later).
For now, we focus only on the special case of the standard normal distribution
X i N(O; 1).

| Denition 71. If Xj;  N(O; 1), we denotef  (n) asn(n) and Fy(t) as Ny(t).
Proposition 72 (Prékopa 1967) For any evenk = 2m,

Y 1l+2r)
= (2r)

For now, we take this proposition as granted. It was rst derived in this form

by Nyquist, Rice and Riordan (Equation (3.12) in [50], their treatment even
covers the case of arbitrary complex moment), although much more elementary
derivation of this result was later given by Prékopa (Section 3 in [57]). Both proofs
rely on a deep connection of random determinants with volumetric moments of
random polytopes (see Chapter 6). The proposition is also a special case of
Lemma 143 with =0.

Nam(N) = (2.62)

Fourth normal moment

When k = 4, we getng(n) = nl(n +2)!=2 and thus

1>€- n — 1 .
Na(t) = §n=0(n+2)(n+1)t i (2.63)

Alternatively, we can deduceNy(t) independently from Proposition 72 by us-
ing the general formula forF;™(t) (Proposition 68), since the standard normal
sym

distribution is modeled by plugging its momentsn, =1 andm, = 3 into F;”7(t).

Sixth normal moment
When k = 6, the function
1R
Ne(t)= — (n+1)(n+2)(n+4)!t": (2.64)
48

is no longer analytic. In fact, it diverges everywhere except = 0, however,

we can still treat it formally. Note that in this case, there also exists a fully
combinatorial proof (independent from Proposition 72) due to Potechin and Lv
(see Appendix A of [5]).
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2.2.6 Sixth moment central

The proof of the following theorem was already established by B., Potechin and
Lv [5]. In this section, we provide a more compact version of the proof, based
on inclusion/exclusion, analytic combinatorics and the fact we know the EGF for
the special caseX;; being normally distributed.

( )

Theorem 73 (B., Lv, Potechin 2023) For any central distribution of Xj; ,

|
t(me 15msmz 10mZ+30m3) m3t :
2

ESN(t) = (1 + m2t)0 N
5 =L i (1+3mit mm)® ° (@+3mdt  memot)’

Furthermore, via Taylor expansion,

o ! !
XXX (A+i)@2+i)(4+i) 10 14+j+2i

fcen(n):( n!)2m3n i n j kqi4 i k’

6 2 ok 480§ Wk %
where g = 18 10M 154 4 30 =M 4 - M3
qi - m% m% m% ’ q4 - m% ] Cb - mg

Proof. Without the loss of generality, we assumen, = 1 throughout the proof.
The fact we havem; = 0 reduces the number of tables with nontrivial weight. It
IS convenient to denoteF " as the set of those tables (irrelevant column order),
which in turn contribute to the sum f §*"(n). These tables can be constructed out
of the following columns (apart from permutation of rows):

( N

Type: 6-column 4-column 2-column 3-column

cen .
Fe":

\mmmmmm
§\crcrmmmm

Weight: Mg

o?w\ccro-mmm

First, we examine the special case when alsw; = 0. It is convenient to denote
F&'™ F & as the set of tables which contribute only to the sumhg’™(n). These
are precisely those tables which are composed out@®f 4- and 2-columns only.
In order to utilise inclusion/exclusion, we further divide the columns into two
types known and unknown An unknown column is a column where the numbers
are, in addition, paired up (only the same ones). Le#;b;cbe distinct integers
di erent from integers a% P ¢ (which themselves arenot necessarily distinct
so we might havea® = bf). We construct our new structure of tablesF, build
up from the following columns (apart from permutation of rows) with carefully
designed weights:
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Tvpe: known known unknown
bRs 6-column 4-column column

ao\
® ok
Weight: mg 15 mg 3 —1

- J

Fs: a

ez [ ||

Example 74. Below, in Figure 2.12, there is an example of a table2 F ¢4 with
two known four-columns (each having weighin, 3) and one known six-column.

A”ﬁk

2

1\. o0

o o0 e
rga/C

v
‘2g 85 65
4,3\_
i" 1997Z999
5 6 8 9 2
L e o e o o

Figure 2.12: Atable 2F ggq with weight w( ) =(mg 15)(m4 3)2.

Note that since a4-column inany 2 F '™ can either be known (weightm, 3)

or unknown (there are3 ways how we can pair up the four identical elements), the
total contribution from all Fg’™ columns ism,; 3 + 3 = my, which is precisely

as in plain Fg¥". This decomposition is shown in Figure 2.13.

’ o 9 9 O QJ‘
11

= .
+

H’oco o-Q)e rg_)a‘
+

H"CT' o/rﬁr”o\o‘
+

o

My My 3

Figure 2.13: Inclusion/Exclusion of 4-columns

Similarly, the weights add up to mg from each known and unknowng-column.

To see this, note that there are in totall5 pairings of the six identical elements,
this gives us the factor oimg 15+ 15 = mg again (known4-columns witha = P

are forbidden!). Overall, we must get the following matching

fe¥™(n) = n! * w( )sgn = n! * w( )sgn : (2.65)

2 3 2 o
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Even though the setF, is much larger, we will see how it can be constructed out
of Ng we saw earlier (tables constructed out of unknown columns only). First,
notice that the the known 6-columns are disjoint from the other columns, we can
therefore write 0 1

= Set % E ? Fy; (2.66)

where we denotedF, as the tables constructed out of knowrd-columns and
unknown columns only. In terms of EGF's,

Fe(t) =exp((me 15)t)F(t): (2.67)

Let 2 F7, we construct its associated oriented grap using the following rules:
Let a be the number which appears four times in a knowd-column of , this
number must appear elsewhere in table as a pair of connected's, then in g,
there will be a vertex associated to each know#-column labeled by the
number a.

Apart of that, our graph will have one special vertex .

If the remaining pair of a's is located in a known4-column, we draw an
oriented edgea ! b, whereb is the number which appears four times in
that known 4-column,

else if the remaining pair ofa's is not located in some knowmn-column,
then we draw an edgea !

An example how the graph is constructed is shown in Figure 2.14.

N 55 3
¢ o o @ Q
i H) /I . (6
2 13| |7 581 O
10 § /D 19 ®

Figure 2.14: A table 2 F7.q; with its associated graph g of known 4-columns
(columns in the core are shown in grey)

Upon seeing an example above, we discover the following structure any graph
g must be composed out of

disjoint cycles of length at least two

a (single) tree whose root is
Disjoint cycles of g directly correspond to disjoint sub-tables found in . This
correspondence is not a bijection. Luckily, for a given cycle, there are exactly

S = 15 ways how a sub-table corresponding to a given cycle can look like based

on the location of the remaining pair in the knownd-columns. These ways can

be depicted using the following diagram in Figure 2.15.
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NEREEEERE RN

Figure 2.15: Positions of the remaining pair in a given cycle of known4-columns

We may write the following structural equation

0 0 11
I . zgﬂgg e
!

where we denotedR ¢ as the set of allF; tables whose graph contains no cycles
of known 4-columns. In terms of generating functions, we must have

Fe(t) =exp( 15(m, 3)t 15In(1 (ms 3)t))Re(t): (2.69)

Although the known 4-columns in some 2 R ¢ do not form sub-tables since they
are not disjoint from the remaining unknown columns, they are still very tightly
assouated with them. We can consider the following operation obllapse

each chain of4-columns attached to in g corresponds to a subset of-
columns in .

These columns contain an unmatched pair af's not equal to any number
tagging the chain.

By deleting those columns and inserting the unmatched pairs into the known
columns, we get a collapsed table® on unknowns columns only.

An example how a table is collapsed is shown in Figure 2.16.

9 é ﬁé/.
b s 3\ 19° |5
e.e 1 4:67ﬁ 3
2 13 |74 8/ °85 1
@ \ ¢ 5 ¢ o
(D S \. O

¢
Figure 2.16: Atable 2 R g9 with its associated collapsed table 02 N 6:3-

o~Jo

'—\

o eC0e e(Oe o
Sl #
oo o0

=
©

fo)
o

e-(O-®

In order to create (any) from © notice that we can mount a chain o#i-columns
to a pair in the collapsed °. The chains stem out of © almost like branches
out of a trunk. A chain (with length including zero) of known 4-columns can be
described as a structure (we always have positive signs)

gg : -

with the corresponding EGF equal to

1

T A (2.71)
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Each unknown column has three pairs to which we can attach a chain of known
columns. Since it is also equipped with the factor dfin the generating function,
we can simply replacd in Ng(t) with

t .
1 (ms 3%

(2.72)

Structurally,

RG—NGEE?Seq%ﬂé%eq%l%?sm%ﬂgg: (2.73)

In terms of generating functions

— t !.
Ro() = Ns 73007 (2.74)

All together, by Equations (2.65), (2.67), (2.69) and (2.74)

|
e(me 15m4+30) t t :

0= R0 G m, 305" @ (e 307

(2.75)

Finally, we generalise our approach to deducgég®"(t). Relaxing the condition
m3 = 0 by making ms arbitrary, we get one extra column type which appears in
the structure of all tablesFg*" with nontrivial weight and that is the 3-column.
These3-columns, however, form a disjoint set of sub-tables. This is because they
are the only columns in which a number can appear in a triplet. Deno®g as the
set of all tables constructed out oB-columns only (with column order irrelevant),
then

Fe'= F&™ ?Qs (2.76)

Our goal is to nd the construction relation for Qe. The triplets in 3-columns
can be connected in a similar way as the columns in tabl€s,. Hence, we can
associate a derangement whose cycles correspond to disjoint sub-tables into
which 2 Q¢ decomposes. This association, however, is no longer a bijection.

NN

Figure 2.17. Positions of the number which appears in the rst row

To make it a bijection, notice that for a given cycle, there areg = 10 ways
(see Figure 2.17) how we can arrange the remaining numbers3icolumns in the
sub-table corresponding to that cycle. The correspondence is shown in Figure
2.18.
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1131267145809
1/3|[2]6|7||9/4]5]|8 09
1/3||6|7|2|/9/4|5]|8 H
3/1|/2|6|7|/a|5|8]|09 H
3/1||6|7|2|9|4a|5]|8
3/1|/6|7|2|/4|5|8]|09 (3) @

Figure 2.18: One-to-one correspondence between a tablein Qg9 with nine 3-columns
decomposable into three disjoint sub-tables, and its associated derangement with
cycles labeled according to the repetitions of the number in the rst row of

For a given sub-table of size, there are three rows which are themselves cycles
of sizen and sign( 1)" 1, so the overall sign of a sub-table is again 1)" . All
together, we can write the following construction relation

Qs=Set 10Cyc » m3(D) (2.77)
Hence, the EGF ofQg must be
exp( 10m3t+10In(1 + mdt)) = 1+ m?t Vg 10mst (2.78)
and therefore, restating Equation (2.76) in terms of generating functions,
Fe(t) = 1+ m3t % 10mSt EIM(1): (2.79)

This concludes the proof (see Corollary 45.1 how we can get framy =1 to m,
arbitrary). By using Taylor expansion, we immediately recover alsbg®"(n).

2.2.7 Mounting argument for higher moments

Note that the previous approach enables us to generalise the result of Dembo
[24] (Note that we present a slightly extended version since in fact, the result is
correct for any value ofmy ; as it always appears in a product withm; which
vanishes).

De nition 75.  Denote my the moments of aN(0; 1) variable, that is my =
(g 1)!!'whenqis even andmy = 0 otherwise.

Proposition 76 (Dembo 1989) Let k 2 be even and leX; have moments
mgq which coincide with momentan, of the Normal distribution uptoq k 2.
Thatis, mg= myforq k 2 (we thus have two free parameters, and my ;).
Then

F(t) = &M MIIN, (t); (2.80)

where

2o ¥l (n+2r)!
Nk(t) = N2 |

n=o (N2 o (2r)!
is the generating functionF(t) for the full normal distribution X;  N(O; 1).

(2.81)

However, by mounting to tables which have normal weights (unknown columns
only), we can extend this result san, , can attain any value. From a corre-
sponding functional equation, we deduced:
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Proposition 77. Letk 4be even and leK; have momentsn, which coincide
with momentsm, of the Normal distribution uptoq k 3 (we thus have three
free parametersmy, my ; and my ;). Then
h i |
exp Mg 5 mg me+ 5 mg ot t '

l:k(t): Nk -
(1+ me ot mg 2t)(;) (1+me ot my o) 2

(2.82)
whereN(t) as before.

Proof. The same argument as in the case of the sixth moment. Even though we
assumem; = 0, the structure of all nontrivial tables F>™ still contains a lot of

types of columns. However, when the condition imposed on moments enables us
to make the same inclusion/exclusion argument by carefully designing the weights
for their known/unknown counterparts. As a result, we replace the structur& ™

with the structure F, of tables build up from the following columns &, bdistinct):

S known known unknown
YPE: k-column (k  2)-column column

R

Fo: a

’ T e
e

Weight:  m, m, mg » Mg > 1

L J

The matching of columns assures that generating functior’5Y™(t) and F, (t)

coincide. The knownk-columns are disjoint (each), so we get the fact@xp((m
K M 2 m+ § me p)t). There are § of known (k  2)-columns based on the
position of the only pair in this column. These columns can either form cycles of

length at least two, from those we get the factoexp( '; (mg 2 mg )t)=1

(mg 2 mg z)t)(g). Or, they could be mounted to pairs ofNy tables. In each
column of N, there are k=2 pairs, from which we can grow a chain of known
(k  2)-columns. This gives us the last factor in EGF oF,.

Remark 78. Note that when k = 6 this result has enough freedom to give us
the value ofF4(t) for any symmetrical distribution the condition m, =1 can
be relaxed by scaling andn, and mg are already free. Fork 8, that's not
the case though sincen, is no longer free (it must be equal t@ in order the
argument to work).

2.2.8 Direct mounting without inclusion/exclusion

Notice how the inclusion/exclusion turned out to be crucial in the proof above.
Without is, the collapse would not work since we could not guarantee that the
collapse is surjective. However, by carefully working with structural compositions,
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2.2. Permutation tables

we can avoid the inclusion/exlusion entirely. Although at a cost of getting a

functional relation for Fg¥™(t) rather than a direct expression. See the proof

below.

sym

Alternative proof of Theorem 73.Let us consider allFg”" tables with their usual
6-, 4- and 2-columns (weightsmg, mym, and m3, respectively). We denoteF ©®
as the subset of all tabled=g"™ which lack 6-columns and whoset-columns do

not form cycles. Those tables are composed out of the following columns:

Type: 4-column 2-column
a a
a a
tree . a b
Faee: a b
b C
b c
Weight:  msm, 1

However, not all compositions of columns are allowed iR{®® since we must
ensure there are no cycles dfcolumns. Note that now the cycles of-columns in
F&'™ must be of length at least two (otherwise we would end up with &column).

Considering this, we can write down the following structural relation

0 1 0 0 11
a a
a a
FO™ = Set E@ g E?Set %150yc 2% 3 Eg ?F e (2.83)
a b
a b

From the structural equation, we get immediately in terms of EGFs,

e(me 15mamy)t

Fessym(t): em6te 15mamayt 15In(2 m4m2t)Féree(t): (1 m3t)15
2

Flee(t): (2.84)

Analogously, we can collapse all of thé-columns in 2 F {®® to get a new table
9 An example of this procedure is shown in Figure 2.19.

WWwWwwhrhp,~w
N e
~N ~ © © © ©

o 00 O U1 U1 O
NN OO O 0

NN NN NN

o O U1 00 00 Ul

Or o1 N W wN
NN OO O O 0
gL o1 NDDNDNDN

o 00 O U1 U1 O

© O ~N~NPF P

3 O U1 00 O U1

A BB DNDND

Figure 2.19: A correspondence between table 2 F {$¢ and its collapsed °2 F gx".

Notice that, although does not contain any6-columns, the corresponding col-
lapsed table °can. Similarly, °can contain4-columns which form cycles. Hence,
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Chapter 2. Even Moments of Random Determinants

in general, °must be aF¢'™ table. In fact, we can get anyF '™ table by collaps-

ing a larger F ¢ table so the operation issurjective. This observation suggests
we can constructF ¢ tables out of F '™ tables by mounting a chain of4-columns
to appropriate pairs of identical elements. Unlike in the previous proof, we dis-
tinguish between4-column chains of length at least one and at least zero. We
will call the former as improper chain structure and the latter as proper chain

structure. The improper chain structure is constructed as follows
0 1

a
Seq% a E; (2.85)

b
b

so its EGF is equal tol=(1 mm,t). The proper chain structure is given by
0 1

a
Se % g E
qa:f |3 (2.86)

b
b

and its EGF equaIsP ﬁzl (mgmot)" = mymyt=(1 mymyt). Now, we are ready to
construct any F I table by enlarging a speci c (collapsed) ¢’ table. Note that
the generating functionF5’™(t) is in general a function of parameter§t; mg; m4; m,).
In fact, we can write it as a function of only three combinations of those param-

eters, namely
Fe™(t) = ( met; mams,t; m3t) (2.87)

for some function . This is because we have the following options for the con-
tribution of a column in the overall generating function:

6-column, factor met,

4-column, factor mymst,

2-column, factor mt.
Alternatively, assumingm, = 1, we can write

Fe'™(t) = ( t;mg;my) (2.88)

for some function . Now, we proceed to actual mounting. In order to get a
sym

larger F ¢ tables from a smallerFg”™ table, we must
turn each 6-column of the FJ'™ table into 2-column by mounting three
proper chains inl5ways or by mounting two proper chains ir% ‘23 ‘2‘ =45
ways. There cannot be just one proper chain as the column would become

a 4-column. Overall, we get the following replacement rule

#
m,mot 3+4 mymyt 2 . 15mZm3t3(3 2mym,t)
1 mgmst 1 mamot 28 (1 m4m2t) 3
(2.89)
turn each 4-column of anF'™ table into 2-column by mounting either
two or one proper chains to four copies of a single number in the column.

met! 15
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2.2. Permutation tables

Remember that we can mount an improper chain to the remaining pair in

both cases. Overall,

" #
msmot 2 msmot 1 2
mgmyt! 3 ———— +6 mj3t
a2 1 mamot 1 mamot 1 mgmst 3
_ 3mym3t2 (2 mymot)
(1 mgmjyt)3

(2.90)

A

turn a 2-column into another2-column, but this time we mount an improper
chain to each of the three pairs in the column, so

1 3 mst
3 3 — 2 .
migt! — myt= _——= 291
2 1 msmot 2 (1 m4m2t)3 ( )
Note that, we can rewrite this set of replacement rules as
h i 3
Ms 3 2,242 mst .
—m3t!  15m;ms5t“(3 2mgmyt) ——=———;
m% 2 41112 ( 41112 ) (1 m4m2t) 3
—mst! [Bmgmyt(2 mymyt)] ——; 2.92
m% 2 [ 4 2 ( 4 2 )] (1 m4m2t) 3 ( )
3
mat ! mat

T e

Thus, by dividing the rst two rules by the last m3t rule and letting m, = 1, we
get the following corresponding set of rules for all valid chain mountings

mg! 15m2t3(3  2mzmyt);
my ! 3mgt (2 myt);

) (2.93)
t!
(1 mgt)3
In terms of generating functions, we get
!
t
Firee(t) = m;15m§t2(3 2mat) ;3mat (2 mat) : (2.94)

Together with Equation (2.84), we get the following function equation

e(me 15mg)t t !

15mat? (3 2myut) ;3mut (2 mut) -

t- . = .
(EMeiMa)= 0005 @ ma®
(2.95)
We can check this functional equation is satis ed by
oym gl(me  15m4+30) t !
F )= ( ttmg my) = 153 (2.96
o (= ( EMeims) (1+3t ma)®  (@1+3t mgt)’ (2.96)
However, note that ( t; 15, 3) = Ng(t) and thus
et(m5 15m4+30) t !
( t;mg;my) = F&™M(t) = (2.97)

N
(1+3t m)® ° (1+3t myt)d
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Chapter 2. Even Moments of Random Determinants

ExpressingFg’™ (t) in terms of Ng(t) = Fg'™ (t)jme=15.m,=3 €ssentially solves the
problem as we can now take advantage of the fact we can expréggt) exactly

(normally distributed entries X;; ). The remaining argument how we can obtain
F&en(t) from Fg¥™(t) by attaching cycles of3-columns toFg’™ remains the same.

2.2.9 Chain counting generating function

We consider the following generalisation of the problem of nding the sixth mo-
ment of a random determiant: Let us select a table randomly uniformly out of
the set of allFg¥'™ tables. We can then ask the following questions:

What is the probability of having a chain?

What is the mean number of chains in ?
Those questions are at heart of analytic combinatorics. In order to answer them,
we can attach a tagz (a variable) to each proper chain and then we can just either
determine if there is a label to answer the rst question or collect the labels in
order to answer the second question. We are interested in nding the following
guantities which generalise the notion of a moment

De nition 79.  Let F&'™ (or F&'™), we denotep( ) as the number of chains
of 4-columns found in |t. We de ne thechain-tagged moments as

9", = POw()sgn: PR, = 20w( )sgn
2F giynm 2F g;?'le
(2.98)
Correspondingly, we write for their generating functions

t" b ¢
P = S R S (@o9)
n=0 "°* n=0 !

We can consider another generalisation of the sixth moment problem as follows

De nition 80. We de ne the chain momentpg(n) = P or om P()w( )sgn

P i . . . . . .
and Pg(t) = 1., n,[36(n) its exponential chain counting generating function.
As usualg we can sum over tables with distinguishable column position and get

Ps(N) = 2¢zm p( JW( )sgn = nifs(n).

Lemma 81. For any symmetric distribution X ,

Fiee (), = N1 mut)te t(1 t(1 2z)my)?d

6 V2T (143 ma)t 3(1 Z2)Mat2) 5 ° (1+(3 mat 3(1 z)mut?)3

and

- gime 15m4:30)¢ (@t 2m)®
()z 6

(1+(3 ma)t 3L 2)my2) B ¢ (1+(3 ma)t 3(L 2)mat?)?

\

Proof. Since we are working with generating functions, we can build up the struc-
ture of tagged tableg F'™), from bottom to top simply by the rules of combinato-
rial constructions and deduce its corresponding EGF. That is, the corresponding
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2.2. Permutation tables

exponential generating functionFg"" (t), is obtained by attachingz to each in-

stance where a chain appeared in the original construction of non-taggeg'™ (t).
Separating6-columns and closed loops @kcolumns (they contain no chains), we
can write

e(me 15mamy)t

Fe'"(1), = m
2

Faee(t),; (2.100)

where F{¢(t), is the EGF of chain-taggedF{®® tables. These tagged loop-free
tables (we can denote them agF {©®),) can be composed out of chain-freeg’"

tables by mounting chains to their pairs of identical elements. Dependent on
the type of a chain (proper or improper), their EGF's get updated accordingly.

Attaching a tag z, the tagged proper chain generating functiowill be now

Zmgmot
z (mgmyt)®>= —————: 2.101
s:l( amot) T mamt ( )
Next, for the tagged improper chain generating functignve get
* 1 (1 t
142 (mumptys= L (& Z)Mamat, (2.102)

s=1 1 mamot

Notice that the rst term in the sum did not receive the tag z as we did not
increase the number of chains (no chain was mounted). By mounting the chains,

we then build up (F {®¢), from Fg'™ by the following updated replacement rules:
" #
mit! 15 m S a5 % © mi |
mamat ! 3 % i 1zmr;:“r;t2t 1 1(1 ;T:}‘;rtnﬂ m3t  (2.103)
mdt | 1 (1 z)m4m2t! 3m§t

1 mgmot

By dividing the rst two rules by the last m3t rule and settingm, = 1, we get,
after simpli cation, the following corresponding set of rules

152°m2t2 (3 (3 z)myt)

Mo @ (L 2)ma)?
zmut (2 (2 z)myt)
me! =g a2 (2.104)
"3
1 mat

Hence, in terms of generating functions
0

Fiee(t),= @

] 1
1 (1 2)myt °1522m32(3 (3 Z)mat) 3zmut (2 (2 Z2)mut), .

1 mgt (1 @ 2ma)?® (1 @ z)mu)?

Since we already know( t; mg; my), we can substitute for it from Equation (2.97)
and getFee(t), and Fg™(t), by Equation (2.100).
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Chapter 2. Even Moments of Random Determinants

Proposition 82. For any symmetric distribution of X;; with m, =1,
" ! B
t
0

(me 15m4+30) t
— ABNQ ——
(1+3t tm,)3 ® @+3t tmy2

Pe(t): m4tm (1 m4t)N62

whereNZ(t) is an auxiliary function de ned as

2 — d 0 — 1>% n.
N6(t)—3taN6(t)— 16 n(n+1)(n+2)(n+4)t": (2.105)

Proof. Clearly, ps(n) = @%" (n),=@%: 1 and thus Ps(t) = @E™(1),=@%: 1.
sym

Di erentiating Fg”" (t), from Lemma 81 gives the desired result.

We will establish the precise combinatorial connection dfZ(t) to permutation
tables later.

2.2.10 Position approach

We will introduce another approach to tables. Instead of treating each col-
umn separately (column-approach), we focus on individual numbers (position-
approach).

De nition 83. Let 2 Fgy" (or Fgy"), we denotel|(t) as the set of numbers
i 2 [n] which appear inj di erent columns of

Proposition 84. Let 2 Fgy" (or Fgn') have c 6-columns andd 4-columns.
Then[n] = 1(t)t 1(t)t I3(t) and#14(t) = ¢, #1,(t) = dand#13(t)=n ¢ d,
where# denotes the number of elements in a set.

Proof. In each table , there are three types of numbers. Either numbarappears

in three di erent columns (and thus belongs to set 3(t)), or it appears in two

di erent columns (and belongs tol,(t)) or it appears alone in a column (and
belongs toly(t)). These sets are disjoint. Obviously, numbers i# | (t) are
the ones that form 6-columns, thus# |,(t) = c. Similarly, numbers inI,(t) are
precisely those which appear in exactly four copies in some column (the remaining
pair is displaced in some other column of). This forms a bijection between4-
columns and numbers inl 5(t), thus # 1,(t) = d. Finally, from the disjoint union
property, #13(t)=n ¢ d.

De nition 85. Let 2 F'™ (or F&'™). We denote (t) the number of 4-
columns in in which i appears.

Example 86. To see how the de nition works, consider the following table 2
Fei1 inthe gure below. Inhere, we have 1(t) = f10g, Io(t) = f1;3;4;7;9;11, 12
andls(t) = £2;5;6;8g. Next, i(t)=0ifi 2f5;109, ;(t)=11ifi 2f1;2;3;4;,7;9;12g,
iH=21ifi2f6;1lgand (t)=3 if i 2f 8g.

121418235 /1|{9|6 | 7 |11]|10
12141823 /5/1|{9|6 | 7|11]|10
12/6(3|5(2,/4(1/8| 9| 7|11 10
12/6|/3|/5(2,/4(1/8| 9| 7|11 10
6 14/3/1/5/7(8[9[12|11| 2 |10
6 14/3/1/5/7(8[9/12|11| 2 |10
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Proposition 87. Let 2 Fg)" (or Fgn') have c 6-columns andd 4-columns,
then i(t) =0 if i 2 14(t), i(t) 2 fL2gif i 2 1,(t) and i(t) 2 fO; 12 3g if
i 2 13(t). Moreover,
(1) =2d: (2.106)
i2[n]

Proof. If i 2 14(t), i(t) =0 as this numberi automatically forms a6-column (six
copies ofi's). If i 2 1,(t), then one of the columns is automatically @-column as
it has four copies ofi's. The other column with displaced pair oi's can be either
a 4-column or a2-column depending on the remaining numbers in the column. If
i appears in three dlgerent columns, each of this column is either &column or a
2-column. To prove ;[ i(t) = 2d, note that each4-column is counted twice in
the sum (there are two di erent numbers in any4-column). Alternatively, denote

8
<1 j-th column containsi
ij = . J . (2107)
- 0 otherwise
P
Bndf,- = 1j th column is a four-coumn - ON one hand, i(t) = ;,p; i fj, on the other
iz i fj = 2f; since there are twg numbers in F(gaclfl-column. Inlg’mediately,
by changing the order of summation i, i(t) = 2 ifj =2 jomfi =

2d.

Lemma 88. Let 2 Fgn" (or Fgi") with ¢ 6-columns andd 4-columns out
of whichp( ) form chains of4-columns (the remainingd p( ) of 4-columns
form cycles). Then

®=2d p() and . (O=p):
i21,(t) i213(t)

Proof. First, notice the sum P i215) i(t) increases by one if it encounters 4-
column, but when the residual pair forms4-column elsewhere, it does not con-
tribute to the sum. Adding all occurrences of pairs ind-columns, we getd
(this is precisely the number of4 columns). This number is then reduced by
the number of numbers in those four-columns which form four-columns them-
selves. Let havep total chains of lengthsj4;j.;:::;jp (eachjq 1) and denote
j=ji+ja+ + Jp. The total number of cycles is thend j. The number
of pairs wi;_gich form 4-columns themselves is then equal to the number of cycles
d jplus (g 1)=j p thatisd p. Hence,

i()=d (d p=p:

i213(t)

ginally, using Eroposition 87 and since(t) =0 if i 2 14(t), we have immediately
i2is) 1D+ 21,0 () =2d, fromwhich ,,,4 i(t)=2d p( ) follows.

Example 89. In Example 86, we haved = 7 of 4-columns, which formp = 6
chains, out of which4 have length one and one has length two. There are no
loops of4-columns. We have ;) i(t)=8=2d pand 5,4 i(t)=6= p.

150



Chapter 2. Even Moments of Random Determinants

2.3 Gram moment and permutation tables

So far, we only considered determinant moments for square matrices. Recall
the generalization we introduced earlier (see De nition 39), restating its relevant
part:

De nition 90. Let U = (Xj), p be rectangular random matrix and
f(n;p) = E(detU”U)¥*2 be its k-th Gram moment. We may rewrite the
Gram moment using scalar product of random vectors as follows: L&t =

(Xqj; Xgii0 X)), so0U = (X1 ) X2 j j Xp) and for the Gram ma-
trix J = U7U = (X[ Xjo)p p, that is Jjjo = X7 Xjo. By de nition, we set
fx(n;0) =1 (we put det(U”U) =1 whenp = 0). Note that if p>n, det(U” U)

vanishes, that means thatf(n;p) = 0 wheneverp > n. Also, we de ne the
corresponding generating function

Fe(t;! ) = X ut"’! " Pf(n;p): (2.108)

n=0 p=0 n!p!

Again, restricting the distribution of Xj 's, we write
(centered distribution) f(n;p) = f&"(n;p) and Fy(t;! ) = FE(L; 1) if
m, = 0; and similarly
(symmetrical distribution) fy(n;p) = f¥"(n;p) and F(t;! ) = F™(t;!)
ifmi=ms=ms=:::=0.

The fact that f(n; p) is a polynomial inm; leads to the important instant equality
fe(m;p) = fM(n;p)  valid for k=2;4 (2.109)

Therefore, we also havesen(t;! ) = F>Y"(t;! ) andFSen(t;! ) = FY™(t;! ). When
k 6, f(n;p) contains extra products of even powers of oddh; moments
(m3; mg; mz; ::).

Example 91 When n =3 and p = 2, we haveX; = (X4j;Xz;Xg)7, ] =1;2
Jiz J .

J; JZ with Jyg = X2 + X2+ X3, Jo = X5+ X5+ X3,
and Jip = Jo; = X1 X120+ X1 X0 + X 31X 3. For example whenk = 6, we get

and thus J =

3
Jin Ji2
Jo1 Ja

= E(DJY, 337355 +331132207,  ID):

f6(3;2) = E(detJ)*= E = E(Jude J3)°

(2.110)

Computing the expectations of individual terms is straightforward, but tedious.
We only show how the termE [J3J3,] is obtained: ExpandingJ?, we get
IF =X+ X+ Xgy + 33X X5 +3X X5 +3XE,X 5,

: 2.111)
+3X X5 +3X5 X5 +3X5 X5 +6XHX 5 X!

Taking expectation, we getE[J3] = 3(mg+6m,m,+2m3) and by indepen-
dence,E[J3J3] = E[J31E[I3] = E2[I3] = 9(me + 6mom, + 2m3)2. Overall,
f6(3;2) = 6m3 + 36m,ymume + 162m3m3 + 216msm,  36m5  60m3
144m?msm3  144n;mpm3 + 288m3mymam,  72mimam,  (2.112)
144mimamsms  72m3myms  36mZmz:
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2.3. Gram moment and permutation tables

For centrally distributed X 's, we get simply by puttingm; =0,
f£8"(3;2) = 6m3 + 36momyme + 162msm3 + 216m5m, 36m5  60m3: (2.113)
Similarly, letting also m3; = ms =0, we get
f&'™(3;2) = 6m32 + 36m,myme + 162m3sm3 + 216msm,  36mS: (2.114)

Notice that f §e"(3;2) 6 f¢'™(3;2) which we indeed expect fok 6.

The aim of this section is to present a combinatorial construction associated
with the Gram moments de ned above. Again, the central role is played by
permutation tables. We will see how they naturally arise in the Gram case via
Cauchy-Binet formula

Lemma 92 (Cauchy-Binet formula). Let L = (ljj ), p and M = (mj )n p

f1,2;3;:::; ng with p elementsi; taken from [n] such thati; <i; < <ip.
DenoteLc and M¢ to be square matrices formed from matrices and M by
selecting the rows;iy; :::i,, respectively. Then

X

det(L>M) = det(Lc) det(Mc): (2.115)
C [n]
iCi=p

2.3.1 Gram second moment

Cauchy-Binet formula o ers an elementary derivation off ;(n; p), generalizing
Fortet's f,(n) (Proposition 67).

Proposition 93.  For any distribution of Xj ,

n
fa(n;p) = 0 pi(mz+ mi(p  1)(m; miP 4 (2.116)
2
Fao(t;!) = 11+”:1te(m2 mit; (2.117)
Proof (Stanley [67]). ChoosingL = M U in Cauchy-Binet formula,

det(U”U) = det(Uc)?%: (2.118)

C [n]

iCj=p

Taking the expectation and by linearity, we get B identical terms, each attending
the value E det(Uc)? = f,(p) from which f»(n; p) follows immediately.

2.3.2 Pair-tables

In general, taking k=2-power of Cauchy-Binet formula withL = M = U and
taking expectation,

#y=2

_ X -
f(n;p) = E det(U”U)*2 = E (detUc)? (2.119)

C [n]
iCj=p

This formula has a nice permutation tables interpretation due to Dembo [24]:
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Chapter 2. Even Moments of Random Determinants

De nition 94. We de ne Fyqi.np as the set of allk (even number) byp pair-
tables onn numbers. We say 2 Fy.np iS a pair-table, if there are subsets
C1;Co i1 C=2  [n] with JCqj = jCy) = = jCk=2) = p, Such that is a
k by p table whose rst two rows are permutations of numbers fronC,, next
two rows are permutations of numbers fronC,, and so on. As in the case
of regular tables, we de ne weightw( ) of table as the product of weights
of its individual columns (we multiply correspondingX;; 's) and sgn( ) as the
product of sign of the corresponding permutations. Correspondingly, we also
de ne Fy as the pair-tables onn numbers with l§ rows andp columns whose
column order is irrelevant and we denoté; = " oFinp to be the set of
all irrelevant column order pair-tables (withk rows).

We state the following analogue of Proposition 54:
Proposition 95. For any distribution of X , g;l(ssumingk even,
fu(n;p) = E det(U” U)k2 = w( )sgn( ) (2.120)
2Fhki;n;p
or alternatively, de ning f\k(n; p) = f(n;p)=p
X
fi(nip) = w( )sgn( ) (2.121)
2F hki;n;p
Proof. The right hand side of Equation (2.119) can be expanded as
K2 X X
fx(n;p)= E det(Ug, )= (2.122)

i=1 ¢ [n]
iCji=p

The proof follows simply from realization that the square oflet(Uc,) possesses
the meaning of two identical rows of (permuted) elements;.

Example 96. Let us computef 4(3; 2). We may write f4(3;2) = 211,(3; 2), where
f\4(3; 2) = w( )sgn . Let a; b; cbe distinct elements off 1; 2; 3g, Figure

2F 4i;3;2
2.20 enlists all hm3embers OfF 14i 3. and shows their weights and signs.
Cy: fajlg fajby fajbyg fa;lg fa; g fa; g fa; g
C,: fajbg fa;bg fa;kg fa;g fa; g fa; g fa;ag
ab alb alb alb alc alb alb
Erpns |8 b bla bla alb alc bla bla
Mi32-1alb| |bla bla alc bla cla alc
ab alb bla alc bla alc alc
Weight: 3m7  9m3 12mZmi 6mym3  6m3  12mim3 24m3im,mj3
Sign: + + + + + +

Figure 2.20: Correspondence betweerl,(3;2) and permutation tables Frai3:2

Each member is displayed apart of (valid) permutation of rows and selections
of a;b;c The rst three members build up tablesF,,. Since there are three
ways how we can select foa; b from f 1; 2; 3g, their contribution is 3f\4(2). The
remaining terms are only found inFy.3., tables. Summing the contribution up,
we getf,(3;2) =3mZ+15m3  12mZm3+6mim, +12mim3  24m3m,ms.
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2.3. Gram moment and permutation tables

2.3.3 Sub-table factorization

The choice of the EGF forF; (which is the same as foF ), namely

Feiy=" 0O Pl o = P e op ) (2.123)
n=0 p=0 I’]'p' n=0 p=0 n!

as introduced by Dembo [24] may seem arbitrary. Because of the additional

variable ! , it seems we are no longer able to use the factorization property of the

star product. However, we will see that the unique feature df.(t;! ) is, after

appropriate transformation in! , that it again factorises over sub-tablesFirst,

let us introduce a few de nitions.

De nition 97. For a given subsetAw; F 1« of pair-tables with k rows and
irrelevant column order, letAy..,, be the subset ofAy; with p columns and
elements selected from the sqgn] = f1;2; 3;:::;ng of the so calledpotential
elements As usual, we de ne&(n;p) = 2 1 :np W( ) sgn - with the corre-
sponding exponential generating function

X (n p)

Ar(t;! )— o ————tPI " P& (n;p)
n=0 p=0 :
) (2.124)
_ X (n() p( 2])(' t)lf:( )1 n(C) n )W( Jsgn
2A i )

where we denoted@( ) as the number of columns of and n( ) as the number
of potential elements.

Note that the number of potential elementsn( ) one chooses from to Il table
may be arbitrarily large and it is always at least equal to thenumber of actual
elementsin  (the number of distinct elements in ), which we will denote as
g( ). With this said, we construct another generating function ofA; (modi ed
generating function as follows

De nition 98 (Modi ed generating function). Let A F i, then we de ne

X tPC )1 aC) p()
A(t!) = —w( )sgn ; (2.125)
2A ki q( )

where Awi A i are pair-tables with all of their potential elements being
used up (all potential elements are in fact actual elements).

There is a simple connection betweeA(t;! ) and Ai(t;! ).

De nition 99. Let be aA pair-table. We denoteEGF [ ] as the contri-
bution of to Ak(t;! ) and MGF [ ] as the contribution of to A(t;! ). By
de nition,

EGF[ ]= (nC) PO )n( )F?( Doy nC) w( )sgn ;
PO aC) pO)

n( )!

Similarly for subsetsB A .

(2.126)

MGF[ ]= w( )sgn:
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Chapter 2. Even Moments of Random Determinants

De nition 100. Let Dbe a linear operator acting on formal power series in
I such that for any integerr, we have [!"]=r!l",

Proposition 101.
At )= [€ A(t;!)]: (2.127)

Proof. Applying %, where [!"]=1!"=r!, to Equation (2.124), we get

X tP()1 () p()

YA )] = . Ty

w( )sgn: (2.128)

Inagiventable 2 A, we can replace itgjactual elementqdq] = 1;2;3;:::;09
by another q actual elements from a larger sefn] = f1;2;3;:::;ng forming a
general table 2 A with n g potential elements (all of which have the same
weight and sign). HenceA\; is split into classes of tables which only di er by

selection of actual elements. Since there areé ways how we can substitute for
the actual elements from the potential ones, we get that the total contribution of
2 A to 1[Ak(t,| )] is

|
X pn o ternop

n=q 0 n!

w( )sgn =¢€ (2.129)

Summing over all 2 A i, we getAy(t;! )= e’
lent to the statement of the proposition.

A (t; )], which is equiva-

Moreover, it is exactly the modi ed generating functionAy(t;! ) which satis es
the star-product factorization property (an analogue of Proposition 63), turning
A into proper combinatorial structure.

Proposition 102 (sub-table factorization in pair-tables) Let be aAu pair-
table build up from exactly two disjoint sub-tables and ,, then

MGF[1? »]= MGF[ iJMGF [ 5]: (2.130)

Proof. Let p; and p, be the number of columns andy and g, be the number of
actual elements of ; and ,, respectively. We also denote = p; + p, as the total
number of columns of andq= q + @ as the total number of actual elements
of (See Figure 2.21).

= 1 t 2
q = . elements + G elements
p = p; columns + p. columns

Figure 2.21: Pair-table consisted of two dis-joint sub-tables ; and ».
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2.3. Gram moment and permutation tables

Any from the set ;? , (with elements shu ed) gives the same contribution to

Ax(t;!). Since there are c?l ways how can we select elements for and »,,
! !

R q q tPrar tP1ap
MGF[1? 5]= @ MGF[ ] = i w( )sgn = q1!q2!W( )sgn :
(2.131)
On the other hand, sincew( )sgn = w( 1)w( 2)sgn 1sgn »,
tP1] @ P1 tP2l & P2
MGF [ 1JMGF [ 2] = ———Ww( 1)sgn ;————w( 2)sgn >
@ & (2.132)

tP1tP2] it G2 P1 P2
= ! w( )sgn ;

which concludes the proof.

2.3.4 Gram fourth moment central

Note that when m; = 0, the number of pair-tables with nontrivial weights is
reduced signi cantly. As a consequence, we can easily derive the result of Dembo
sym sym

[24], namelyF;”"(t;! ) and the corresponding ;> (n; p).
Proposition 103 (Dembo, 1989) For any distribution X ,

Fom(t; g o 2.133
;)= : .
o (th) (1 m3t)2(1 ! mjt) ( )
Corollary 103.1.
! 0 L !
n 1 m n j+2
f3™(n;p) = pi T - =203 : 2.134
4 (nip)=p pmzj:OJ! m2 n p+2 ( )
Remark 104 Note that, letting ! =0 (or p = n), we recover the formulae of
Nyquist, Rice and Riordan (Proposition 68) we saw earlier
| . |
gi(ms 3m3) X1 m 1 n | +2
FM(t) = ————; fY™(n) = (n)?md "~ = —
4 (1) @ mat)d’ 4 (n)=(n)m; ol m3 3

Proof of Proposition 103. Let a;bbe di erent integers, then there are again only
two types of columns in tables with nontrivial weights assumingn; = 0 (see the
diagram below). It is convenient to denote those tables &&;™ (or F" if we
do not care about the order of columns).

( 0

Type: 4-column 2-column

a a
a a
Frai” - a b
a b
Weight: my m3
k J
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Chapter 2. Even Moments of Random Determinants

By de nition
sym sSym X
f3"(n;p) = pify (n;p) = p! w( )sgn : (2.135)

sym
2F hai;n

Let us consider only tableg=x" F 2™ which use up all their potential elements

as actual elements and whose modi ed generating functidﬁiym(t;! ) factorises
over sub-tables. Based on Exmaple 96, it is not hard to see that anys composed
out of single4-columns, closed cycles &columns andopen chainsof 2-columns
(see Figure 2.22 below).

MGF[] tms tmy  ftmf  Gmf ftm3 feim
5| [8] 4[7] [10[ 3712 1] [9[1]
5/ |8 4/7| |3]12/10 11) |9|1
> |8 7|4 |3]|12/10 6l [12
5 |8 7|4 |10/3]12 6| |12
4-columns cycles oR-columns VR EREE €
2-columns

Figure 2.22: Table 2 Fuyy with C; = f1;3,4,5;7,8,9;10,11;129, C, =
f1;2;3;4;5;6;7, 8,10, 129 and its decomposition into sub-tables ;

In general, we can write the following structural relation
Fai = F2™ 2Ly (2.136)

where we denotd_yy; as the structure of open chains with modi ed generating
function 4(t;! ). Since we already know that the generating function of alf-
columns and cycles o2-columns isF;”™(t) this follows immediately from the fact

that g = p for those sub-tables and thusMGF [ ] coincide with EGF[ ]. The

only remaining part is to deduce the modi ed generating function of open chains
of 2-columns. However, there is one to one correspondence between a single
open chain and a permutation of its (actual) elements (in Figure 2.22 above, the
permutations arell! 6and9! 1! 2). Hence, the single open chain modi ed

generating function is given by, summing alMGF [ ] terms,

X ta 119 (a1l Im 2t

,q!mg(q D= 722 (2137)
o=2 ol 1 mst
Since the structureL iy is merely a concatenation of all possible chains (in view

of the Set operation), we immediately get
!

Im 2t
~ (1) = 2
Ca(t;! ) =exp 1 ma (2.138)
and thus
|
gi(ma 3m3) Im 3t
Y1 y= EYO S (41 ) = 2 2.139
4 ( ' ) 4 ( ) 4 ( ’ ) (1 m%t)3 exp 1 m%t ( )
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2.3. Gram moment and permutation tables

Finally, by using de nition of

%
gl(ms 3m3%) !
FX™t)= €)= ——eeXp ——-
D= RFTEOIE ran e
" # (2.140)
gl(ms 3m3) % I T =rl gl(ms 3m3) % Ir ’

@ mid._, (T myy (I mad,._, (1 miy

This concludes the proof. By using Taylor expansion, we immediatelly recover

alsof ;" (n; p).

Remark 105 Somewhat similarly to thef,(n; p) case, we can derive Dembo's
f27™(n;p) = E det(U” U)? by taking expectation of Equation (2.119) directly.
What we obtain are recursion relations (based on the overlap @; and C,)
which are trivial to solve using Binomial transform (see Section 3.3 of our
older work [8]).

2.3.5 Normal Gram moments

We have the following generalization of Prékopa's result far,y, (n) (Proposition
72) due to Dembo [24].

De nition 106. When X; N(mgy; 1), we denotefy(n;p) as ng(n;p) and
Fk(t;! ) ast(t;! )

Proposition 107 (Dembo 1989) For any evenk =2m,

Y1 (n+2r)!

~ n p+2n p+2r)!: (2.141)

Nom(N; P) =

Dembo's proof is an adaptation of the simpli ed proof oh,,(n) by Prékopa [57].

It relies again on a correspondence with Gaussian random polytopes. Hence,
the proposition t is also equivalent to the well known result of Miles [48, p. 377,
(70)] see Proposition 254 in Chapter 6 of this thesis and its proof (our own).
Proposition 107 is also special case of Theorem 181 with 0.

Fourth normal Gram moment

When k =4, we get

N n!(n +2)!
n4(n;p) = n pln p+2) (2.142)
and thus
LA n(n+2)ern P 1 _
NGt = e pr2y @ v 1 p @)

Alternatively, we can deduceNy(t;! ) independently from Proposition 107 by
using the general formula forF;”™(t;! ) (Proposition 103) with m, = 1 and
my = 3.
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Chapter 2. Even Moments of Random Determinants

Sixth normal Gram moment

When k = 6, we obtain

n!(n +2)!(n +4)!

P i pr2in pral (2149
However, its generating function
X pInp I I
Ne(t:! ) = tPl (n+2)!(n+4) (2.145)

n=0 p=o PI(N P+2){(n  p+4)

is no longer analytic.

2.3.6 Gram sixth moment central

r

Theorem 108. For any distribution X; with m; =0 andm; =1,

(me 10m3 15m4+30) t |

e[ H
Fe(t;! ) = (1+ mjt)*° Ne 1+ 3t m4t;1+3t m,t

(1 + 3t m4t)l5

Expanding, we get for any distributionX; with m; =0;m; =1, that

npp ¥ X XJ  (2+i+n p)l@d+i+n p)
(n p)!ljzo i=0 k=o 11(N p+2)'!(n p+4)(p j k)
10 14+43n 3p+j+2i i ki
) A K

fe(n;p) =

wheregs = mg 10m3 15m;+30, ¢y = m; 3, and ¢g = m3.

\ J

The proof is rather technical and rely on decomposing tables into disjoint sub-
tables. Any table 2 F; contains sub-tables already present ifrg (cycles of
3-columns, cycles ofi-columns and a core o-columns with attached chains o#-
columns) and also extra sub-tables consisted of open chainstafolumns similar
as inFy;.

2.4 Marked permutation tables

2.4.1 Shifted basis

Instead of expressing determinant moments im,, there exists another basis
which turns out to be much more convenient.

| Denition 109. LetY; = X;  myg with moments = EYj/.
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2.4. Marked permutation tables

Remark 110 By expanding Yy = (Xj m;)" and taking expectation, we get

2= My m%:

3= Mz 3mym;,+2m3;

4= M, 4mims+6mim, 3mj

5= Ms 5mims+10mZmz; 10mSmy +4m3;

6= Mg 6mMims+15m?m,; 20mSmsz+15mjm, 5ms:

Note that ; =0 always.

Proposition 111. Let k be even, then

fr(n) = w(nima; 25 3000 k10 k) (2.146)
where | is a polynomial inmy; 5;:::; k. Equivalently, there exists a function
k Whose expansion coe cients are polynomials imy; »;:::; k such that
F® = w(tmy 2 300 k10 k) (2.147)
Similarly, fy(n;p) is also some polynomial  (n;p;my; 2;:::; k) andFy(t;! ) =
k(thm g5 o;iir; k) for some function ¢ with polynomial expansion coe -

cients.

Proposition 112. Let  and  be de ned as in Proposition 111, then for any
2 R and k even,

w(mmog 2o 2 K= Mo mmy 2 3 W) (2.148)
and as a consequence,

W(tmos Zmyi Km) = W Ktmgmoriiimy): (2.149)

Wmps may; 2o % gin K= POy(imy o s ) (2.150)

and
tmag 2 M )=k my g ) (2.151)
Proof. We only show the statement for the symmetric case. Writ&X;; = X j,

mr = E(XIJ )I',A = (le)n n- NOte that r = E(le ml)r = rE()(” ml)r =
* .. Therefore, on one hand,

E(detA )= (mmy 5 )= w(mmy 25 K (2.152)
on the other hand, by linearity of determinants,

E(detA )= "™E(detA) = ™ (nimy 2 W) (2.153)

160



Chapter 2. Even Moments of Random Determinants

Corollary 112.1. Assume we know,(n) and Fy(t) with , =1, that is

f(n)j =1 = «(Mmy L 35 45000 ), (2.154)
Fr()j =10 = «(Emyl 35 4000 «); (2.155)
then
!
= m
flM = 37 ML i (2.156)
2 2 2 2!
_ k=2, M1 . 3. a4 . .. kK .
Fk(t)_ k 2 t! 1:211’ 3= 4=27'"""1 k=2 . (2157)
2 2 2 2
Similarly
[
fo(np)= Pk=2 LM s 4 k.
kP = 5k M5l s s s (2.158)
2 2 2 2 I
F(t1) = ke2py. M1, 3. 4. k. (2.159)
kAt ko2 b T b T Tz T k=2 '
2 2 2 2

Remark 113 Without loss of generality, we put , = 1 from now on (if not
stated di erently).

It is convenient to extend the de nition of random matrix moments toY;; vari-
ables:

De nition 114. From Yijos, we construct two (random) matricesB = ( Yjj )n n
andV = (Yj)n p- Let g(n) = E(detB)* and gc(n;p) = E(detV> V)2 be
their k th determinant moment and k-th Gram moment, respectively. By
de nition, we set g(0) = 1 and g«(n;0) = 1 (we put det(V>V) = 1 when
p=0). Also, we de ne their corresponding (formal) generating functions

— )@- tn . . — )% X (n p)' pypn p . .
Gu() = —5ok(n); G(t;!) = oo T Pad(n;p): (2.160)
n=0 """ n=0 p=0 P

Proposition 115.  For any distribution of Xj ,

Gk(t) = Fk(Mjmi=om,r = FE"Omer s
Gk(t’l ): Fk(t’l )jm1=0;mr! r = Flfen(til )jmr! r:

Proof. We only show the square matrix case, since the Gram case is analogous.
SinceY;j 's are independent and identically distributed (i.i.d.), we may replace
Xij by Yj andm, = EX"r by = EY”-r in the de nition of Fy(t). Hence

Ge(t) = «(t 15 20000 k10 k) (2.161)
which is equal to the right hand side of the proposition as; = 0.
2.4.2 Finite decomposition
Crucial observation, which appeared in our previous work [8], states
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2.4. Marked permutation tables

Proposition 116. Let ¢ and ¢ as in Proposition 111, then ¢ and  are
polynomials in m; upto order k only. That is, there exist functionst;(n) and

XK XK
F(t) = m} Ty (1) or equivalently,  fy(n) = mit,(n): (2.162)
r=0 r=0

The fact that the expansion of , in my is nite enabled us to deduceF,(t) and
F4(t;! ) in general (see B. [8]). The former was deduced using recursionsTpft).
The latter, however, was much harder to deduce because we thought there is no
analogue of Proposition 116 applicable fdfs(t;! ). Instead, we showed that the
Binomial expansion offF4(t;! ), that is

X
Fat;! )= " 1l
i=0

i (1) (2.163)

with expansion functions  (t) (not related with | introduced earlier), has in fact
nitely many terms. The proof of this assertion is highly nontrivial and combines
the Cauchy-Binet formula with the Binomial transform, which we showed they
are in fact closely related, as well as various recursion relations. For an interested
reader, we re er to our original work [8]. In this thesis, we show a much simpler
proof based on marked permutation tables. It turned out that the functions
Te (t) in the Fi(t) expansion are generating functions associated to some kind of
combinatorial construction similar to that of Niquist, Rice and Riordan [50].

In this thesis, we shall interpret the combinatorial meaning of functiond (t)
using permutation tables construction, we rst show thatdetA is in fact linear
in m;. To see this, we use the following lemma.

8
X <1, n2f01
Lemma 117. sgn = . g
2P, -0, n 2
Proposition 118.
X Y X X Y
detA = sgn Yi iy + m Yi iy (2.164)
2Pn i2[n] j2[n] 2Pni2[n]nfjg

Proof. Write X = Y; + my in the de nition of determinant. Multiplying every-
thing out,

X Y
detA = sgn Xi (i)
2Py i2[n]
X X X Y #M
= sgn (Yi gy + my) = sgn mi Y gy
2P, i2[n] 2Py M [n]i2[n]nM

where# M denotes the number of elements iM . However, by Lemma 117, the
terms with # M 2 vanish.

Note that the proposition is actually a special case of the Matrix Determinant
Lemma
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Chapter 2. Even Moments of Random Determinants

( D'

Lemma 119 (Matrix Determinant Lemma). Let C = (¢j ), » be any real
matrix, u=(Uj)n 1, V=(V)n 1 real (column) vectors and 2 R, then

det C+ uv> =(det C)+ v>C¥y; (2.165)

where(Ca%); =( 1)* detC; is called theadjugate matrix of C and C;
denotes a matrix formed fromC by deleting itsj -th row andi-th column, as
usual.

. J

In fact, we have

Proposition 120.

X "
detA =det(B) + m;S; where S= ( 1)"!det(Bj): (2.166)
i

Proof. By the de nition of Y;'s and B, we can write
A =B+ muu’; (2.167)

where u is a column vector with n rows having all components equal to one.
Hence, by Lemma 117,

detA =det(B + mlug:) = (det B) + myu” B3u

=(detB)+ my  u( 1)*I det(B;)u =det(B)+ m,S:  (2.168)
ij

P
Remark 121 Also note that S can be expressed a8 = = I_, detB[s!, where
we de ne 0 1
Y11 Yio it Yin o1 Yin
Ys 1;1 Ys 1;2 e Ys 1n 1 Ys 1;n
BlsI = 1 1 1 1 & (2.169)
Yse1:1 Yst1:2 i1 Ysein 1 Ystion
Ynl Yn2 500 Yn;n 1 Ynn

Corollary 121.1. Rising Proposition 120 to thek-th power and taking expecta-
tion, we get

X
f(n) = E(detA)* = E (det(B) + m;S)* = ': m} E (detB)* 'S": (2.170)
r=0

This statement already proves Proposition 116, we take

|

| % n
th(n) = ‘: E(detB)X 'S";  T/(t)= rt]lztrk(n): (2.171)
n=0 ""*
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2.4. Marked permutation tables

2.4.3 Marked permutations and tables
In this section, we uncover combinatorial nature of the functiong (n) and T, (n).

De nition 122. We say is amarked permutationif it was formed from some
2 P, in which we replaced at most one element by the mark . We de ne
sgn =sgn andY; ; = my if i is marked andY; ;, = Yi ¢ otherwise. We

write P,, for the set of all marked permutations.

Proposition 123. Restating Proposition 118 in terms of marked permutations.

X Y
detA = sgn Yi iy
2P, i=1
De nition 124. We sayt is a k by n marked table, if its rows are marked
permutations j;j = 1;:::;k of ordern. We denoteG,,, the set of all such

tables (in the case the order of columns is irrelevant, we wrig,., instead). We
deQne the marked weightw of the i-th column of 2 G, ., as the expectation
E ,-k=1 Y, oL Similarly, we de ne the signsgn( ) of table as the product of

table as the product of weights of its individual columns. Finally, we de ne
another weightw( ) asw (t) in which we putm, =1.

Example125 The following gures show two example marked permutation tables.

1 3/4/5/2|7,8|9 2/3/4/5/6/,7/8|9
3/2/1/9/4|6,7|5|8 211/9/4/6,7/5|8
1 31942758 2 19/4/6|7/5|8
3/2/1/4,5/6/7|89 2 3/4/5/6|7,8|9

Figure 2.23. An example of atable 2  Figure 2.24: An example of a table 2
G%o With weights w (t) = m$ 2° 4 and  Gjg with weights w (t) = m} 3 % and
w()= 3° 4 w()= ¥ 3

Remark 126 Note that since only one number is marked in any row, we can
recover the original permutation in the row uniquely. That is, a column of
atable 2 G, is created by marking an (unmarked) original column of a
corresponding table inFy.,. Alternatively, we can show the numbers covered
by marks in a special curly bracket column alongside tables. The same tables
as above would look like

8 9 8 .9
56;1 3/14/5/2,7/8/|9 §1§ 2/3/4/5/6/7/8|9
- 13(2(1/9|4|6|7|5|8 3° 2/1/9/4|6/7/58
3631 3/9(4/2|7/5|8 3332 1/9/4|6|7|5|8
' 13|2/1|4|5/6|7/8/9| "1 |2 3/14/5/6/7|8|9
Proposition 127. For any distribution Xj ,
X
fi(n) = E(detA)* = w (t)sgn( ): (2.172)

2G,
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2.4.4 Nontrivial marked tables

Since ; =0, it turns out that most tables in G, have zero weight.

De nition 128. We say a table 2 G, is trivial if its weight vanishes,
otherwise the table is nontrivial. The set all all nontrivial tables form a subset
Ten Gy Similarly for tables with irrelevant column order, we writeT,.,

Gk;n "
Proposition 129. For any distribution X,

fi(n) = E(detA)* = * w (t)sgn( ): (2.173)

2T,

Example13Q The correspondence betwedn (n) and marked permutation tables
is shown below in Figure 2.25 fon = 2 and k = 2 showing once agairf,(2) =
2(m2 m3). Note that in the expansion ofdetA, only terms which give nonzero
expectation are listed.

(detA)? = YAYS + YAYA + miY:; + miYjg + YimiZ + YSmi
T,,: 1]2 2[1 2 1 1 2
' 1/2 2|1 2 1 1 2

W 5 2 2 2 mZ , m{ om3 AE
Sign: + + + + + +

Figure 2.25: Correspondence between determinant moment(2) and marked per-
mutation tables T,.,

By summing the contribution from all marked tables, we get
f2(2) =2 o 2+2mi)=2(m; mi)(my+ m3); (2.174)

where we have used, = m, m?,

Remark 131 In terms of tables with irrelevant column order, Proposition 129
can be written alternatively f(n) = n!f‘k(n), where by de nition

X
' (n) = w (t)sgn( ): (2.175)

2T

k;n

Example 132 Let us derivef4(2). We may write f4(2) = 2!1‘\4(2) and sum the
contribution from tables T,, with irrelevant column order. Figure 2.26 below
shows the members off,, with the corresponding sign and weight including
multiplicity (#) as the members are displayed apart of permutation of rows and
substitution of f 1; 2g for elementsf a; by.
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albllalb b b b b b b b b b
T a/b||a|b| [a|b b b| la a b b b b
42 1a|b||bla| |alb| |alb| |bla||a|b| |a b al |b a
alb/|blal |a|b a/b| |bjal|alb| |a|b b al|b a
w Z 3 M1 3 ami o 4ami3miimd,smi,smismismis
Sign: + + + + + + + + + + +
# 1 3 8 12 12 12 24 2 6 6 6

Figure 2.26: Correspondence between determinant moment 4(2) and marked per-
mutation tables T,.,

By summing the contribution from all marked tables, we get

fu2)= 2+3 4+8my 3 4+12m? , ,+12m? 3

2.176
+12m3 3+24m3 , 3+2m] 4,+18mf 2 ( )

Plugging 2= m, m?, 3=mz 3mym;+2m3, 4= my; 4mzm;+6m,m? 3m?
and expanding, we get

f4(2) = 2!1f,(2) = 2(m2  4m?m32+3m3); (2.177)
which coincides with the introductory Example 42.

De nition 133. Let Ty, Ty, be the subset of those tables which have
exactly r marks.

De nition 134.  In accordance with Beck, Lv and Potechin [5], we writdy., =
T2, for nontrivial permutation tables (with no marks). More generally, we often
omit r when we haver = 0.

De nition 135. We de ne

X
ti(n) = w( )sgn() (2.178)

2Tkr;n
and its corresponding generation function
r —_ X- tn r .
Te(t) = ﬁtk(n). (2.179)

n=0

Proposition 136. For any distribution Xj ,

X X
fi(n)=  miti(n) andthus F(t)=  miT.(1): (2.180)
r=0 r=0

Proof. Write

X X XK X
w (t)sgn( ) = w ()sgn()=  mj w( )sgn( ): (2.181)

27T r=0 ZTkr'n r=0 2Tkr'n
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Chapter 2. Even Moments of Random Determinants

2.4.5 Second moment general (alternative proof)

We are ready to rederive Fortet's formula (Proposition 67) in by means of marked
permutations tables. Restating the proposition,

{ '

Proposition 137 (Fortet [32]). For any distribution of Xj; ,

fa(n) = ni(mz+ mi(n  1))(m; miH" % (2.182)
Fo(t) = (1+ mit)em2 mit, (2.183)

- J

Proof. We consider writingf »(n) as a sum over all (nontrivial) marked permuta-
tions tablesT,,, with two rows and n columns. Note thatT,, = T2, t T2, t TZ,
and thus

fa(n) = t3(n) + mat;(n) + mit3(n): (2.184)

However, as | = 0, we gett3(n) = 0 sinceT},, is empty. In fact, there are only
two types of columns which give rise to nontrivial weights, namely th&-column
(the same two numbersa) and the 2?-column (the same two numbers marked).

( 0

Type: 2-column  2-column
W 2 m?

k J

There aren! possibilities how the permutation in the rst row of a table can look
like. Since tablesTZ,, only contain 2-columns, the second row must be lled with
the same permutation (thus the sign is always positive). This gives us the factor

td(n)=n! (2.185)
P
to the overall sumf,(n) = 21, W (t)sgn . As a consequence,

R0
T)t)= —t(n) = e 2" (2.186)

n!2

n=0
Let °2 T2, havec two-columns. The weight of this table is given as( 9= .
Note that for the weights w( ) of a marked table 2 TZ, created from ° by
marking one of its two-columns by two marks,lyve have( )= § 1. Thus, from
% we get the following contribution tot3(n) = o2, W( )sgn ,

csth (2.187)
Summing up this contribution over all tables °2 T2, , we get

@3(n)
2

@, - nin 5 ! (2.188)

t5(n) =

or in terms of generating functions,
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2.4. Marked permutation tables

@P(t) _ . ..
2, - (2.189)

TZ(t) =

from which
Fo(t) = T2(t)+ mTA(t)+ m3T2(t) = (1+ m?t)e 2t = (1+ m?t)e™ ™Dt (2.190)

Alternatively, since there can be only one mark per row, there can be only one
2-.column. For a given permutation of the rst row, there aren positions for
this marked column and thus we get the factor

n 1

nin 5 m?: (2.191)

In other words, t3(n) = n!n 5 *. Summing the two factors together, we get

fo(m)y=n! 5+ nin 5 'm2=n!( ,+ nm3) § % (2.192)

from which follows the rst assertion by putting > = m, m32. Note that we can
also getF,(t) by directly inserting f »(n) into the de nition of generating function
Fa(t).

Yet another, the shortest proof is given by analytic combinatorics. Note that we
can formally write the following construction relation for the sefT, of all marked
tables (with column order irrelevant)

! !
T, =T+ TZO?D = Set ? 5+ D (2.193)

from which immediatelly, in terms of generating functions,

Fa(t) = exp( ot)(1+ mat): (2.194)

2.4.6 Even marked tables

De nition 138. We denoteS,,, as the subset of tabled,., which have still
nonzero weight when 3 = 5 = = 0. As a consequence, their columns
have only even number of marks (sinck is even). We call these tablegven
(marked) tables or simply S tables.

De nition 139.  For any distribution of X;; , we write
X
sk(n) = w( )sgn() (2.195)
ZS&:n
and its corresponding generation function
n

Xt
Si(t) = Ws'k(n): (2.196)
n=0 """
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Chapter 2. Even Moments of Random Determinants

Remark 140 Summing overS, ., is equivalent of summing oveil,., and then
putting 3= 5 = = 0. That is si(n) = ti(n)j ,= .= = and Si(t) =
TIE (t)J 3= 5= =0-

Remark 141 In the case of the sixth moment, even marked tables are the
notrivial tables under intermedial distribution of entries (with 3 =0).

2.4.7 Shifted normal moments

In the caseY;  N(O;1), or equivalently X;;  N(mj; 1), we can nd f(n) and
thus t; (n) and T, (t) explicitely for all r and k.

De nition 142. When'Y;; N(O; 1), we denotet;(n) asni(n) and T;(t) as
N (t).

Lemma 143 (Square matrix Wishart expansion) Let X N(; 2) and
k =2m be an even integer, then
0 L 1 I
WEin+2j), X" m (n 2)! n 2
f = Mm@ *__T-7A —— — . (2.197
zm (1) o @) o s (n+2s 2 ( )

The lemma is a special case of Theorem 181 with= p and follows from known
properties of the non-central Wishart distribution (see Theorem 10.3.7 in [49]).

Corollary 143.1. Selecting = m; and =1, and comparingm; powers, we
get that whenk or r is odd, thennj(n) and Ny (t) vanish. Otherwise, ifk = 21

andr = 2s for some integersm; s, then
|

I n»3(n 2) Y1 (n+2j)

M= mr2s N, @)

(2.198)

Proposition 144. When Y; N(0; 1), then si(n) = ni(n). Or in terms of
generating functions,S; (t) = N (t).

Proof. We already know that by de nition for any distribution of X,

X
tr(n) = w( )sgn( ): (2.199)
2T]
However, since 3= 5= = 0 in the case of the normal distribution, we have

that all tables in T,.,=S,., are trivial (their weight equals zero), as the weight
w( ) of each column with odd number of marks vanishes.

Fourth shifted normal moment

We will examine two special cases. First, whetk = 4, we have the following:
Proposition 145.
ni(n+2)!"

o
nz(n) =0; n3(n)=0;

nnl(n +1)!

nﬁ(n) = n!(n + 2)| n; ni(n) - :

na(n) =
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2.4. Marked permutation tables

Corollary 145.1. By summing the series,

1 6t t(1+7t+4t2)
0 — 2 . 4
N4(t) (1 )3’ N4(t) (1 )4’ N4(t) (1 t)5
NZ(t) = 0; NJ(t) =
Sixth shifted normal moment
Next, whenk =6,
Proposition 146.
_ nl(n+2)!/(n+4)! _ nl(n+2)!{(n+4)! n_
nG(n) - 48 ’ nG(n) - 16 y
(n) = nn!(n+1)!(n+4)! né(n) = n°nl(n+1)!(n+3)!
eV 16 ’ eV 48 ’

ns(n) = n(n) = ng(n) =0:
Proof. Directly from Corollary 143.1 or by Lemma 143 with = m; and =1,
fo(n)= MM (n+2)(n+4) + 3 min(n+2)(n+4) + 3 mind(n+4) + ménd):
Comparing m; powers, we geng(n) forr =0;:::;6.

Corollary 146.1. By summing the series

Ng(t) = 4% (n+1)(n+2)(n+4)t";
n=0

N2(t) = 11 N+ D0+ 2+ €

Ng(t) = 11 nd(n+1)(n+4)!t";

HOE 418 no(n+1)(n + 3! 1";

Ng(t) = 3(t)= Ng(t) =0

Remark 147. Note that those series (with everr) have zero radius of conver-
gence, so they have to be treated formally.

Remark 148 Note that those auxiliary series are not independent. For exam-
ple, it holds

NZ(t) = 3t °(t) (2.200)
—N62(t) =(1 8t)NZ(t) 45Ng(t); (2.201)
tNJ(t) = 4t2 10+1 NZ(t)+15t(4t  3)NI(1); (2.202)

Bt2NS() = 1 23 +125t2 12a% NZ(t) 3t 15 21 +344t% N(b):
(2.203)
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Chapter 2. Even Moments of Random Determinants

Note that these are not the only relations betweeN{(t)'s. For example,NZ(t)
can be also expressed usigd(t) but the relation involves rather complicated
rational functions.

2.4.8 0Odd-end marked tables

De nition 149. We say a marked column is } ,, when it is consisted of one
mark and k 1 copies of some identical number.

De nition 150.  We denoteO, ., as the subset ohontrivial tablesT,., which
lack § ; columns. Equivalently, O, are the tables which stays nontrivial
when ¢ 1 = 0. We call these tables a®dd-end marked tables or simplyO
tables.

De nition 151.  For any distribution of Xj , we write

X
o (n) = w( )sgn() (2.204)

20,

and its corresponding generation function

n

Rt
Of(t) = n!ZoL(n): (2.205)

n=0

Remark 152 Summing overO,., is equivalent of summing overT,., if we
put ¢ 1 =0, thatis, o (n) = ti(n)j , ,-o and Oy (t) = Ty (t)j , ,-o. Note
that, however, as ( ; always appear alongside with ; in unmarked tables,
of(n) = t2(n) and OY(t) = T{(1).

Remark 153 In any nontrivial table, every i ; column must be originally a
column with k identical copies of the same numbea that gets covered by a
mark. The other option would be that the covered number is di erent. That
would mean, however, these is a single displaced numkeseelsewhere in the
table. But since ; =0, this would turn the table to be trivial (zero weight).

2.4.9 Decomposition into odd-end marked tables

It turns out that instead of all marked tablesT,.,, we can only consider the tables
Oy, as there exists a natural decomposition.

Proposition 154. For any distribution of Xj with , =1,

|
’ 2 s
k r+s nl ¢,

X
ti(n) =

. S n S)!Zo'k (n s): (2.206)

Proof. We collect the terms according to the number of } ; columns. Let there
ber marks out of whichs form  , columns. According to Remark 153, they
are disjoint from other columns (they do not share any numbers). We can select

© positions for those columns. Also,? is the number of selections of concrete
numbers from[n] = £1;2;3;:::;ng to Il in those } , columns, there are then
s! permutations of those numbers. Erasing { ; columns, what we are left with
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2.4. Marked permutation tables

isatable °2 O, ° (lacking § ; columns). To construct a table 2 Ty, from
9 we select rows where the marks of; ; columns will be. Sincer s marks

are already placed, there are® (; S ways how to place ours marks. Thus

' |
wOyson()=" 0K TS e Y W 9sgn(9: @207)

2T|{;n s:OS S OZOLSS

2623 114]5]2]78]9 262 114]5/2]8]9
73/3|2/1/9/4|6| |5|8 2 201|9/4|6|5]8
:63/3| |1|9/4|2|7[5|8| z63 |1]|9/4|2|5|8
"3 2(1]|al5]6|7|8|9] ° 7|2|1]4|5|6|8]|9

Example: n=9,r=4,s=2

Corollary 154.1. In terms of generating functions, we have for any distribution
Xij with >=1,

|
Xk +s
T{(t) = TS s s op ) (2.208)

s=0 S

Proof. Changing the order of summation, we get from the de nition off (t),

|
’ n s
k r+s t" 3¢,

. R0 . R oX
T(@®= )=

g °(n s
n=0 n: =0 s=0 S (n S)!Z
Xk res (2.209)
—_ r S tS S OI’ S t .
= . ¢ 106 °(0):
s=0

Corollary 154.2. In terms of generating functions, we have for any distribution
Xij with >=1,

X
Fr(t) = mi(L+ my  1t)% "OL(t); (2.210)

r=0

Proof. Using Proposition 136 and by substitutionr
corollary,

s+ j in the previous

|
X Xk r+s
miTe(t) = mite
r=0 | r=0 s=0 S
XK ki _ .
= P mie ¢ ok
j=0 s=0

F(t) 10k *(1)

~wn

(2.211)

To nish this section, let us state an inverse relations between tableg., and
Of.p-
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Proposition 155. In terms of generating functions, we have for any distribution
Xij with =1,
|

o |
oty = ( 1y ¥ f+ T T ): (2.212)
=0

r=l

One can deduce a generalisation of Corollary 154.2, connecting generating func-
tions for distributions with two dierent | ;.

Corollary 155.1. In terms of generating functions, we have for any distribution
Xij

. X _
MIFC()i o= 0, = mi@+my( 0 R POf "IMIR(D)] , =0

r=0
(2.213)

2.5 Fourth moment general

In this section, we derive the general fourth determinant moment:

Theorem 156 (B. 2022). For any distribution Xj; ,

!
gl 3% (1+my ot) 147 3t+d 3%

Fiat)= ————— (1+m; st)*+6m? ,t

Corollary 156.1. For any distribution Xj; ,

!
X2 Ax2wix s 4 2w (1+C)IT]?_+2W %cw§(4 3%)ncs

fa(n) = (nt)’ s n ¢ 92 ww

dw(C);

w=0 s=0 c=0
where
do(0)=(2+ 0©); di(c) = (2 + ©); do(c) = ¢

sym

When m; = 0, we recover the original special case,
Rice and Riordan (Proposition 68).

Example157 (General Gaussian distribution) If X;;  N(; 2), we havem; = ,
( 25 3 2)=( %0;3 ), from which we get

(t) derived by Nyquist,

fa(n) = ;(n!)2(1+ n 40 Y ¥ 442+ n)2%22n 2+ 2 (2.214)

Example 158 ((0;2) matrices). Let X; = 0;2 with equal probability, thus
(mg;mz;ma;my) =(1;2;4;8) and ( 2; 3; 4) =(1;0;1). As pointed out by Ter-
ence Tao [70], the determinant of a random n ( 1;+1) matrix is equal to the
determinant of arandomn 1 n 1 (0;2) matrix for which (mg; my; ms; my) =
(0; 1;0;1). In terms of generating functions, that means
| |
Fpe @ @R _ @ @ e? ' _e?(1+51+2t+4t)
W=gt' @ “et'et v " @ o° ’
(2.215)
where in F;”™(t) we put (my;my;ms;my) = (0;1;0;1). This result coincides
exactly with our general formula forF4(t) with (mq; my; ms;my) = (1;2;4;8).
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2.5. Fourth moment general

Example 159 (Exponential distribution). If X  Exp(1), thatis if m; = j!, we
have ( ,; 3; 4)=(1;2;9). For n large, we get an asymptotic behavior

fa(n) = ;eﬁ(n!)2 n* 5n® 27n%+141n+450+ O(1=n) : (2.216)

The rst seven exact moments are shown in Table 2.2 below.

n |1 2 3 4 5 6 7
fa(n)| 24 960 51840 3511872 287953920 27988001280 3181325414400

Table 2.2: Fourth moment of a random determinant with entries exponentially dis-
tributed

2.5.1 Structure of marked tables

Let a;b denote dierent numbers selected fromn] = f1;2;3;:::;ng. Up to
permutation of rows, the only way how the columns of by n tables with nonzero
weight could look like is the following:

e N
Type: 4-column 2-column  !-column  ?-column  “*-column
a a
a a
T, : a b
a b
Weight w : 4 1 my 3 mi m{
. J

Figure 2.27: Structure of T, tables

See Example 132 showing the full,, for better illustration.

2.5.2 0Odd-end tables decomposition

Since the odd-end and even marked tables coincide whkn= 4, we can only
consider the sums over even marked tabl& T, . By Corollary 154.2,

Fa(t) = (L+ my 3t)*S(t) + (1 + ma st)®’miSi(t) + miSi(t):  (2.217)

As the only nonzero terms areS{(t); Sz(t) and S7(t) in the expansion ofF(t)
(see Equation (2.217)), we have the following options (upto permutations of rows)
how to nontrivially place marks in a table 2 Sg.,.
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Figure 2.28: Marked columns SZ,, Figure 2.29: Marked columns S},

De nition 160. We de ne tables ans S} such that their r marks occupy
s columns. Accordingly, we de ne

Sny= d S,.°(t)= U s n): 2.218

S, (n) = w( )sgn() an s (1) = PP (n): (2.218)
284, =0

Remark 161 Note that S, = Si, and Sj,, = Syn t Sy disjoint union as

shown below in Figure 2.30.

S SZ S S

Figure 2.30: Structure of S, tables

2.5.3 Covering technique

Zero marks

sym

The generating function S{(t) coincides with the already obtainedF;”"(t) of
Nyquist, Rice and Riordan (see Proposition 68) replacingn, with , that is

t( 4 3)
SO(t) = Gu(t) = (elt)3: (2.219)

Two marks

Proposition 162. TablesSin are formed by marking one pair of numberS,.,
in a given column.

Proof. Let 2 SZ, then the numbers which are covered by one pair of marks are
the same numbers. If they were di erent, say; bthere would have been another
a elsewhere in the table, making the table trivial inSZ,, (since we would have
odd number ofa's uncovered).

Corollary 162.1. For any distribution X; with =1,

@) @¥t) _ 6t ., 3.
6. et T @ o : (2.220)

Sit)=(6 2 4)
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Proof. Let °2 Ssn have c four-columns. Thus, there aren ¢ two-columns.
The weight of this table is given asv( 9 = §. Let us nd the weights w( ) of
all marked tables 2 SZ, created from °by marking. There are the following
possibilities where we can put those two marks:

in 4-column of %in 6 ways, creating a table with weight § *,

in 2-column of %in 2 ways, creating a table with weight §

2 0o .
S4;n S4;n o a
a

b
b

6 ways 2 ways

- J

D o0 D Q®

oo 9

Thus, from © we get the following contribution tos3(n) = P 2sz, W( )sgn( ),
6c §t+2(n o & (2.221)

Grouping the terms, this is equal to
cSi6 24+2n ¢ (2.222)

Summing up this contribution over all tables °2 S,,,, we get,

£(n)=@6 2 WM 2ns2(n) (2.223)
@4
or in terms of generating functions,
2h=6 2 92%0 5 @g?: (2.224)
4

By substituting Equation (2.219), we get, by computing the derivatives, the state-
ment of the corollary.
Four marks

Proposition 163. Similarly, by marking, tabIesSff;:n1 are formed from S;., by
marking one of its columns with four marks.

Corollary 163.1. For any distribution X; with , =1,

@(t) i @ (1) _ t(1+2t)et( . 3)
@4 @t (1

S =@ ) : (2.225)
Proof. Again let °2 S, have c four-columns and thusn ¢ two-columns. Its

weight is thenw( 9 = §. To create a table 2 Si:nl, we can put four marks
in 4-column of %in 1 way, creating a table with weight §
in 2-column of %in 1 way, creating a table with weight ¢,
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4=1 0 .
S4;n S4;n '

SV ISP o)

T 99

k J

. 0 = P
Thus, from © we get the following contribution tosi'l(n) = gt W( )sgn( ),
4:n

cSt+(n o & (2.226)
Grouping the terms, this is equal to
csla H+n & (2.227)

Summing up this contribution over all tables °2 S;.,, we get,

= 92 4 ) (2.228)
@4
or in terms of generating functions,
- t t
S, =1 ) @é ) 4 ¢ @cfp(t): (2.229)

Proposition 164. Tables Si:nz are formed from Si:nl by swapping two marks in
4 column with a pair of numbers in some other column. Via this swapping, each
table from S;.7 is counted twice.

Proof. Let 2 82;2. There are two options how the table can look like based on
the uncovered numbers in 2 columns. Either they are the samed) or they are
dierent (a;b. In the rst case, by swapping two marks with two a's, we get a
corresponding table °2 S, with a four-column lled with a's. In the second
option, by swapping, we get a two-column with numbers and b (see gures

below).

a a a a
a a a a
a a b b
a a b b
Figure 2.31: First option for Si:nz Figure 2.32: Second option forSi:nZ

Corollary 164.1. For any distribution X; with ,=1,

NCERUIMNCERU)
4 @t

6t2(1 + t) Y

Si=03 a0

SiH(t) = (2.230)
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Proof. Let °2 Sy, havec four-columns, its weight is therw( 9 = §. However,
now there are onlyn ¢ 1 two-columns as one column is covered with four
marks. To create a table 2 Sff;:nz, we can swap two marks of “-column with

a 4-column of °in 6 ways, creating a table with weight § *,

a 2-column of %in 2 ways, creating a table with weight §,

a a a a
4=2 4=1 a a a a
2540 Sgp - a a b b
a a b b

6 ways 2 ways

. o = P
Thus, from ¢ we get the following contribution tosﬁ 2(n) P w( )sagn( ),
6c ¢t+2(n ¢ 1) & (2.231)
Grouping the terms, this is equal to
cSl6 24,)+2n§ 2% (2.232)

Summing up this contribution over all tables °2 82;1 (note that as each table
in SZ‘;:nz is counted twice, we get twice the sum),

@$ " (n)
@4

25;2(N)=(6 2 4) +2ns; (n)  2s; '(n) (2.233)

or in terms of generating functions,

@5'(t) , ,, @M

2S;7(t) = (6 2 4) ey ot

2S,7(1): (2.234)

Corollary 164.2. For any distribution X; with , =1,

2
t(1+7t+4t )et( . 3.

Sit) = L

(2.235)
Proof. As Sf, = Syt Sy disjoint union, we have that S(t) = S;7'(t) +
Si2(t).

Corollary 164.3. For any distribution of X;; , we get the statement of Theorem
156 with , =1, that is

Fa(t) = S50 (L+my ) *+6malenist® o milZudl - (2 236)

Proof. As all S2(t); SZ(t) and S7(t) have been found, we use Equation (2.217).
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Corollary 164.4. By Corollary 154.1 or byT,(t) = [ m}]F4(t), we get explicitly

T0 o gl a4 3
1) = t) = o —
4() 4() (1 t)3
T =4 oS0 =4 o
4 () atS,(t) 3
T2t =6 22800+ SAt)= S 622+ O
4 3ty 4 1 t)3 3 71 |
el ? 12 ot?
T3(t) =6 33SY(t)+2 StS2(t) = @ ® e 2 |
gte ¥ 6 23 1+7t+4t2
TAD) = @SN+ 3PSH)+ i) = apay 820 -

@ t? 1t (1 t)?2

Remark 165 Note that we get F4(t) in its full generality (Theorem 156) by
simply using the scalability property given by Corollary 112.1.

2.5.4 Addition technique

We present an alternative technique how to obtairS2(t) and S3(t) by nding

a correspondence between marked tables with columns and unmarked tables
with one extra added column.

Let 2 SZ,. Then, we construct °2 S{, ., in such a way we replace two 's

by the number n+1 and add an extra column lled with n+1 's and the
covered numbers (see Figure 2.33 below). The crucial observation is that these
two covered numbers must be the same, so the added column is always nontrivial.

262 4 512|731 4/8|5(2|7|6(3|1

1112 /4/6/7/5|3], 1/2/4/6/7/8|5|3
363 |1 412,753 1/8(4(2|/7/6|5|3
7 |41215/6|7|3]1 412/5/6/7[8|3|1

Figure 2.33: A correspondence between table 2 S, and table °2 Sfg

Givenatable °2 S{, ,; with c4-columns and thus weight §, there are2(n+1 c¢)
ways how we can select on2column and one pair of numbers in thi2-column.
We then erase this column and turn the other pair found in %into two marks.
As there aren+1 ways how we can place back the erased column amd 1 ways
how we can selech numbers fromn +1 numbers, each table 2 S, is counted
(n + 1)? times, thus

X 2(n+1
gm= " wsgn = - 20FL_9 eggno
28z, 25s9

sgn
+1)2 4
4;n +1 (n 1)
:252(n+1) 2, @Yn+1).

n+1 (n + 1) 2 @ 4 )
Or in terms of generating functions,

@) 2.@8%) _ 6 o
e t @ @ v

Sit) =2
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2.5. Fourth moment general

Similarly, there is a correspondence betwe@ﬁfnl and S),,,, as shown in Figure
2.34 below.

2624 512731 478(5/2/716|31
2%11) |46 7|53, |18 4|6|7|2|5 3
:63 1| |4|2(7|5|3]' |1|8|4|2|7|6|5|3
27 14| |s5|6]7/3]1 4/8/5|6/7/2|3|1

Figure 2.34: A correspondence between table 2 Sf?l and table °2 S2g

Now it depends whether previously covered numbers (in the gray column above)
form a 4-column or a2-column. Let °2 S ., havec 4-columns. To count the
number of tables 2 S, rst, we select one4-column in ¢ ways and mark all
of its entries, next, either we select

one2-columninn+1 cways and erase it, creating table with w( ) =

w( 9= 4

or one4-column inc 1 ways and erase it, creating table with w( ) =

w( 9= %
In total,

c(n+l ¢) + c(czl)
c
— 2sgn

0

sy (n) w( )sgn =
282;1 02Sécl);n +1

_n @¥%n+1) 1 , @sYn+1).
S (n+1)?2 @y (n+1)2 @3

In terms of generating functions,

@S4(t) }@3('[) + 1 4 @S)(t) _ t(l+2t)et( 4 3).
@@t t @4 t @3 (1 v .

(n+1)?

Sy ()=

And nally, there is a correspondence betweeﬁiff and S?,,,; as shown in Figure
2.35 below. Again, a column formed by covered numbers must have nonzero
weight.

8 .9

§6§ 4 5/2|7(3]|1 4/8/5/2|7/6(3]|1
6- 11| 2|4 71513], 112/4,8|7|/6|5|3
3631 412|753 1/8/4/2|7|/6|5]|3
6 |41 2]5 713|1 4, 2/5/8/7/6,3|1

Figure 2.35: A correspondence between table 2 S, and table °2 S

Again it depends whether covered numbers form &column or a2-column. Let
02 S9,., havec 4-columns. To count the number of tables 2 Sy, rst, we
select one2-column inn+1 ¢ ways and one pair of numbers in it. We then
mark those numbers and the other pair found elsewhere. By symmetry, however,
there isonlyn+1 c pairs which can be marked. Next, either we select
one2-column (other than the two with marked numbers) inn 1 cways
and then erase it, creating table with w( )= w( 9
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Chapter 2. Even Moments of Random Determinants

or one 4-column in ¢ ways and erase it, creating table with w( ) =

w( 9= 4
In total,
) X X (n+1 ¢(n 1 o+ 9e
se ()= w()sgn = (n+ D)2 Gsgn ¢
252;:”2 0258;n+1
_ (n+1)(n 1)So(n+1)+ 4 20 4+n@Yn+1) + 4( 4 1) @si(n+1)
(n+1)2 ™ (n+1)2 @4 (n+1)2 @3

In terms of generating functions,

@ity @) |, a2 )@82(0+ 3, 1@t
@t @t Y @@t t @4
o 4la D@SIY) _ 621+ 1) 4, 5

t @3 (1 t)°

St =t

2.5.5 Inclusion/Exclusion

Finally, we show yet another derivation whose only ingredient to dedudg(t) is
the Wishart expansion (Lemma 143). The method of inclusion/exlusion shown
here was introduced in the context of permutation tables by Lv and Potechin in
[5].

De nition 166. Denote S}, - the subset of tablesS;, such thatif 2 S}
then C [n] are numbers which only appear in 4 columns of with no marks.
Those 4-columns are re ered to asknown 4-column. The other columns of
can be also 4 columns or other columns, marked or unmarked. In contrast, we
denote S;,,.co a subset ofSy.co, such thatif 2 S,..co, then CCis the set of
all numbers appearing in unmarked 4 columns of.

Remark 167. Clearly, we can write the following disjoint union representation
[

Shnc = Shnco: (2.237)
Cco C

Remark 168 As all columns other thanC° have weightw( ) equal to one, we
0

have for any 2 S,.cothat w( )= %<, where# C°denotes the number of

elements of setC®

De nition 169. We de ne the residual normal weightwc(t) of a table 2
Sin:c as the product of weightsw( ) in columns other thanC in which we treat
Yi  N(O;1).

Proposition 170 (Inclusion/exclusion). For any distribution of X; with , =1,

X X X
sy(n) = w( )sgn( ) = (4 3" we(t)sgn():  (2.238)

2Szrl;n c [n] 2Szrl;n;C
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2.5. Fourth moment general

Proof. Directly, via a chain of equalities and by using Remark 168,

X X 0
w( )sgn() = 2° sgn( )
2523‘( X X CO I 2Sjpc 0
= (4 3)°3“Csgn()
CO% [n] 2S},c0C C°
X X X 4C
= (2 3)" " we(t)sgn()
Co [n]C C° 2s). .o
X X P
= (4 3)" " we(t)sgn()
Cx N]C° C 2S¢ o0

(a4 3 Cwe(t)sgn():

C [n] ZSz;n;C

Corollary 170.1. For any distribution of X;; with ,=1,

X (. 3)Cnr(n C): (2.239)

sy(n) = o o ozd ™

Proof. There are 2

on#C,

ways how we can seledE 2 [n]. As the sum depends only

r X X #C X n. c X
sy(n) = (a4 3)"we(t)sgn( )= c (4 3) we (t) sgn( )
C I 2S§,c =0 28} ¢

(2.240)
for C 2 [n] arbitrary. Next, since the columnsC in 2 S} . are disjoint from

other columns, we can write, as there are] c! ways how we can arrange the
corresponding unmarked 4 columns in a table,
! !

n X n
we(t)sgn( ) = c c! w. (t)sgn( ) = . cny(n ©): (2.241)

2S)

4:n cC

28Arl;n;C

Corollary 170.2. In terms of generating functions, for any distribution ofX;;
with =1,
Si(t) = €+ INL(1): (2.242)

Proof. By de nition and using the previous corollary,

o tn( 4 3)an(n C): ? 1(:;( 4 S)CNi(t):

r —_ )4- tn r —_
S4(t) - WS4(n) - 20 0s0 (n C)'ZCI o
(2.243)

n=0

Corollary 170.3. For any distribution of X;; , we get the statement of Theorem
156 with , =1 (Corollary 164.3).
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Chapter 2. Even Moments of Random Determinants

Proof. Directly from Equation (2.217),

X X
Fa(t)=  mi(Q+my st)* "Sit)= €0+ 3 mi@d+ my st)* "Ni(t)
r=0 r=0

= €049 (14 my )N + mi(L+ ma st)’NZ(t) + mINZ(D)

Remark 171 Note that, in this new derivation of the general fourth moment,
we do not require the knowledge of the formula fdf4(t)jm,=0 Of Nyquist, Rice
and Riordan [50].

Remark 172 Tracing back the de nitions of auxiliary variables, we can write
the following expression for any distributionX; with , =1,

XEXC XS4 r+s)min? §( 4

B)an n s 0©); (2.244)

fa(n) = (4 ni(n s o)2cs!

r=0 s=0 c=0

which is equivalent to Corollary 156.1 using scalability property again.

2.6 Paired Marked Permutation Tables

2.6.1 Marked pair-tables

Shifting the random entries by their rst moment, we can again nd a simpli -
cation in terms of marked permutation pair-tables.

De nition 173.  We de ne Gy, as the set of all marked pair-tables with
at most one mark per row. For them, we de ne marked weight accordingly as
in the previous non-Gram case (expectation over products ¥ 's). Also, we
denote Ty;...,, as the subset of all tabless,,;..., which are nontrivial (having
nonzero marked weight). Finally, we de neTy;..., as the subset of tableg; .,
having r marks.

Proposition 174. For any distribution of X, assumingk even,

f(n;p) = E det(U” U)*2 = X w (t)sgn( ): (2.245)

2Thki np

Remark 175 In the case of marked pair-tables, as the selection in pairs of rows
is a subset ofln], there could be ambiguity if what numbers are covered if we
would depicted the tables using just marks. Thus, instead of just using

for marks, we always append a column showing the numbers hidden under
marks alongside our tables (in curly brackets).
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2.6. Paired Marked Permutation Tables

2621 41571809 2422 316780
621| |9|4|7|5 8 42 2013|6789
: 3(3/2|9/4|7|5|8 3 93 201/6|7|5]8
' 3| 2|al5|7]8]|09 “97 |2 1/6/7|5|8

Figure 2.36: An example of nontrivial ta- Figure 2.37:  An example of nontrivial ta-
ble 2 TZ.q, with weights w (t)= m$ 4 ble 2 Ty, o, with weights w (t)= m{ %
and w( ) = 4, C; = f1;4,56;7;89g, and w( ) = %, C1 = £2,3,4,6;7;8;9q,
C>=12,3,4,57,8;,9. C.,=11,2,5,6;7,8,99.

De nition 176. We de ne

wmp= . w()sgn() (2.246)

2Tr:ki np

and its corresponding generation function
n

Rt
Ti(t!) = ﬁtL(n; p): (2.247)
o N!

n=l

Proposition 177. For any distribution X;; with ,=1,

X« X
fr(n;p) = mit,(n; p) and thus  Fy(t;!) = miTe(t;! ) (2.248)
r=0 r=0

2.6.2 Even marked pair-tables

De nition 178.  We denote S;..., as the subset of nontrivial tablesT;...,
whose weight does not vanish when; = 5 = = 0. As a consequence, the
columns of those tables must have only even number of marks. We wrg; .,
as the subset of tabless,;..., having r marks.

De nition 179.  For any distribution of Xj; , we write

sp= . w()sgn() (2.249)
zsf:ki;n;p

and its corresponding generation function

Rotn
St !) = Ts'k(n;! ): (2.250)
n=0 n:

2.6.3 Shifted normal Gram moments

The case of Normal distribution is the only one for which we knowy (n; p) exactly
for any k;n and p. We have the following generalization of Dembo's result for
Nom (N; p) (Proposition 107).

De nition 180. When X N(my; 1), we denotet(n;p) as ny(n;p) and
Tt ) asN,(t! ).
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Chapter 2. Even Moments of Random Determinants

( D'

Theorem 181 (Wishart expansion) Let X;  N(; 2) andk =2m be an
even integer, then

| | |
Y1 (n+2r)) X m (n 20 npp?°

o — 2mp
Fan(n:P) o (n pr2n)! ., s (n+2s 2)! 2

. J

: (2.251)

The assertion follows from the properties of the Wishart distribution, see Theorem
10.3.7 in [49]. For completeness, we will show our own derivation later in Chapter
6 on Random simplices (see Proposition 256 and Remark 257).

Proposition 182. When X N(m3;1), then sy(n;p) = nj(n;p). Also, in
terms of generating functionsS;(t;! ) = Nj(t;! ).

Proof. Since any table 2 Ty,...,=Sy.,,, has weight zero wherXjj ~ N(mjy; 1),
we can replacely, ..., by Siy;...,, in Proposition 177.

Fourth shifted normal Gram moment

Proposition 183. Selecting = m;, =1 andk = 4, we get whenXj
N(mgq; 1).
. _ ni(n+1)1(npmf + (2+ n) (2pmé + 1)) |
f4(n;p) = n pin p+2) : (2.252)
Corollary 183.1.
2n!(n+2)!' p

1A — n3(n- —-0N- 2( 1~ — .

ni(n;p) = n§(n;p) = 0; NP = i pe )l

0f . n!(n + 2)! _ 4« npPnli(n+1)

S T et P i pear

Proof. Comparing m; powers in Proposition 177 with Proposition 183.
Proposition 184. By summing the series,

NA(t;! )= N2(t;! ) =0;

1
NAED = T Ty |
1 6t 2t! '
NEDE s T i@ o
I | t(L+7t+4t?) t(1+5t+2t3)! 2212
NE®D) = 11 ¢ T @ 0 a1 b

2.7 Gram fourth moment (general)

Surprisingly, using the method of marked tables and inclusion/exclusion, we can
derive the full F4(t;! ) in an elementary way, thus generalizing both Nyquist's,
sym sym

Rice's and Riordan'sF,”" (t) (Proposition 68) and Dembo'sF;”"(t;! ) (Proposi-
tion 103). We show that:
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2.7. Gram fourth moment (general)

Theorem 185 (B. 2022). For any distribution Xj; ,

. _ el a3 S) 4 6m?2 Lt(1+my 3t)? milt(1+7 %t+4 gtz)
Fa(t;!) = T 1+ my o)+ =55 + @ 2
Im 3t 2 ,(1+my g1 | Mi(L#5t 342¢% 5) 22 2m{ 3 :
11 3t T (1 3)2 (v 3t)2(1 3t)2 -
Remark 186 Letting ! = 0, we recoverF4(t). On the other hand, letting

m; =0, we getF;”™(t;!).

Corollary 186.1. Dening g and ; as above, we get, by Taylor expansion,

n j+i

[ i P
fa(n;p) = p2 | %pjzoj% 4 3’i: Jfaran p+an pn pr7) g

where
3(o 2 2 3 2(am2 3 o 4 2 2 2
_ 2m% 2, — 2m1(2 5 3¥3mg 5§ my 2). — m1(3m1 3 23 8mi 5 3 6mT 5),
G = = &= 5 o b= : ;
2(o 4 2 22 m2 3
— m1(2 pt4my 5 3+2m{ 5 mp 2). _ m%, —  2mjp, _ mj}
@ = g . e=" &= % e="7

and ¢, § otherwise zero.

Example187 (General Gaussian distribution) If X;;  N(; 2), we havem; = ,
( 2; 3 2)=( 2,0;3 %), which gives, after series of simpli cations,
ni(n+1)! 4r D

(n pin p+2)
This formula agrees with the general case given by Theorem 181.

Example 188 (Exponential distribution). If X;  Exp(1), thatis if m; = j!, we
have ( 2; 3 4) = (1;2,9) and (4 2;0 1; Cb; Ch; G; &; Oh; G; Gh; O; G 6or i) =
(16; 96,192 124 262712, 830 39171, 2;1). The exact momentsf 4(n;p)
for low n and p are shown in Table 2.3 below.

f.(n;p) = np> *+(n+2) 2p %22+ 4 :  (2.253)

e N
. p
fa(nip) | 2 3 7] 5
0| 24 960 51840 3511872 287953920
1| 56 3744 297216 27708480 3004024320
2| 96 9432 1022400 124675200 17182609920
nop 3| 144| 19320 2724480 419207040 71341240320
4| 200| 34920 6189120 | 1169602560 | 240336875520
5] 264| 57960 | 12579840 2858913792 | 696776048640
6| 336| 90384 | 23538816 6325119360 | 1801876285440
71 416| 134352 | 41299200 12939696000 4256462960640
Table 2.3: Fourth moment of a random Gram determinant with entries exponen-
tially distributed

G J
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Chapter 2. Even Moments of Random Determinants

From now on, we assume, = 1 in this section. What follows is the proof of
Theorem 185.

2.7.1 Structure of marked pair-tables

From now on, we putk = 4. As columns of 2 Tg,;..., do not see what resides
in other columns, the column types there must be the same as in2 T;,,. The
structure of all nontrivial (nonzero weight) tablesTy,..., is however cumbersome,
as there might be many nontrivial marked pair-tables formed by marking trivial
unmarked pair-tables.

Remark 189 If is nontrivial, there is again only one possibility for a column
to have odd number of marks, and that is it is a * column (all number were
the same before marking).

2.7.2 Decomposition over even marked columns
Proposition 190. For any distribution of Xj with , =1,

!
4 r+s nip! 3

r . —_ ><r
t4(n,p)—3=0 S (n 9s)l(p s)

s, °(n s;p  9): (2.254)

Proof. The proof is a modi cation of Proof of Proposition 154. This time, how-
ever, if we assume the number of ! columns iss, we can select for them 2

n

numbers (with s! permutations), but only _ column positions. To create a table

2 Tpyinp We start with a table °2 Sp,.5 ¢ as we decreased the number of
possible positions and numbers bg. Thus
| | |
X X 4 r+s n p
w( )sgn( ) = D st sw( 9sgn( 9:
2T s=0 opgr S S S s

hdi;n;p hdi;n s;p s

(2.255)

Corollary 190.1. In terms of generating functions, for any distributionX; with
2 =1,

X 4 +

TI(t! )= ; ® ¢3S 5(t!)  and thus (2.256)
s=0
X4

Fa(t;! )= mi(l+ my st)* "Si(t;!): (2.257)

r=0

2.7.3 Inclusion/Exclusion

De nition 191.  Similarly as in Section 2.5.5, we de n&5jy;.,.,,.c the subset of
tables Sjy;.,.,, with numbers which are inC  [n] are in 4 columns of with
no marks. The other columns of can be also 4 columns or other columns,
marked or unmarked. In contrast, we denotés[m;n;p;co a subset ofSpy; ,..co SO
that C°contains all numbers of unmarked 4 columns.
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2.7. Gram fourth moment (general)

Rremark 192 As all other columns have weight one, we have for any 2
Sh4i;n;p;C°’ .
w( )= ¢ (2.258)

De nition 193. We de ne the residual normal weightwc (t) of a table 2
Shin:p:c @s the product of weights in columns other thar€ in which we assume
normal distribution.

Proposition 194  (Inclusion/exclusion).

X X
w( )sgn( ) = (2 3)*Cwe(t)sgn(): (2.259)

C [n] 2S!

r
25 hdi ;n;p;C

h4i ;n;p
Corollary 194.1. For any distribution X; with > =1,

X xP c
Sp= o wOsn()= | PE T 6p o: (2260
28! c=0 ' i

h4i;n;p

Proof. There are 7 ways how we can seledC 2 [n]. As the sum depends only
on#C,

X X Yo ¥ o _oX
(a4 3)" ™ we(t)sgn()= c (4 3 wc (t) sgn( )
C [n] 2 Srr14i n;p;C c=0 ZSrrm n;p;C

(2.261)
for C 2 [n] arbitrary. Next, since the columnsC in 2 Sp;..... are disjoint

from other columns, we can write, as there are? c! ways how we can arrange
the corresponding unmarked 4 columns in a table,
! !

P

P . cny(n c;p o:

we@son()= P T w@son()=

r r
2 Sh4i n;p;C 2 Sh4i in cp ccC

(2.262)

Corollary 194.2. In terms of generating functions, for any distributionX; with
2 =1,
Si(t;! )= &0+ INLK(t;!): (2.263)

Proof. By de nition, and then by consecutive summation (we rst extend thec
summation to 1 , as negative factorials in the denominator force the terms to
vanish after nitely many c's),
X X (n !
se)=" O Phorn eg g
0= NP
n=0 p=0
_R X (n plttt P, 3)°

n=0p=0czo0 (N O!(p o)c

ny(n cp o© (2.264)

X tc . e o
= a( 4 3PN )= €0 INg(L!):
c=0
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Chapter 2. Even Moments of Random Determinants

Corollary 194.3. For any distribution of X;; , we get the statement of Theorem
185 with , =1, that is

gl e 3 4 6M2t (1+my 3t)2 mit (L+7t+4t?)
Fa(t;! )= 1+m; gt)+ —2 +—1
A(61) 1 tz@ ! t)( 1 3t) 1t 1 vz
Im2t  2(1+myg 3t)? . m2(1+5t+2t2) N 2t2! 2m? _
1 1 t 1 t (1 t)2 1 ! 2@ vz -

Proof. Directly from Corollary 190.1,
h i
Fa(t;!) = €043 (1+my at)*No(t;! )+ ma(1+my st)No(t;! )+ miNg(t!) -

By scaling, we get for any distributionX; the statement of Theorem 185 for any
2+

2.7.4 Covering technique

The fact the column types of tablesSj;.,., are the same as irg., tables enables
us to nd Fyu(t;! ) in elementary way. By Dembo [24], we already knoB2(t;! ),
gl a4 3

sg(t;!):(l e t): (2.265)

Next, per analogy, we must have

Proposition 195. For any distribution X;; with =1,

S2t1)=(6 2 4)@%;! ) 1ot @ggt! ). (2.266)
St =@ 4)@3(2! )it @Sgt! ). (2.267)
S&(1)=(3 4)@§1(t;! ) 4t @iétt” ) e ): (2.268)

SHt1 )= SNt )+ Sjiz(t;! ): (2.269)

Corollary 195.1. For any distribution Xj with =1,

gl e 3 6t 2t!
2(4. - .
Si(t!) = @ 011 i 07 (2.270)
- gls 3 t1+2t t! '
SNUPER 1( ! )t+ i (2.271)
|
a2, . €043 6t2(1+1t) 233+ t)! 222
Sy (th) = 1 t* 1 ! t+ 1 ! )2 + ! I (2.272)
|
o ela (1 +Tt+4t%)  t(1+5t+2t?)! 2212
Sﬁ(t,!)— 1 0? 1 1 n + 1 I 02 + T 03
(O ! @t @ o
(2.273)
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2.7. Gram fourth moment (general)

Corollary 195.2. For any distribution of X;; , we get the statement of Theorem
185 with , =1.

Proof. By combining this result with Corollary 190.1, we get

Fa(t;! )= (1+ my st)*SUt; ! )+ m2(1+ my 3t)2S2(t! )+ miSs(t;!): (2.274)
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Chapter 2. Even Moments of Random Determinants

2.8 Ordinary sixth moment (intermedial)

In the last section of this chapter, we show how to obtain the sixth determinant
moment Fg(t) when 3 =0 and m; arbitrary.

r

Theorem 196 (B., 2023). For X;; withm;=0; ,=1 and 3;=0, we have

Fe(t) = 3?12((3;31? 4t+4;3i7 NE @t (ML 8 4?+72t° 21a&*
+243t5 t(5 13t 23?2 129%+81tY) 4+ t2(10+t 37™2 54°%) 2

t3(10+9t 182) 3+ t4(5+3t) 7 t° N+3tmMI(1+3t t 4 (1 4t
12 211+ 1t) 4+ t2 (A +tmy 5)2+3t°2mM3(L+3t t 4)(1+tmy 5)%)

+3tNQ ot (m8( 15+120t+106t2 165Q% + 2304t

(1+3t t 4)3
+1(30 103 +508t2 153@%) ,+ t2( 15 15 +256t) 2)
15tm‘1‘(1+3t t 4)(3 13 + 3t 4)(1+tm1 5)2

+15t2m2( 4 3)(1+3t t 4)(1+tmy 5)*+ t(1+3t t 4)2(1+tm; 5)°)

\ J

What follows is the proof of this theorem.

2.8.1 Structure of marked tables

In Tes.n, the only nontrivial tables are the ones consisted of four types of columns:
6 column: six identical copies of the same number, weighg
4 column: four identical copies of the same number and a pair of another
number, weight 4
3 column: two triplets of two distinct numbers, weight 3
2 column: three pairs of three distinct numbers, weight
Additional columns with nonzero weight in marked tables, based on number of
marks, are
~ 1 column: two marks, we distinguish two sub-types:
¢ column: one mark and ve identical copies of the same number,
weight s
% column: two marks, three same numbers and one pair of distinct
numbers, weight 3
2 column: two marks, we distinguish two sub-types:
2 column: two marks and four identical numbers, weight 4
2 column: two marks and two pairs of two distinct numbers, weight
1
3 column: three marks and one triplet of the same number, weights
4 column: four marks and one pair of the same number, weiglt
6 column: six marks, weightl
In general caseSy,, is a proper subset 0D;,,. However, assuming ; = 0, we get
that 1 and 3-columns vanish. In that case, corresponding nontrivial tables from
Og.n coincide with Sg,,, which only contain the following columns (with weight
w ).

~
~

~
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2.8. Ordinary sixth moment (intermedial)

( 0
6-column 4-column 2-column  4-column  3-column  “4-column  8-column
E EY EY
a a a
a a b a a
a a b a a
a b Cc a b a
a b c a b a
6 4 1 am? m? m$ m$
& )

Note that, based on our earlier result (Theorem 73), we can determine the fol-
lowing

Proposition 197. For any distribution Xj; with ,=1,

LA S R ¢ S CRl) (Gl L
¥ o@+3t 0¥ L, @+3t L)
!

2
L 2 1Oet( 6 10 3 15 4+30) o t

N
o@+3t 0P % @+3t )

O(t) = Ge(t) = 1+

(2.275)

From now on, assume that 3 = 0. In this case,oj(n) = sz(n) and Og(t) = S(t)
as nontrivial tables of Og,, contain marked columns with even number of marks
only (marked column types with odd number of marks disappear). That is,
nontrivial Og.,j ,=0 = Sg, (Which additionally do not contain 3-columns).

Corollary 197.1. For any distribution X; with ,=1; 3=0,

|
gl 6 15 4+30) . t :

SA(t) = N
(1) (L+3t )P ° @+3t  L)°

(2.276)

Proposition 198. In terms of generating functions, we have for any distribution
Xij with =1 and 3=0,

X6
Fe(t)=  mi(l+ my st)® "S(t); (2.277)
r=0

2.8.2 Displacement of marks in S tables

We use the covering technique described in the fourth moment scenario. As
the only nonzero terms areS{(t); S3(t); S(t); S§(t) in the expansion ofFg(t)
when 3 =0, we have the following options (upto permutations of rows) how to
nontrivially place marks in a table 2 Sg,;:
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2=1 4=1 4=2 6=1 6=2 6=3
S6;n S6;n S6;n Se;n SG;n Se;n

Figure 2.38: Marked Figure 2.39: Marked Figure 2.40: Marked columns
columns S, columns Sg, Sen

De nition 199.  We de ne tablesSg,; S, such that their r marks occupy
s columns. Accordingly, we de ne

r=s X r=s * t" r=s
Sg (n)= w( )sgn() and Sg (t) = WSG (n): (2.278)

285 n=0

Remark 200 Note that SZ, = S, and S, = Sen't Ser disjoint union and
S8, = Semt Ser t Sgn disjoint union (see gures above and Figure 2.41).

ST S So

Figure 2.41: Structure of Sy tables

2.8.3 Zero marks
We already knowS(t) since it equalsGe(t) with 3 =0. That is,

SO(t) = Ge(b)] AT t 2.279
t) = )] ,=0 = .
6( ) 6( )J 3=0 (1+3t 41:)15 6 (1+3t 4'[)3 ( )
Expanding the right hand side (see [5]), we get
P P . . . . . -
() = (n)? 7T PRGNSR (6 154430 1 (4 3) "1 (2.280)

=0 i=0

2.8.4 Two marks

Proposition 201. Tables S;,, are formed by marking one pair of numbers in
Se:n IN a single column.
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2.8. Ordinary sixth moment (intermedial)

Proof. Let 2 SZ,, then the numbers which are covered by one pair of marks are
the same numbers. If they were di erent, say; bthere would have been another
a elsewhere in the table, making the table trivial inS,, (since we would have
odd number ofa's uncovered).

Corollary 201.1. For any distribution X; with ,=1; 3=0,
" ! I#
f( 6 15 4+30) t t
e—16 N§ ————5 +15t( 4 3N ——— =
(1+3t  4t) (1+3t  4t) (1+3t  4t)
(2.281)

S§(t) =
from which, via Taylor expansion,

XX , o
sZ(n)= n!? IRNCREEE 14921 (g 15 ,+30)" (14 3) ' (2.282)
j=0i=0

Proof. Let °2 Sg, havec six-columnsd four-columns. Thus, there aren ¢ d
two-columns. The weight of this table is given asv( 9 = ¢ 4. Let us nd the
weightsw( ) of all marked tables 2 SGn created from °by marking. There are
the following possibilities where we can put those two marks:

in 6-column of %in 15ways, creating a table with weight § * 9*1,
in 4-column of °in 6 ways by covering one pair of four identical numbers,
creating a table with weight § § 2,
in 4-column of %in 1 way by covering the remaining pair of two numbers,
creating a table with weight § ¢
in 2-column of %in 3 ways, creating a table with weight § 9.

Thus, from © we get the following contribution to s3(n) = 2sz. W( )sgn( ),

N

A

15c§t 9t +6ds §t+dS9+3(n ¢ d ¢S (2.283)
Grouping the terms, this is equal to
citda5,4 3e+dS g6 24)+3n¢ ¢ (2.284)
Summing up this contribution over all tables °2 Sg,,, we get
Qm=(15 , 342N @)
6(N)=(15 4 3 ) @. @.

+(6 2 .,) +3nsg(n) (2.285)

or in terms of generating functions,

+(6 24@§(t)+3t@§(t)- (2.286)

Using Remark 148, we get the statement of the corollary.

Remark 202 Note that when , = 3 and ¢ = 15, then S2(t) = NZ(t) as
expected.
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Chapter 2. Even Moments of Random Determinants

Alternative proof of Corollary 201.1. Another derivation of SZ(t) can be done via
the addition technique described earlier in section devoted 1©,(t). In this way,
we would get a very simple relatiorS3(t) = 1@§(t) . To see how it is derived, let

2 SZ,. We then construct °2 S§, ., in such a way we replace two 'sin by
the number n+1 and add an extra column lled with n+1 's and the covered
numbers in . The crucial observation is that these two now exposed numbers
must be the same, so the added column is always a (nontriviadycolumn (see
Figure 2.42 below).

S 938142756 3/8(1/4|2/9|7|/5|6
%%38142765 3/8(1/4(2/9|7|/6/|5
21361 4|/718|5], 3/6/1/9|4/2|7|8]|5
416213, 78|5]|"° 416/2/1/3/9|7|8]|5
%2%381 417|165 3/8/1/9|4/2|7|6]|5
- 141821 3|7|5]|6 418/2|1[{3/9|7|5/|6

Figure 2.42: A correspondence between table 2 S§g and table °2 S04

Vice versa, given a table °2 S?, ,; with ¢ 6-columns andd 4-columns (and thus
with weight ¢ 9), there are d ways how we can select one of i#&columns. We
then erase this column and turn the remaining pair other pair found in © into
two marks. That way, we get back our original (after appropriate shifting the
names of all elements so the missing element is+1 ). Since each table 2 Sg;n
is counted(n + 1) 2 times, thus

X 1 X 1 @%n+1)
s2(n) = w( )sgn = ——— d¢ 9 tsgn 0= ;
6( ) ng;n ( ) g (n+1)2 02Se(3jn+1 0 g (n+1)2 @4

(2.287)
Or in terms of generating functions,
1@81).
Si(t 2.288
0= g, (2.288)

Equation (2.282) is obtained from Equation (2.287) and by di erentiating Equa-
tion (2.280) by 4.

Corollary 202.1. For any distribution of X;; with ,=1,
Ps(t)= 4t (1 4t)SE(t) 15 4tS(t) :

Proof. Straightforwardly, as we 3%Irﬁady know from Proposmon 82 that we have
the following: Pg(t) = t% (L 4)NZ m 45N Q m
Alternatively, we could use Equations (2.286) and (2.288) and di erentiate chain

generating functionPg(t), (see proof of Proposition 82).

2.8.5 Four marks

Proposition 203.  Similarly, tablesSg,, are formed fromSg,, by marking one of
its columns with four marks.
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2.8. Ordinary sixth moment (intermedial)

Corollary 203.1. For any distribution X; with ,=1; 3=0,

Se(t)y=(1+t ,)SAt) 15( a4 1)tS§(t)|
et( 6 15 42+30) t '

= m (1+t 4t)Ng

I#

t
3 30Ng
(1+3t  4t) (1+3t  4t)

Proof. Again let 92 Sg, have c¢ six-columnsd four-columns. Thus, there are
n ¢ dtwo-columns. The weight of this table is given asv( 9= ¢ 4. Letus

nd the weights w( ) of all marked tables 2 ngnl created from °by marking.
There are the following possibilities where we can put those four marks:

in 6-column of %in 15ways, creating a table with weight § * ¢,

in 4-column of %in 1 way by covering its four identical numbers, creating
atable with weight ¢ § %,

in 4-column of %in 6 ways by covering one pair of its four identical numbers
and the two di erent numbers, creating a table with weight ¢ d1

in 2-column of %in 3 ways, creating a table with weight § 4.
Thus, from ©, we get the following contribution tosg "(n) = =, <e W( )sgn( ),
6;n

A

N

15§ 3+7d S 3 1+3(n ¢ d) ¢S (2.289)
Grouping the terms, this is equal to
€1d15 3g+dS 9 N7 3,)+3n ¢ ¢ (2.290)

Summing up this contribution over all tables °2 Sg,,, we get

se(n)=(15 3 )@%( ) +(7 3 4)%+3n52(n) (2.291)
@s @4
or in terms of generating functions,
= t t t
Seit)=(15 3 6)@@*‘f’i)ﬂ? 3 4) @é’i) + 3t @gt): (2.292)

Using Remark 148 and/or Equations (2.286) and (2.288), we get the statement
of the corollary.

Remark 204 There is an alternative way how we can expreﬁzz(n) (will be
useful later). We use the addition technique and the correspondence estab-
lished in Figure 2.43.

829 413 7/8|1/5|6 413/9/7/8]1|5/2]|6
%l% 415 7,2(3|8|6 4/5/9|7[12/3|8]1]|6
1= 7|3 816|254, 7/3/9(8|6/2/5|1|4
2 7|5 86314/ 7/5/9/8|6/3/1|2|4
% %35 6|/7/2/1/8|4 3|/5/6|7|2]1|8|9|4

3/5/6|7/8[(2/1|4 3|/5/6|7|8[2|1|9|4

Figure 2.43: A correspondence between table 2 568 and table °2 S
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Chapter 2. Even Moments of Random Determinants

Let °2 Sgn41 hasc 6-columns andd 4-columns (and thus weightw( 9 =

¢ 9. In order to get a table 2 Sg;:nl, we start by selecting a number which
appears in two di erent columns of ° These numbers form a selt,(t9 (there
are d such numbers). Note that in one column appears in fours. The other
column with two displacedi's can be either a4-column or a2-column. Next,
we erase this other column and turn the remaining fours into marks. That
way, we get a table 2 S¢rt. The weight of is given asw( )= & 4 '@,
However, since ;(t9 equals to one or two only, it is convenient to write it as

I

w()= 9%t 2 1, (19 El 1 (2.293)
4 4

Thus, by adding all contributions,

X X ca1 X
4=1
ss'm=" w(sgn = sgn &, T 2 a9 L o1

252;1 OZS%n g i212(t9 3

|
X ¢ d 1 1’ X
= Gz sgn %4d 2 — + L1 (195
2s0, ., . i212(t9)

(2.294)

Proposition 205. For any distribution X; with ,=1; 3=0,

= 1
SeA)= S 5 (2+1) 4+ 3t SKO 15SY(1) 4(1+t D)
gl 6 15 4+30) )

T t@+3t L)

t
3
(1+3t » at)
t
1+3t 4)°

1 5t 24t 4%+ 2% N2

45 (1 5t+ 4)NJ

Proof. We use the addition technique described in section dfy(t). First, we

seek the correspondence betweéié‘;:n2 and S2,,,; (see Figure 2.44 below). The
crucial observation is that no matter which table 2 SQ;Z we select, if we put the
covered (under marks) numbers into a single column together with twa + 1) 's

(the column in grey), then this column has nonzero weight.

829 413 7,8|1/5|6 4/3/9|7/8|/1|(5/2|6
%1% 415 7,2/3/8|6 4/5/9|7,2,3|8]1|6
1-|7/3|6 |8 2154, 7/3/6/8/9/2/5/14
2 7/5| 6|8 314} 7/5/6,8/9/3/1/2 4
% %35 6|(7/21/8|4 3/5/6/7[2/1/8/9 |4
7 |3|/5/6 78214 3/5/6,7/82]1/,9 4

Figure 2.44: A correspondence between table 2 Sgy and table °2 SZ,

Let °2 S2,,, havec 6-columns andd 4-columns. Hencew( 9= § §. Count-
ing the number of tables 2 Sg;ff is rather intricate. First, we select a number
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2.8. Ordinary sixth moment (intermedial)

which appears in three di erent columns (three pairs). As the number 06-
columns isc and 4-columns isd, there isn+1 ¢ d numbers satisfying that
criterion. However, we don't know whether those pairs are id-columns or 2-
columns. Say the number was selected and denote (t9 the number of pairs of
i's which lie in 4-columns. In the example above,;(t% = 1. We mark every oc-
currence ofi and then erase one of the columns with pairs stP(in three ways as
there are three such columns). The contribution of°to (n+1)? 2507 w( )sgn

for a giveni is then
"

1
g9+ £9B (Y= ¢4 3+ia%*; 1 (2.295)
In total,
I
— X X c d X 1 -
s (n) = w( )sgn = ° 4 sgn ° 3+ (1) = 1
zsg'znz Ozsg;nﬂ(n * 1) i2|3(t0) 4
’ | 3
X c d 1 : X
= S 4 sgn %43n+1 c d+ = 1 (195
Ozsg;n +1 (n * 1) 4 i213(t9
(2.296)

wherel ;(t9 is the set of numbers of °which appear in three di erent columns.
To sum the series exactly, we use Lemma 88. We get

1
42 X §gsgn® 1

S (n) = ———=—— 3n+1 c¢ d+ — 1 2.297
SORNNS =~ )+ P9 (2.297)

6;n +1

wherep( 9 is the total number of 4-column chains in ° This can be written as

1
4=2 _ @8(ntl @g(ntl - 1 .
Se (n) - %Sg(n*_l) (n:i.]_G) 2 g@(ons ) (n:i.f) 2 %@S)TL ) + (nil) 2 p6(n+1) ) (2298)

wherepg(n) = P s, P( YW( 9Ysgn ° In terms of generating functions,
@4 3.@%H 3.@8&y, - 1
@t t @s t @q t

Since by Corollary 202.1 we know the value d&s(t), we are done (in the end we
also employ Remark 148 and/or previous propositions).

SeA(t) =3 Pe(t)

Alternative proof of Proposition 205. There is another derivation ofsgzz(t) not
involving knowing the value ofPg(t). Let °2 Sgn.1 have c 6-columns andd
4-columns. Since X
(19 + (19 = 24; (2.299)
i213(t9 i21,(t9)
by combining Equations (2.294) and (2.296), we get the following remarkable
connection
_ _ X cd 1
S (M+ Lss ()= (oi
Ozsg;n +1

h i
sgn °d 2 £ +3(n+l ¢ )+ + 1 2

L @¥n+1) 3¢ @¥n+1)

0
86(n+1) (n+1)2 @4 (n+1)2 4 @6

) (n+1) 4
(2.300)
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Chapter 2. Even Moments of Random Determinants

which in terms of generating functions gives

3@% 3 e 3.@8%

1 _ 4=, _
786 = s @t t @4 st @

which gives, after simpli cations of derivatives ofSJ(t) (see Equations (2.286)
and (2.288)),

Sei(t) +

(2.301)

(1 4t 50

S (t) + isg‘=2(t) = S2(t)  15S9(1): (2.302)
4

Rearranging the terms and using the already known value f&; (t), we get
Sei(t)= I 5 (2+1) 4+ 2t St 15S1) 41+t ) (2.303)
as before.

Corollary 205.1.  SummingSq -(t) and Sg (t), we get

Se(t)=15 t (1+2t) st t P RN+ 1A+t 2, 2t 4+t 3} Sa(t)
et( 6 15 4+30) 3 343 0 t '
= 15t 13 +3 4t)N
t(L+3t L)1 ( ) Ne @+3t a3
t !

(1+3t 4t)3

+ 1 At+t2 2 4t 2 4%+ 5t2 NZ

Remark 206 Note that the previous result givesNg(t) for ¢=15and ;=3
since
tNJ(t) = 42 10+1 NZ(t)+15t(4t 3)NI(t):

2.8.6 Six marks

Proposition 207. Similarly, by marking, tablessg;:n1 are formed from Sg., by
marking one of its columns with six marks.

Corollary 207.1. For any distribution X; with ,=1; 3=0,

=, 1
Sty =(1 5 4)tSYt)+ 3@ 3 4 S2(t) |
el 6 15 4+30) |

h
= st b (1 3t 4#)N2 ——t—5 6t(7 24+8 4)N) t

6 (143t 41)3 6 (143t 41)3

Proof. Againlet °2 Sg, havec six-columns andd four-columns and thusn ¢ d

two-columns. Its weight is thenw( 9= ¢ 4. To create a table 2 Sg;?l, we can
put six marks

in 6-column of %in 1 way, creating a table with weight § * ¢,
in 4-column of %in 1 way, creating a table with weight § §,
in 2-column of %in 1 way, creating a table with weight § §,
Thus, from © we get the following contribution tosgzl(n) = gt W( )sgn( ),
6;n
cgrardgit+(n c d & (2.304)
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2.8. Ordinary sixth moment (intermedial)

Grouping the terms, this is equal to

cgltil e+dgg@ H*tng (2.305)
Summing up this contribution over all tables °2 Sg,,, we get
- n
Sm=a  9@Mia @ ey (2.306)
@ @4
or in terms of generating functions,
- @) , @8 | @),
st =@ +(1 : 2.307
SO0 9ot D g o (2:307)

Corollary 207.2. After some simpli cation, we have for any distribution X
with =1,

XX (1+0)(2+1)(@+i) 14+] 20
i0iz0 480 ) joo
+i( s 154+30) (6 154+30)" ) *( 4 3) "
(2.308)

se '(n) = (n!)? 2(7+2i+j)j n)

Proposition 208. Tables Sg;> are formed from S¢,- by swapping two marks in
6 column with a pair of numbers in some other column. Via this swapping, each
table from Sg7 is counted once.

Proof. Let 2 Sgr.. There are four options how the table can look like based on
the uncovered numbers in # and 2 columns. Either
Identical number a everywhere in both 4 and
Numberain 4 column and numbersa;bin 2 column
Numberain 4 column and four numbersbin 2 column
Numberain 4 column and numbersb; ein 2 column
Swapping two marks |n 2 column with numbers in 4 column, we get a corre-
sponding table ©2 S(Sn (see gures below).

2

a a b b
a a b b
a a a a
a a a a
a a a a
a a a a
Figure 2.45: First option for 82;2 Figure 2.46: Second option forsg;:n2
b b b b
b b b b
b b e e
b b e e
a a a a
a a a a

6=2

Figure 2.47: Third option for Sg; Figure 2.48: Fourth option for SS;Z
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Chapter 2. Even Moments of Random Determinants

Corollary 208.1. For any distribution X; with ,=1; 3=0,

gl 6 15 4+30) ' , t !

N -
t(1+3t  4t)7 % (1+3t 4t)3
3t? , 123 4+54t% le+6t2 2+12t3 2 43 3 ett +tt 4

, .
(A+3t  4t)38

SeA(t) = 1 3t 11t%+36t% 81t* 4t 4

#

15N 3 ot 4&+144t3 3 ,t+16t7 4, 9a® ,+16t3 2

Proof. Let ©2 52;1 have c six-columns andd four-columns, its weight is then
w( 9= ¢ 4. However, now there are onlyn ¢ d 1 two-columns as one

column is covered with six marks. To create a table 2 Sg’;:nz, we can swap two
marks of ®-column with

A

a 6-column of %in 15ways, creating a table with weight § * 2*1,

a 4-column of %in 6 ways, swapping marks with one pair of four identical
numbers, creating a table with weight ¢ § 2,
a4-column of %in 1 way, swapping marks with the remaining two numbers,
creating a table with weight § §,

d

a 2-column of %in 3 ways, creating a table with weight ¢ 9,
Thus, from ¢, we get the following contribution tosg “(n) =, ce=> W( )sgn( ),
6;n

A

A~

15c ¢t ¢ +pd S 9t+dSd+3(n ¢ d 1) ¢S (2.309)
Grouping the terms, this is equal to
cglql54 3d+dg 6 24+3ng§ 3§ % (2.310)

Summing up this contribution over all tables °2 Sg;l, we get

=1 =1
()= (15 4 3 6)@% M,6 2 4)@g ) 4 3nsn) 3s5n) (2.311)
@s @4
or in terms of generating functions,
- Lt Sl Lt -
SSAt)=(15 4 3 6)@g:)+(6 2 4)@24()+3t@§éf) 3Sg ' (1):
(2.312)

Using Corollary 207.1 and Remark 148, we get the statement of our corollary.
Note that in this proof we rely on the already derivedsg‘l(t) thus we need to
compute the second derivative oN J(t).

Remark 209 If we instead used the addition technique, we would have found
another relation forsgzz(t). First, we develop a correspondence betwe@ﬁfn2
and S,,., (see Figure 2.49 below). The crucial observation is that if we put
the covered number into a single column (in white), this column has nonzero
weight.
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2.8. Ordinary sixth moment (intermedial)

S23[4[3] [7]8]1]5]6 473]9]7[8[1[5[2]6
%1%45 7|2|3|8|6 4/5/9|7|2/3/8|/1|6
1| 7|3| |8|6|2|5(4|, |7|3|9|8|6|2|5/ 1|4
23 |7|5| |8|6|/3|1|4|" |7|5|9|8|6[3|1|2|4
%3% 5|6 (7|2|1]8|4 9/5/6/7(2/1/8 3|4
3’ 5/6|7]/8|2|1]4 9/5/6/7/8/2/1 /3|4

Figure 2.49: A correspondence between table 2 sg;f and table °2 SQ,

Let °2 S.., havec 6-columns andd 4-columns. Hencew( 9= § §. We

now count the number of tables 2 Sg;:nz. First, we select a numbern which
appears in two di erent columns. There isd such numbers (they form a set
[,(t9). In the one of the columns, there are always four copies b{making
it a four column). The other column with two i's is either a4-column or a
2-column. It is convenient to de ne ;(t9 again as the number of four columns
in which the selected numbei appears (it is either one or two fori 2 1,(t9).
We then select a column other that these two and erase it. Finally, we turn
the selected numbeli to marks. That way, we get our table 2 S57. To
count the overall contribution of °to w( )sgn , we could either select
one2-column (not the ones in whichi'slie)inn 1 ¢ d+ ;(t9 ways
and erase it, creating table with w( ) = w( 9= 4 (remember alli's
are turned into marks which have weight one)

or one 4-column in d i(t9 ways and erase it, creating table with

w( )= w( 9=
" or one 6-column in c ways and erase it, creating table with w( ) =
w( 9=( ¢ 4)
In total,
_ X X X
SM = wl)sgn = EEET 1 de (9 0
283:[12 Ozsg;nﬂ i2|2(t0)
‘ 3
_ X gdiggo d 1 X :
= Shpr—4dn 1 codr g+ + 1 S (195
RS i212(t9
(2.313)
This can be written as
1
= = n+1
= e @D
(n+1)* @, (2.314)
1 4, @Yn+1 1 4
2 pG(n + 1) :
(n+1)> @3 (N+1)% 4

This relation will be useful later.
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Proposition 210. For any distribution X; with ,=1; 3=0,
gl 6 15 4+30) ’

3At2(L+3t t 4V
+25t% ,+34t3 ,+165t* , 243° ,+10t? 7 17 3 74 2

t
(1+3t  4t)°
45(1 11t + t>+159t° 288* 2t ,+10t? , .2&3 4

t
(A+3t  4t)3

Se(t) = (1 11t +4t>+105t° 315*+486t° 5t 4

54t° 2 103 3+3t* 2+36t° 2+5t* 57 t° HNZ

+192t* 4+ t2 2+ t3 2 3% N

Proof. We use the addition technique described in section dfy(t). First, we
seek the correspondence betwetsﬁ;:n3 and S‘g;n+1 (see Figure 2.50 below). The
crucial observation is that if we put the covered number into a single column (in
grey), this column has nonzero weight.

S25[4(3] [7]8[1]5]6 413[9]7[8[1]5[2]6
%1%45 72|38 6 45|97/ 2|3/8/1 6
1| 7|3|6|8| |2|5/4|, |7|3|6|8|9|2|5/1|4
23| 7|5(6|8| |3|1/4| |7|5|/6/8|/9(3|1|2|4
%3% 5672|184 9/5/6/7/2|1 /8|34
© 3 5/6|7[8|2]|1|4 9|5|6|/7/8|2|1[3)4

Figure 2.50: A correspondence between table 2 32;3 and table °2 SZq

It depends on whether previously covered numbers (in the gray column above)
form a 6-column, a4-column or a2-column. Let °2 S2 ., havec 6-columns and

d 4-columns. Hencew( 9= ¢ 9. We now count the number of tables 2 S¢,.
First, we select a number which appears in three columns (three pairs). As the
number of 6-columns isc and 4-columns isd, there isn+1 ¢ d numbers
satisfying that criterion. However, we don't know whether those pairs themselves
lie in 4-columns of2-columns. Say the number was selected and denotg (t9 the
number of pairs ofi's which lie in 4-columns. In the example above,;(t9 = 1.
We mark every occurrence of and then select either

" one2-column (not the ones in whichi's lie) inn+1 ¢ 3+ ;(t) dways
and erase it, creating table with w( )= w( 9

or one4-columnind ;(t9 ways and erase it, creating table with w( ) =

w( 9= 4
" or one 6-column in c ways and erase it, creating table with w( ) =
w( 9=
In total,
_ X X c X .
o= w()sgn = © EEES T o2 code 9 S0 2
ZSg:n3 Ozsg;nﬂ 1215(t9)
, 3
X c d 1 0 X
= 75(1”1)3%” 4n+l c d n 2 ¢ d+%+% + 1 % (195
Ozsg;ml i2|3(t0)
(2.315)
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2.8. Ordinary sixth moment (intermedial)

wherei is summed over all numbers which lie in three di erent C%Iumns (there are
n+1 c¢ dsuch numbers forming the set;(t9). By Lemma 88, 5,19 i(t9 =
p( 9, wherep( 9 is the total number of chains of4-columns in © thus
= X c d 0 h i
sg(n)= . - (h+1 ¢ dn 2 cd+ L+ 4p( )1 L
S

6;n +1

(2.316)
Note that

(n+1 ¢ dn 2cd+d+e =¢cc 1)1 L +dd 1)1

+ed2 £ L +c2 2n+ L +d2 20+ +(n+1)(n 2)
(2.317)

Thus, by Corollary 202.1,

- X h
ss o(n)= 5490+l ¢ don 2 cd+ S+ +p(9 1 L

(n+1) 2 4
025((5);n+l
— _6(6 1) @sg(n+1) + a(_a 1) @sY(n+1) + 264 6 a4 @s3(n+1)
(n+1)? @z (n+1)? @32 (n+1)2 @@ 4

1

2 2n) ¢tn @4(n41) | (2 2n) 4+n @8(nH) 2.0 1 :
MR CFE %@6 D g@4 + n Se(N+1) + GgyzPe(n+1):

Or in terms of generating functions,

S&3(1) = 6( 6 1)@SYAt) N a( 2 1) @SY(t) N 264 & 4@SA1)
t @3 t @3 t @@ 4
4, 1O @SAt) . 44 1@t) @s(1)
@ ¢ 29 ett 1 e ¢ 29,0t
@y @&y, 1 4
+t @62{ 2 ot t Pe(t)

This nishes the calculation of 52:3(t). Simpli cation of derivatives is cumber-
some, but straightforward.

Corollary 210.1.  SummingSg (t), Se °(t) and S¢>(t), we get

674\ — gl( 6 15 4+30) 2 3 4 5 2
Se(t) = A3 )T 1 8t 4t2+72t% 21@*+243t° 5t 4+13t?
+23t3 4, +129t% , 8U° ,+10t? 3+ t3 2 37* 2 54> 2 103 2

ot* §+18t° J+5t" 1+3t° 1 t° NG gairs 3t 15 12G

1042 + 1659t% 2304% 3Ot 4+#1O5t2 4 5983 ,+1536t* 4+ 15t% 2

+15t3 2 25@% 2 N¢ t

@3t t 4)3

Remark 211 Note that the previous result indeed give® &(t) for ¢ =15 and
4 = 3 since

ANS(M) = 1 23 +125t° 12a3 NZ(t) 3t 15 21Q + 344t Ng(t):
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Chapter 2. Even Moments of Random Determinants

2.8.7 Complete sixth moment and its generating function

Proposition 212. For any distribution of Xj with , =1; 3 =0, we get the
statement of Theorem 196.

Proof. Follows directly from Proposition 198, which states
Fe(t) = (1+ my st)°Sg(t)+ mi(1+my st)*SE(t)+ mi(1+ my st)?SE(t)+ moSE(t):

wherein we insertS2(t), S3(t), Sg(t) and S§(t) as expressed before.
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3. Even Volumetric Moments

As we will see, the problem of ndingv{¥ (K 4) whenk is even can be treated as a

purely combinatorial problem. For everk and anyn
trivial to obtain, especially for polytopes. First, note that

For completeness, we enlist in Table 3.1 the rst three even mome

d, volumetric moments are

n can be expressed as
an absolute value of a determinant of the coordinates of the+ 1 points forming
the vertices of the convex hullH, (or as a square root of Gram determinant
whenn < d). Rising this determinant to some (even) powek, we obtain some
polynomial in coordinates. This is then integrated over the original polytop@.

the families of polytopesTy, Cq4 and Oy and the unit ball By upto d=5.

ne§ (Py) for

&

N
e k=2 k=4 k=6
Vo (Ta) = = =
- 1 1 1
d=1 6 15 28
— 1 1 403
d=2 75 300 7116800
d=3 3 871 2797
4000 123480000 11202105600
d=4 1 2083 28517
33750 96808320000 264649744800000
d = 5 5 24995 11490716929
5445468 682923373461504 618668393733836328960000
(e k=2 k= k=6
v§'(Ca) | k= =4 =
— 1 1 761
d=2 96 2400 27095040
d=3 1 701 29563
2592 839808000 7466363412480
d=4 5 887 6207797
497664 1146617856000 38533602917272780800
d = 5 1 2899 3591192719
4976640 7166361600000000 1348676102104547328000000000
(e k=2 k= k=6
v§(00) | k= =4 =
d = 3 3 4259 7200523
8000 5268480000 1835352981504000
d=4 1 3959 74002087
108000 5664669696000 462508951339008000000
d=5 5 228685 7261177207
29042496  699313534424580096 405955079162673083006928814080000
(B k=2 k=4 k=6
Vg (Ba) = = =
— 3 1 275
d=2 32 2 32 4 16384 6
d=3 3 117 17
1000 2 2744000 4 14817600 6
d = 4 5 475 161
7776 4 191102976 8 7644119040 12
d=5 45 325 3875
4302592 4 401483464704 8 24632119418683392 12
Kk .
Table 3.1: Selected values Of’é )(Pd) with Py = Tq4;Cq; O4; By, evenk andd 5.
J
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3.1. d-Cube even volumetric moments

3.1 d-Cube even volumetric moments

As a simple application of the results on moments of random determinants, we
deduce a general formula fovék)(Cd) whenk =2;4;6andd 2 arbitrary for the
unit d-cube de ned asCq = [0; 1]°.

(3.1)

Table 3.2 shows the second volumetric momenvéz)(cd) for low values ofd.

d \ 2 3 4 5 6 7 8
V(2) (Ca) 1 1 5 1 7 1 1
d d 96 2592 497664 4976640 2149908480 22574039040 1926317998080

Table 3.2: Second volumetric moment ind-cube

We are able to deduce the fourth moment

d+1 X 6 4 (j+1)%(j+2).

144@dh?, ;5 2d j) (3.2)

v (Cy) =

Table 3.3 shows the fourth volumetric momentyc(f)(Cd) for low values ofd.

d | 2 3 4 5 6
V(4) (C ) 1 701 887 2899 24257989
d d 2400 839808000 1146617856000 7166361600000000 180551034077184000000000

Table 3.3: Fourth volumetric moment in d-cube

The casek = 6 with Py = C4 is somehow clearer than foPy = T4 as we will see
later. In fact, we can nd a relatively simple formula forvéﬁ)(Cd) for any d,

V‘(’6)( @) = 25dZ’+;| . - 16i8)(§+]i.)(4'+|i)! 470 | 2 |
N4 . + !
( ) j=0 i=0 | ( J) (3'3)
14+2i + |

J 4 +7() 1 d)(7+2i+))):

Table 3.4 shows the sixth volumetric moments? (Cq) for low values ofd.
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Chapter 3. Even Volumetric Moments

d | 2 3 4 5
(6) (C ) 761 29563 6207797 3591192719
d 27095040 7466363412480 38533602917272780800 1348676102104547328000000000

Table 3.4: Sixth volumetric moment in d-cube

3.1.1 Shifted determinant formula

Let X = (Xo;:::;Xq) be acollection of{d+1) random pointsX; = (Xqj;::: Xg)” 2
RY with X Unif(0; 1) i.i.d. and let Hy = conv X be their convex hull and
¢ = Vol 4 Hq its volume, then

T det(xl Xoj X2 Xoj ] Xa Xo) (3.4)
and from which (voly Cy = 1) we getv “(Cq) = . It turns out we can express
ainadierentform. Let X? = (Xy;:::; Xg; 1)> 2 ROI H3 = conv(0; X3;:::;X9)

R™* andr 4.1 = VOl g4q H On one hand by base-height spllttlngr a1 = g d-
On the other,r g1 = (d+1), det(X3j j XY). Comparing, we get
d= dldet(X PXiX3) i XY: (3.5)

By linearity of determinants, we can subtract the last ronm; = E Xj times from
every other row. We then get
1 . . . :
a=  Aet(YoiYIivYai jYQ); (3.6)
where Y? = (Yy;:::;Y4;1) and Yy = Xj  my. Note that, when X;
Unif(0; 1) we havem, = EXj =1=r +1). SinceY; unif( 1=2; 1=2), we
also have explicitly

1+( 1y
—_ r — .
= EY = ey 3.7
som;=1=2; ,=1=12 3=0; 4=1=80 5=0; §=1=448 Note that
N d+1) = (d+1) E (det(YIj Y] jYX; (3.8)

since the (even)k-th moment of the determinant on the right hand side corre-
sponds to a marked permutation table with allkk marks in the rst column. The
factor (d + 1) then comes from symmetry. Hence,

1 1 A+ 1 jogomie
'€= rrgerte @FDF e alt I O: (3.9)
When k = 2, we have by Equation (2.189) thatT22 1(t) = T2(t) = te 2 and thus
VP(Cy) = (d+ 1)[t%]te 2 = (d+ 1)[t%e 2 = ddll d: (3.10)

When k = 4, we take advantage of the fact that 3 = 0, soT, ~(t) = S; (t). By
Corollary 163.1 and by scaling,

1 22t t(432)

szl(t) = m

(3.11)
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3.2. d-Simplex even volumetric moments

and thus

(Ol')2 ( 2t)4 (O")2 =0
1+2 %t d+1X (, 331
@ s (d)? i, (d )

V(o= Tlpy td i1t ¢ 32

(3.12)

[t'] S+ +2) 3

Finally, when k = 6, we take advantage of the factthat 3= 5=0, sonzl(t) =
ngl(t). By Corollary 207.2 and by scaling,

STUGHT) | AL g% H (L4 )2+ A+ D)1 14+] 421
(d+1)(d)e d“ ? ., 48@d+1 j) joi (3.13)

2(7+2i+j)(j d 1)+i fg 1542;+3o % 15%+30di % 31 i:

Vg (Ca)=

3.2 d-Simplex even volumetric moments

The objective of this section is to deduce a general formula fof/’(T4) when
k =2;4 and d arbitrary. The casek =2 was obtained by Reed [59]:

d!

(d+2)d(d+1)d: (3.14)

v (Tq) =

Table 3.5 shows the second volumetric momenvéz)(Td) for low values ofd.

d \ 01 2 3 4 5 6 7 8
(2) (Ta) 1 1 3 1 5 45 35 7
6 72 4000 33750 5445468 1927561216 69657034752 747338906250

Table 3.5: Second volumetric moment ind-simplex

In fact, Reed showed that the problem of determining/f,k)(Td) for evenk is
closely related to even moments of determinants of some random matrices (Reed's
formula, Proposition 215). Using this connection, we are able to deduce

(4)( Ty) = (d+1)!2
((d+4)(d+3)(d+2)(d+1)) ™" 215)
X AX2WAR s 4 o (1+ 0256 © 5, (0 .
w=0 s=0 c=0 S (d+1 c 92 w)lw!’
where
do(0) =2+ 9;  di(Q)= o2+ (9= ¢ (3.16)

Table 3.6 shows the fourth volumetric moments’ (Ty) for low values ofd.
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d \ 0 1 2 3 4 5 6
(4) (Ta) 1 1 871 2083 24995 54793
15 900 123480000 96808320000 682923373461504 1422757028044800000

Table 3.6: Fourth volumetric moment in d-simplex

Finally, for completeness, Table 3.7 shows the sixth volumetric momemée)(Td)
for low values ofd. In this case, there also exists a general formula, the scope of
which is however beyond this thests

d \ 0 1 2 3 4 5
(6) (Ta) 1 403 2797 28517 11490716929
28 2116800 11202105600 264649744800000 618668393733836328960000

Table 3.7: Sixth volumetric moment in d-simplex

Note that the valuesvy’ (Ts) and V& (Ts) were already known to Mannion [44].

3.2.1 Uniform and Dirichlet simplices

See section A.4 in the Appendix which covers the Dirichlet distribution rst. In
there, T, is de ned asconvfeg;e;;:::eqQ, that is, T, is a d-simplex embedded
into R4*1 .

De nition 213. We say a collectionY = (Y;:::;Y4) is a standard Dirichlet
random sample if the pointsY; are independent and follow the same symmetric
Dirichlet distribution with concentration parameter . We call the convex hull
Ha(Ty) =conv(Yo;:::;Y ¢) of those points as a D|r|chlet random simplex with
volume ¢ = volygHgy(Ty) and normalised volume 4 = 4 =volyg Ty with

its usual momentsvdk) (Ty) = k

Theorem 214. Let X;; ( ) bei.id. random variablesA = (Xj ), » and
fi(n) = E(detA)X as usual. LetY;:::;Y 4 be a standard Dirichlet random
sample with concentration parameter . Then
! d+1
(k) _ ( (d+1)) .
(Ty) = fo(d+1): 3.17
Vd, ( d) ( (d+1)+ k) k( ) ( )

. J

1 1 1
d+1'd+1 PErr (3.18)

DenoteB = (Yoj j Y 4q), then, by base-height splitting,

— (d+ 1) (3.19)

d+1pTvoIdcoano;:::;Yd): _ g -

lat the time of submission of this thesis, the formula has not yet been found, however, the
current progress with Potechin and Lv suggests the formula will be available soon
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3.2. d-Simplex even volumetric moments

Setnpz d+1 and write A = (Xo] | Xg) with X; = (Xg;:::;Xg)”. Denote
S = &, X, thatis, S; equals the sum of coordinates of ;. Then, by Lemma
274, ( (d+1)) and

. Xo Xd
B =(Y Yo 2 22 24 3.20
from which, taking determinant and writing S = de=0 S,
Xo X4 det(Xpj jXgq) _ detA
detB < det L e & = : 3.21
So S NEE S &2

Moreover, by Lemma 274X;=§ and S; are stochastically independent, so are
B and S. Hence, for everk,
fi(d+1)= E(detA) = E(SdetB)* = ES*E (detB)X

( (d+1)+ k) o (3.22)

=(ES)'E G =~ gy Ve (To)

3.2.2 Reed's formula

There is a connection between moments of random matrices with a certain dis-
tribution of entries and moments of volume of a random simplices in a regular
tetrahedron. As a consequence of Theorem 214, we obtain Reed's formula we
have already seen in Introduction which establishes this connection:

Proposition 215 ([59] Reed 1974)Let X;;  Exp(1) be i.i.d. random variables,

points uniformly distributed in T4. Then for k even,
dl et

VT =

fo(d+1): (3.23)

Proof. From Theorem 214 with =1 and upon noticingvé'fi(Td) = vék)(Td).

Remark 216 Note that the formula also holds for any realkk > 1 if we
replace determinant moments$, (d+1) = E (det A)¥ with absolute determinant
momentsE j detAjk. However, since we can expand the absolute values only
for k being an even positive integer, the problem of nding these moments for
generalk is no longer a combinatorial problem.

Example 217 Let X () iid. and A =(Xj)n n. Note that m, = EXj =

( +k)=( ),somy= andm,= ( +1). Since we know that in general
fo(n) = ni(mz m?H)" Y(my+ my(n 1)), we getfo(n) = "n!(n +1) and thus
! d+1
@) _ ( (d+1)) d+1 :
Especially, when =1 (uniform simplices onT,), we get (Reed [59])
d!
) — .
Vi' (Ta) = ()@ Do (3.25)
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Chapter 3. Even Volumetric Moments

Example 218 Using or previous results on random matrices, we can also obtain

the value for the fourth moment for generab. Let Xj ( ) bei.i.d. random
variables, A = (Xj)n n, thenm, = ( +r)=( )= ( +1) ( +r 1)
By Corollary 156.1 withm; = ,my,= ( +1), mg= ( +1)( +2),my=
( +1)( +2)( +3), fromwhich we compute ,= , 3=2 , 4=3 (2+ ),
we get
|
X Axawixs 4 2w (1+ C)236n C s ntstw+c
= 12 .
where
do(©) =(2+ ©);  di(9=c2+0);  dyc)= (3.27)
from which | g
@1y = ( (d+1)) ,
Especially for =1, we get as promised
d+1)12
(T = ((d+4)(d +(3)( d 3 2)(d+1)) "
ﬁ (3.29)

Y2 Ax2wddd s 4 Z\N. (1+ C)236d+1 c de(C)
=0 s (d+1 c¢c s)l(2 w)w!

w=0 s=0

3.3 d-Orthoplex's and even moments in general

The aim of this section is to deduce/fjk)(od) for k = 2;4;6. We briey discuss

how we can obtain even volumetric moments for various polytopes e ciently in
a computer. Note thatO, = C, (although with di erent area), so we can restrict

ourselves to the case 3. We got

(d+1)! _
2d(d+2)d(d+1)d°

v (0g) = (3.30)

Table 3.8 shows the second volumetric momem'éz)(od) for low values ofd. We

d | 3 4 5 6 7 8
V(2) (O ) 3 1 5 45 35 7
d d 8000 108000 29042496 17623416832 1114512556032 21257640000000

Table 3.8: Second volumetric moment ind-orthoplex

are able to deduce also the fourth moment

Py 30 i@ej)e+i) j(d+4)(d+3
di(d+1)! i 2((de)§! D J((d+2))((d+1)) +1 (3.31)
22d(d + 4)d(d+3)d(d +2)d(d + 1) d ' '

v{(0g) =
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3.3. d-Orthoplex's and even moments in general

d | 3 4 5 6
(4) (O ) 4259 3959 228685 1940773
d 5268480000 5664669696000 699313534424580096 20720401019987558400000

Table 3.9: Fourth volumetric moment in d-orthoplex

Table 3.9 shows the fourth volumetric momenty(4)(0d) for low values ofd.
Finally, for k = 6, we obtain the following formula forv(G)(Od) for any d,

(6) . d 15 d d! g1 L+ 0)2+ )4+ i)
(Ca)= 48 4 (d+6)! 120 i=0 3110 (3+d)(4+ d)(2+ d)
ez oy @ A @+ d+G+ 6+ A@i+)E+d )
d j+1) +30(5 + d)26+ d)2L+ d+2i 2)
(3.32)

J

Table 3.10 shows the sixth volumetric moments(G)(Od) for low values ofd.

d | 3 4 5
(6) (O ) 7200523 74002087 7261177207
d 1835352981504000 462508951339008000000 405955079162673083006928814080000

Table 3.10: Sixth volumetric moment in d-orthoplex

3.3.1 General numerical technique

Let X = (Xo;:::;Xq) be a collection of pointsx; 2 Py R%j = 0;:::;d with
coordinatesx; = (Xyj;:::;Xg)” and let 4 =vol4conv(x). Denote
Z
(k) — k d+1 dX . 3.33
€ Pyt 4 d (dx); ( )
so then
Vi (Pg) = €}=(voly Pg)® (3.34)

We have seen that we can expressy using determinants as

Sdeth xof jxe xo)= GdetGdixgi x9;  (339)

d = al
Wherex =(Xyj;::1;Xg;1)”. Denotey = (yi;:::;¥a)” 2 RY, then
z
ai1i2i3::2id = p yljl_lylz2 yljd d(dy) (336)
d

form a basis ofel”, in fact & is a polynomial of homogeneityd + 1 in a;,....i,

with iq + +ig k. The total sum of indicesi, in each product ofa's must
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Chapter 3. Even Volumetric Moments

be equal tok for any position p. We can obtain these polynomials separately via
combinatorics in a computer, ford =2 with k =2;3andd =3 with k =2,

e 2800801801 @083 8028, 008y + 00802820 ; (3.37)
38008.%2 + 12a§2a20 + 12a§1a22 + 123%1302 +12ag3a11830 %

+3a4083, 4agsdi0830+6 Ax0822802+4 8018138304 03108312

+3 804850+ 12801812831 400213831 430180340+ Aoodosdao. ;  (3.38)
12a5a3080, 1231183180, 1221121330 12a51a50a01

+12a0a13821  123p3@0a21 12330210822 122p1321a00; 9’

aéloa%m aoooagllazoo a301302031200 * 3000200280208200 é
22010801121008101 + 2 8002801081008110  280018011810081102
+2a001801080118200  28001801081018110 + 2 Ago0A01131018110 (3.39)
+ady@2+ 85,8500 00280208500 * 2@001802081008101 g
aoozaéloazoo aoooaozoa%m aoooaoozaflo

and so on (see Code 1). A substantial simpli cation is achieved when we place
the center of our coordinates in the centroid oPy4. In that case, all the values
a;,.i, with exactly one index equal to one and with remaining indices equal to
zero vanish. Then

2 _ 3 .
e(z) = > Q00202820 @00&%; | (3.40)
8 9
@ 32 3a403(2)2+1za§1302+6320322302 1283830802, 12311831802 2
e’ = 3> +3ag0as,+12a%,a0 12331813800 12251850801 4agod138s1 ; (3.41)
'( +3ag4a5,+12a%; 8,5+ 12803811830 12a03§1zoa21+ 0004840 ’
e = 2 28000810181108011 + 8000800280208200 (3.42)
3 g aoooaoozaflo aoooazooa%n aoooaozoa%m; 9
A000020002800202020082000  28000020110810018110080011;
2 a2 2 a2 2 2
* A00008511027001 T @00003510137010 + a00006‘1100‘30011
+2 8000020200810018101080011  0000802008200087011
@ = 5 28000020101810108110080011  80000800208020083001 (3.43)
4 243 +28000020101201108200080011  80000800028020082010
28000020101801108100181010 aooooaooozaoozoafloo
+2 A900080020201018100181100 aooooaoozoaglolazooo

2 .
+2 8000020002801108101081100  000080002811082000;

3.3.2 Octahedral symmetry

Finally, we assume thatP4 has octahedral symmetry. That is,Py is symmetrical

with respect to any permutation of axes and any re ectiony; ! y; for any i
and (y1;:::;¥q)” 2 Pqy. In that case, &, .., is invariant under any permutation of
indicesiy; :::;ig. Also, all &, .., with at least one oddis vanish. As a consequence,

we get much more simpli ed formulae. Wherk = 2;4;6, we can write those
polynomials explicitly in that case. Let us de nely = a..goo = VOl4Py, b =
a::002; u = @::004; b5 = @::006; D22 = @::022; 2 = @:042, @nd so on. In general, the
indices ofbds are the nonzero indices oé's in decreasing order (with the only
..... ips we
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3.3. d-Orthoplex's and even moments in general

havei, i, ip>0andh,.;i, = a&,;i,000:0 (d  pzeros). Or explicitly,
z
b1i2i3lilip = p y!l_lyl22 ylljp d(dy) (344)
d
From this integral expression for, ..., it is clear why all indices must be even
otherwiseh...;, vanishes (follows from the substitutiorys ! ys for a givens for

which is would be odd and the octahedral symmetry oPy). We may associate

e&k) with a sum over marked permutation tablesEy.4, which we de ne as row
permutations of d + 1 elements[0; 1;:::;d] with k rows and in total k marks
covering the element0. This is contrary to the d-cube case as; ;Xjqg may no

longer be independent. We have

1 X

(k) — .

e = —— w( )sgn ; (3.45)
d 7 (dnk _

wherew( ) is given as a product of the corresponding, .., factors. Whenk = 2,
there is one column with two marks irE,.4 (weight ky), the remaining columns are
columns with weightb,. The sum of weights over all those remaining columns
yields the Fortet's second momens)(d) with , = b,. Since there ared + 1
positions for the marked column, we have

&=L :Eww( yson = U nsdd = U tnarg = T oy (3.
and thus, by Equation (3.34),
Mg
V@ (Py) = bl%d;l 2 (3.47)

Tables E 4.4 (with octahedral symmetry assumed) have the following structure:

( 0

Type:  4-column 2-column  2-column  “4-column

a a
a a
a b a
a b a
Weight w: (o vy V) 03

Note that the requirement of containingk = 4 marks means that a table 2 E4q4
either contains one “-column (covering four zeros) or two 2-columns. Let
02 Sg;d havec four-columns (and thusd ¢ two-columns), we havev( ) = ki, °.
The rst case is obtained by appending a column lled withd marks (covering four
0s) to 9 we getw( ) = b, C. The second case is obtained by additionally

switching two marks with two elements from
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Chapter 3. Even Volumetric Moments

a four-column of °in 6 ways, yieldingw( ) = Bt b,°

a two-column in 2 ways, selecting one of itstairsgv( )= B, L.

In total, we get the following contribution of °to 2e,, W( )Sgn . Note that
by symmetry, we have to multiply the second case contribution b§=2.

~

(@+1) bl + o 6otfth Mo+ 2(d OB L (3.48)
Summing up the contribution from all tables °2 S, we get

4) _ d+1

eXd) , . @¥d)
& = T by +3pBAD  p@AD (3.49)

@b @p

wheres)(d) is the Niquist, Rice and Riordan's fourth moment given by Corollary
(68.1) with 4=y and 2= by, so

X1 d j+2 o
A= 50 7T (a3 (3:50)
j=0 1
Hence, after some simpli cations,
. |
d+1 X (1+j)2+j)b b2 '
(4) _ 2 d j 2 .
e = . 3 —+ , 3.51

from which, by Equation (3.34),

W L1l b @+))@+i) b Y0 3
Vg~ (Pa) = B? o o, 2@d j) b 3 bzzbo+1 - (8.92)

Alternatively, we can extract s3(d) assg(d) = ( d')?[t9]SI(t), where the generating
function S2(t) is given by Proposition 68. Explicitly,

Open el 4 332 _ el (b 3b22).
%00 007 @ b (859
In particular,
el = : Blylp + 61015 + Iyl + 3 k3, ; (3.54)
& = 514 l:bt(f; + OIZER + O bylB,hy + 18KBbyohy + 6yt + 45@)@2 (3.55)
o0 = 5 bob; + 18bok5, 15 + 2405,k + 45k 15, : (3.56)

“ T 13824  +121B1 + 36k2hy,k7 + 180022, by + 2520203,
Lastly, E¢.4 tables have the following structure:
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3.3. d-Orthoplex's and even moments in general

s 0
6-column 4-column 2-column  4-column  3-column  “4-column  8-column
EY E EY
a a a
a a b a a
a a b a a
a b c a b a
a b c a b a
by by D22 by b2 b by
= J

Note that all marks cover the elemenD only. The requirement ofEg.4 containing
k = 6 marks means that a table 2 Egq4 either contains

case I: one ®-column (covering six zeros),

case Il: one ? and one * column or

case lll: three 2-columns.

Let °2 S, haves six-columns andf four-columns (and thusd s f two-

columns), we haven( ) = kb k5,5 '. The rst case is obtained by appending a

column lled with 6 marks (covering six0's) to  © we getw( ) = hybgh, 15,5
The second case is obtained by additionally switching two marks with two ele-
ments from

~ a six-column of %in 15ways, yieldingw( ) = bbbyt *H,0,5 |
a four-column of %in 6 ways selecting two from its four identical elements,
creating a 3-column and yieldingw( ) = bzbzzb?sbzz "B
a four-column of °in 1 way selecting the remaining lonely pair of two
elements, creating a 4-column and yieldingw( ) = bbytiH,, 'by,s
a two-column in3ways, selecting ong of its pairsy( ) = bbpobib b, © .

We get the following contribution of °to 2869 W( )SON

h
(d+1) bobgbzz dzzS "t 15shyby kg o, dzzs f +6fb2b22b§b22 lb(z_jzzs f
i
+ fhoykgh, 'y T +3(d s )bk, Tt

Summing up the contritytion from all tables °2 S, we get that the contribu-
tion of cases l and Il'to 5., W( )sgn is

#
@¥d) @¥d) @¥d) "
@b @b CPPgh,

wheres(d) is the sixth moment for symmetrical distributions given as coe cients
s9(d) = (d")2[t9S2(t) of the corresponding generating function

N

N

(3.57)

(d+1) hysg(d)+15bhy + by(6by2 + 1) (3.58)

et( 6 15 4 2+30 3) gt !

So(t) = N
o(t) (1+3 3t 4 .0% ° @+33t 4 .)°

sym

with ¢=bs, 4 »= ly and 2: b2, Explicitly (our fg7(d) formula),

BB (i ivae i daiso _ o
sy(d)= d!? N o% MIT (b 15045+30b520)" T (huy 30322)) "Byt (3.59)
j=0i=
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Chapter 3. Even Volumetric Moments

Lastly, the third case can be obtained by the position approach. We start with a

larger table °°2 S3,, and assume it has six-columns andf four-columns (and

thusd+1 s f two-columns), we havew( ) = kEh,b5s ° ' for its weight.

First, we select a numbei which appears in three distinct columns (three pairs),
these numbers form a set;(t%. There is exactly#13(t°) = d+1 s f of
those numbers. However, we don't know whether these three distinct columns
where the elements reside are4- or 2-columns. Denote ;(t° the number of four
columns from those three distinct columns. Then, we turn all siks into marks.
The weight of the resulting table 2 Egq4, based on the number of four columns
covered, is . ; . ,

k%bZz i(t‘)bg;% s f @B i 9)b4i(tc)bz32 (199, (3.60)

Since ;(t% 2 f0;1;2;3g, we can write this as a quintic polynomial in ;(t%.

Unfortunately, we are currently only able to nd explicit generating functions
when the polynomial in ;(t% is at most linear. Let us further assumeyohy =

bohy, so the factor above equals

kb, *ys ° b (3.61)

Summing over Blli 2 13(t% and by symmetry, we get the following contribution
of ®to (d+1) g, W( )sgn ,

(d+1 s f)eh, 5 ° ' (3.62)

Finally, summing over all 092 S94.,, we nd that the contribution of case Ill to
(d+1) " e, w( )sgn is

b0l @§(d+1)
b2, @b,

Note that the factor (d + 1) comes from symmetry, since we require a specic
number (zero) to be covered. In total, putting together cases I, Il and I,

(3.63)

h
e = d+61 psS(d) + 15b2b4@%(d) + by(6by, + Q)%
d @b @b (3.64)
+3b2b22@%(d) oL by @d+1) g

(@)=Y (d+1)2 b, @b

Keep in mind that even thoughs? appears as a function ofl and d+ 1, we treat
bs as a function ofd (and not d + 1) since they were derived combinatorially.
Alternatively, we may write s2(d + 1) derivative in terms of s(d) derivatives.
Plugging the explicit formula for s2(d), we arrive at the following formula

© _ L+d¥IX (1+i)2+ D)4+ i) 14+] v 2i
ST TdE L, 48d j+1) P
Bos (s 1505 +30b0) ¢ (g 3bypp)! ' 2 (3.65)

( (d j+1)byoa(biy  3br20) (babroboa(2i+j)+3013,+ tbbgzg))
+B3, (s 15w, + 30by;) (baz  3jb2zy)

and from which by Equation (3.34) immediately
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3.3. d-Orthoplex's and even moments in general

1+d ¥1X (1+)@+ )@+ i) 14+] £2i
d4e o 48d |+ 1) i
Pzzz (bs 150 +30b5) ¢ | (he  3Mp)! ' !

(d j+1)boo(hy  3bn22) (Bobpobyoa(2i+j)+3003,+ bobgzz)
+13, (s 150, + 30byp)) (bgz  3jbogy)

v (Pa) =

(3.66)

both valid as long ashy,by, = bylyoo. Finally, let us list the values ofeff) for small
d. With no assumption onbs (i.e. we relaxly,b,, = yhyo,), we have

bobé 9003, 90b2b22+180b2b42b22+15tbb4212+30bzb4b42+30bzb4tb ; (3.67)

% tb@ + 90b2225% + 270b§b22b2 + 540b22b42b2 + 45b2l%th %

1
© _
T

2 +a5hbyt, + 13500017,

" +540b, b5 bpoty, + 432003,,0, + 27021222

3.3.3 d-Cube

81005, b0k + 32400, bz0b420727

81 b;215,,

+765b,b5, by + 324008, by by + 5400, bbb + 90 by b by by 2

27(1)5@2 + 30bgb22

162(lgzb42
903, °

(3.68)

As an example of a solid with octahedral symmetry, let us consid€l; a d-cube

with vertices|[ 1, 1;:::;

by simple integration, by = vol4C4 = 29 and

z _ z

i1 p dv)= i1
CdY1 a(dy) 01 Y1

y dy;

1
|1+1

dyd 24

1

|+1

1], soCy =[ 1;1F. Lety 2 RY. Via symmetry and

. (3.69)

from which we deduce the moments}’ (Cy) as before (Equations (3.1), (3.2) and

(3.3)).

3.3.4 d-Orthoplex

For d-orthoplex O4 = conv( eq;:::;
to deduce the following general formula

z i i d g i i — 2d il! ip! .
Dy ™ (YW a@)Z20 Wy d)F
Hence,
d 2d+1
bJ:VOIdOd:a1 bz:(d+2)!
and thus by Equation (3.47), summing oveE,q tables,
Mg
Vi” (Od) = t%d;l Z - 24(d fdz;ﬂ 1)¢
Similarly, we have .
22 = (dz+4)!; h, = (d4i2:)!:
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Chapter 3. Even Volumetric Moments

Thus, by Equation (3.52), summing ovelE 44 tables,

did+ 1) Ly EIER) 1)

4 - 2(d j) (d+2)( d+1) .
Vg (Oq) A+ )a(d+3)9d+2)d+ DI (3.74)
Finally,
Y 2d+3 41 0+ 6!
20 = , b= (3.75)

T [d+e)l’ T (d+e)l’ X7 @d+e)

Crucially, d-orthoplex also satis es the condition on momentdy ohy = byoly,.
Hence, we use Equation (3.66) to deduce

42 159 g %t L+ D)2+ )4+ i)

(6) —
WIT A T @ ., 910G+ AE A+ a (3.76)
14JferirZi ( B+d)(4+d)((1+ d)(2+ d)+(5+ d)(6+d)2i+j)@A+d j) . |
@ j+nr +30(5 + A6+ L+ d+ 2 2) |
3.3.5 d-Ball

Another interesting example possessing (among others also) the octahedral sym-
metry is the unit ball By. Lety 2 RY, then
z

bl;:::;ip: deELl pr a(dy): (3.77)

A common trick how to solge types of integrals like this is using the Gaussian
integral 1 exp( x?) dx =" "~ and related integrals in higher dimensions. First,
let us take advantage of the homogeneity of our integral by making the substitu-
tion y = rx, wherer 2 (0;1 ) and x 2 S* 1. Splitting the measures into radial
and spherical part, that is 4(dy) = r9 *dr 4(dx), we get

Z 21 xi Xl 4(dx)
_____ - i1 ip pd 1+iz+ +ip I p d .

By, o o XL OXgT dr 4(dx) dr e+, (3.78)
Note that wheni; = = i, = 0, we gethy = ! 4y=d as expected sincdy =
volgBg = 4 = !'4=d In order to utilize the Gaussian integral trick, let us
consider the integral

z
= yi oypeYiYi i y(dy): (3.79)
R

This integral can be solved via two methods. First, we can split it into a product
of one-dimensional integrals in each of the variablgg. This gives

a2 ¥ (15%).
s=1 (%) .

On the other hand, by splitting the measures into radial and spherical part,

(3.80)

Z Z 1 . . . , ( d+ig+ +ip)Z _ _
| = X{ o oxprd Tt e Pdr o(dx)= 22 de'll X q(dx):
(3.81)
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3.3. d-Orthoplex's and even moments in general

. R : -
Comparing, we get g X}t xg q(dx) explicitly and as a result,

= Q + = Q +i
b= 2R R0 P (592(5), g0
1;550p (d+ i1+ + |p) ( d+|1+2 +|p) d+2+i12+ +ip ' '
Hence,
d=2 d
=vol4B4 = = - = .
by =volgBg= g (%Z) b 5+ d (3.83)
and thus by Equation (3.47), summing oveE,q tables,
|
1d+1 b ¢ 1 d+1
2 — — .
Bg) = S = = o .84
Vi (Ba) = g 2 di(d + 2)d (3.84)
Similarly, we have
3
b= o by - (3.85)

T @Gra@2+ad’ T @Gra2+ad

Thus, by Equation (3.52) (onlyj = d term survives), summing ovelE 44 tables,

1 (1+d)?(d*>+5d+2)

(4) —_
Va' (B = 2oz (2 + @+ ) (3.86)
Finally,
b= g b 3 4 e 15 4 _
27 2+d)@d+d)6+d)’ P +d@+d6+d)’ ° (2+d)4+ d)(Bé%)?')

Crucially, d-ball also satis es the condition on momentdy,,by = byohy,. Hence,
we use Equation (3.66) to deduce

L+ deP2+d@B+d)(d+7d+2)(d>+7d+4)

48(dN3((2 + d)(4 + d)(6 + d))¢ (3.88)

1
VéG) (Ba) = —5
d

Note that the values v (By), vi”(By) and v{’ (By) obtained via this method

agree with the more general result of Miles expressing” (Bg) for any k > d
(see the consequence of Theorem 220 in Chapter 4).

3.3.6 Polygon triangle even area moments

By similar treatment as before, we can nd an explicit formula forvék)(K 2) with
evenk in terms of planar moments
z
ars = ) x"y® dxdy (3.89)
2

222



Chapter 3. Even Volumetric Moments

for any planar shapeK, (possibly not convex). By Equation (3.34), we have
vg‘)(K 2) = egk)z(volz K,)3*k, Wheree(zk) is given by Equation (3.45) as a sum over
Ex.q tables. Hence

2 k

(k) —
V(K= —
2 (K2) (vol, K 5)3+k

w( )sgn : (3.90)

2Ey. 2

Tables Ey., consist of three columns andk rows. Each row is a permutation of
f0;1,2g9. For each 2 Ey.,, the weightw( ) is equal to a product of threea;s's
(for each column) such thatr is the number ofl's and s is the number of2's in

this column. Let Elﬁqu) Ek.2 be the subset of tables with ones andp twos in
the rst column and j ones andg twos in the second column and denotESfé’q s
as tablesElﬂi;jSQ) whose total number of(012); (201); (210) rows isl|. Table 3.11
below shows the number of speci ¢ permutations appearing in any2 E{59).

row | (012) (201) (210) (021) (102) (120)
sign + + +
count | I p I j jJ I+p k i | k I g i k+l+q

Table 3.11:  Structure of E{5")" tables

Forany 2 E{5™ wehavew( )= apajqax i jx p qandsgn =( 1)*iterarl,
Therefore, we deduce that

2 K X Pk K

(k) _ _
vy (Ko)= —————— Cipgk Qip&:qQ i j: X 3.91
2 (K2) (VoI K2)3K o o120 1o jpak Qip 33k i jk p g (3.91)
where
X X o L
Gipgk = sgn = ( 1yrirerarE IRl (3.92)
ZEI((fng) 1=0

The number ofES;jgq W tables is equal to the number of placements of specic
permutations into rows. By simple combinatorial argument, we deduce that

e (ipa)jly — k!
JEes = (DI piG+p Dk i DIk g Di(I+i+q k) (3.93)
and thus
min(k i +pik o ( 1)i+j+p+ a*r Ikl
Gipgk = . : . . :
I=max( j;p;k qi)(l J)I(I p)I(J+p I)I(k | |)'(k q |)|(|+|+q k)l

(3.94)
Note that this result can be also derived more directly with the help of random
variables. LetV; = [X;;Yi] Unif(Ky), i 2 f 0;1;2g be random points selected
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3.3. d-Orthoplex's and even moments in general

from K, independently. Note thatE [X{;Y;*] = a.s=vol, K, i 2 f 1;2;3g. For the
area , of the convex hullconv(V;V1;V5), we have

0 1
1 Xo Yo 1 1
5 detBx, v, 1k = SIXoYat XaYot XaoYo XaYo XoYa XoYai:
X, Y 1
(3.95)
By multinomial formula, we get for everk,
YQ _ L K
(K )—E Vo|2K2 (V0|2K2)k E(XoY1+ X1Yo+ X5Yy XiYo XoY1 XoYa)
kag+ kg+ kgl
= woaK 2)k E” ke (KoY (X 1Y2) (X 2Yo)* (X 1 Yo)* (X 2 Y1) (X o Y2)®
ki+ +ke=k
= Gkr ket EDXE OGS BN e et SB[ o e e ]
ki+ +kg=k
— 2 k X ( 1)karks*kekl .
= WOl K)F= KalkaTkaTkaTkal K1+ Keika+ ks Bko+ kaska+ ks s+ ksiko+ Ke s
ki+ +ke=k

(3.96)

which is precisely Equation (3.91).

Example219 Let U, = conv([; O];[0; ];[1;0][0;1]) with ; 2 (0;1) be the
canonical truncated trianglehaving vol,(U, ) = %(1 ). Hence, for everk,

8k! XXk ki
@ )k Cipak Bip&ad i jk p a; (3.97)
p=0 g=0 j=0 i=0

k
Vg )(Uz )=

where, by inclusion/exclusion, by scaling and by Remark 277, we have
Z Z r+1 s+l
as = ” x"ySdxdy=(1 "t st . x"y® dxdy = r!s'm (3.98)
from which we obtain whenk =2 and k =4,
( 44 g33,832 43 ,g 23
102248 2 4 3+8 2 8 +1

)

V&, )= PIR—T : (3.99)
S 66 65 & 5+18 4432 2 1%
% 31 % 1955432 54 3153+1852_
313 +32 45 4744446 43 3442
2418 4 3125446 34 503 2+46 ° 2
" 741825 3472444623 4722432 2
ViU, ) = . (3.100)

900(1  )S
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4. Odd Volumetric Moments

In this chapter, we are going to investigate how we can deduce polytoggswhen
k is odd andd = 3 and higher.

4.1 Summary of known and new results

4.1.1 Known results

Extending the work of Crofton, Hostinsky [36, p. 22 26] considered and solved
many problems concerning geometric probability. One of them is the ball tetra-
hedron picking, which was the rst metric moment obtained ind = 3, it reads

gy .
V3’ (B3) e (4.1)
The result was generalised to higher dimensions by Kingman [40]. For the mean

volume of ad-simplex picked from ad-ball, Kingman got
d+1) 2 +
2d2(21) dl(d+1)
(d+1)d 1((d+1)2) 2(d+1) d%l

The result above can be obtained as a special case of even more general formula
by Miles [48, p. 363, Eq. (29)]
Theorem 220. [Miles, 1971] DenoteV,\" as ther = i + | 1 dimensional
content (vol;) of an r-simplex formed by a convex hull of randomly selected
i points from the interior and j points from the surface ofB4 (ball with unit
radius). If 2 r d+1,thenfork=1;2;3;:::

v§? (Bg) =

(4.2)

I ¢ 1)( d+ k . 0 1r K+ |
oy ko1 d e il L G
d T 1) d+ rk .
rik d+k (r+ )2+r j+1 d;k 1 d £+|

. J

As a consequence of Miles' formula, we get fdrball volumetric moments,
0 1k 1qg

I 0
d T+l (d+1)( d+k) d 1 k+l
WE)=e oA S — Z A 2 (4.3)
d d d=2j] d+ Kk d(d+ k+1) +1 d+ k | ’
: 2 2 =1 2

Table 4.1 shows odd volumetric moments obtained by this formula for small values
of k (even volumetric moments fork = 2; 4; 6 are already shown in Table 3.1).

vi(Ba) | k=1 k=3 k=5 k=7
d =2 35 1001 138567 1062347
48 2 6400 4 2007040 © 24772608 8
d=3 9 3 1 63
715 29393 2 475456 4 909788000 ©
d =4 676039 73465381 192875738341 32283434353859
3888000 4 212425113600 8 91746673612554240 12 140357281787967386419216
d =5 20000 3125 2025 2625
90751353 390325604864 4 1929127875659776 8 9466435811358343168 12

Table 4.1: Selected values oﬁ/c(,k)(Bd) with odd k andd 5.
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4.1. Summary of known and new results

Less is known about polytopes. In two dimensions, however, Buchta and Reitzner
[19] found a formula expressingY (P,) for any convex polygonP;.

In three dimensions, there was a famous di cult problem proposed by Klee [41]

and popularised by Blaschke, which concerns ndinggl) (T3), the mean volume of
a tetrahedron formed by four uniformly selected random points from the interior
of a xed unit volume tetrahedron. The rst attempt was made by Reed. In
[59], he uses the Crofton reduction technique [61] which enables him to express
the exact value ofvél) (T3) = Va333 as a linear combination of mean volumes of
four irreducible con gurations (3320), (2222), (3311), (3221), in which the points
forming the random tetrahedron are chosen from sets of lower dimensions.

" (3320) :two points inside, one on a face and the fourth being a vertex,
(2222) : points on faces only, one on each face,
(3311) : two points inside and two on the opposite edges,
(3221) : one point inside, two points on adjacent faces and the fourth being
a vertex.
The speci ¢ form of the linear combination can be deduced as an easy exercise
from the Crofton Reduction Technique developed in Chapter 1. First, we con-
struct a reduction diagram corresponding to the aforementioned con gurations
(Figure 4.1 below). In this diagram, we also included the position of the scaling
point C in cases reduction is possible. The arrows indicate which con gurations
reduce to which. Each arrow is labeled by a roman numeral corresponding to a
given reduction equation in the system of reduction equations.

N
N

A

Figure 4.1: All dierent (abcd sub-con gurations in T3

The full system obtained by the Multivariate Crofton Reduction Technique is

|2 3Vagz3=4 3(Vazz2 Vazs3)
Il 3Va332 =3 3(Vazzz Vazzp) + 2(Vazar  Vass);
12 3Va331 =3 3(Vazar  Vazar) + 1(Vazzo  Vassi)
IV @ 3Va300 =2 3(Vazzo Vazz) +2 2(Vazr  Vazo)
V 1 3Vs330=3 3(Vazzo Va330)
VI 0 3Vaz1 =2 3(Vazor  Vazor) +2(Vazir  Vazor) + 1(Vaao  Vasor)
VII 0 3Vap00 = 3(Vaooo  Va22) 3 2(Vazo1  Vaoz)

Solving the system forVssss, We get,
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Chapter 4. Odd Volumetric Moments

2NV2227 N 1083521 N 18V3311 N 12V3320.

Vsazs = e 455 455 455 &)

Reed was, however, only able to expred&s,o = 3=64 in a closed form (he also
attempted to nd V,,,, but obtained an erroneous value). The remaining con g-

urations were only solved by Mannion [44] using a clever handling of improper
. . 2 2
integrals. Their exact values areVay, = 2 + 2o, Va1 = 26 5 and

2

- 7 H
V3320 = 1712 3315+ AS @ consequence, Mannion concluded that

13 2
V8 (Ta) = =

0 1coqs 0017398 (4.5)

However, Buchta and Reitzner [18] obtained this value earlier using the Efron
section formula [26], c.f. [46, p. 372], which relates the mean volume of a convex
hull of random points picked from a given body with an integral over section
planes. This integral over section planes can be then transformed, after some
nontrivial algebraic manipulations, into set of some calculable double integrals.
The same technique enabled Zinani [78] to deduce

3977 2

W ey =
Vs (Ca) = 57600 2160

0:01384277 (4.6)

The derivation ofvgl)(Cg) itself is straightforward, but at the same time unworldly

di cult, containing millions of intermediate integrals necessary to solve (to do so,
Zinani used the package Mathematica 4.0). No other values of odd volumetric
moments in three dimensions were known.

In higher dimensions, there were no results for polytopes. The Efron formula
completely breaks down because of the existence of cyclic polytopes.

However, Efron's formula is not the only approach to volumetric moments. The
original method by Reed and Mannion to obtainvél)(Tg) was the Crofton's re-
duction technique. Another derivation OfV§1)(T3) and vgl)(C3) which appeared
recently and was not using Efron's formula (but equally di cult) was due to Philip
[52, 53]. As we shall see later in this thesis, there is yet another way. Had it not
been for Philip's work, the author of this thesis would not have been convinced
that there might still be another method for obtaining volumetric moments.

4.1.2 New results

The objective of this section is to extend the number of polytopes for which the
volumetric moments are expressed exactly and to present the method to nd it
e ciently. The key approach is the method of section integration. That is, instead
of integrating over points, we integrate over a section in the spirit of Blaschke-
Petkantschin formula (see Appendix B). In fact, there are two approaches. The
rst is based on the Efron section formula, which enables to dedusé” (Py) for
any integern din dimensionsd = 2 and d = 3 (see Theorems 234 and 235).
Efron's approach will be discussed later in Chapter 5. As there is no analog of
the Efron section formula for higher moments and dimensions, we might use the
second section integral approach applicable to volumetric momem§‘)(K q) for
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4.1. Summary of known and new results

any k (picking a d-simplex from ad-dimensional bodyK 4). The second approach
is based on base-height splitting (Theorem 221) which is discussed in this chapter.

4.1.3 Three dimensions

First, we found higher volumetric moments in the tetrahedron, cube, and octa-
hedron. That is vi(Ts), Vi (Cs) and v{’(Os). The results are summarised in
Table 4.2 below.

e N
(1) (3) (5)
Ps| Vi) (Py) V5 (Ps) V5 (Ps)
T 13 z 733 79 2 5125739 547 2
3| 720 15015 12600000 ' 2424922500 4356374400000 8943995970000
C 3977 2 8411819 2 306749173351 2 2225580641145943786613
3| 216000 2160 450084600000 3402000  124439390208000 91479676456923955200000
O 19297 2 6619 1628355709 ? 81932629 6356364544399 2 205491225433
3|3843840 184320 19864965120000 103219200000 1611922729697280000 5287025049600000
Table 4.2: Selected values of/{” (Tz), vi(Cs) and vi(03) for odd k
able 4.2: Selected values o3 '(T3), v3 ’(C3) and v3 ' (O3) for o :
N J

Next, we considered ndingVv” (P3) for various other polyhedraP; shown in
Table 4.3 (including the case of a tetrahedron and a cube).

Ts, tetrahedron Os;, octahedron teFrahedr'on squar.e
bipyramid pyramid
Cs, cube trlan.gular triakis . cuboctahedron
prism tetrahedron
truncated rhombic tetrakis truncated
tetrahedron dodecahedron  hexahedron* octahedron*
Table 4.3: Polyhedra for which we considered\/él)(K 3)

To be honest with the reader, the polyhedra indicated by have not been com-
puted yet (section integrals are availible only in some particular genealogies), but
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Chapter 4. Odd Volumetric Moments

they will surely appear in an updated version of this thesis. Interestingly, in

contrast to the well known tetrahedron and cube case;él)(P3) often involves

lg)garithms and special values of the so calledilogarithm function Li,(x) =
1 x?=n?, especially

Li, %

a 0:26765263908273260691918382848781157581985:7.0669(4.7)

Table 4.4 below summarises all new results of exact mean tetrahedron volume
in various 3-bodiesK 3. For completeness, the previously known cases of a ball,
tetrahedron and a cube have been added as well. Ea€h is having volume one
or alternatively, the right column displaysvél)(K 3).

e B
(1)
K 3 ‘ V3 (K 3)
ball, [36] 9
0:012587413 715
rhombic 2421179003623 , 37061863 2 9406373047In2
iR e 17933819904000 ' 29889699840 9340531200
0:012938482 17572205931 2 , 282589831In3  6078271Liz(3)
' 2490808320 283852800 8515584
117410162173 , 8752199 2 192940695481 In2
cuboctahedron 525525000000 ' 2402400000 105105000000 .
0:013002516 3187596011 2 , 506316394917In3  648098487Liz(2)
250250000 280280000000 500500000
octahedron 19297 2 6619
0:013637411 3843840 184320
cube [78] 3977 2
0:013842776 216000 2160
truncated 35604506258521 13447020779 2 , 9972537226592In2,, 348544271217 2
tetrahedron | 162358039443600 96641690145 3382459155075 1400604205
0:014845102 8953623027In3  53493528168In2In3, 53162662164Li(%)
' 7884520175 32213896715 32213896715
triangular 1712190037 , 81471636487 2  185777703053In2 909434448983 Ir? 2
bipyramid 16812956160 907899632640 50438868480 121053284352
0:015082427 | + 3498264683In3 . 20912895In2In3 18878671 3 620455732812 ( ;)
' 2401850880 2050048 585728 57644421120
triangular prism 1859 2
0:015357705 116640 17010
square pyramid 941 2 977
0:015782681 72072 8640
tetrahedron[18] 13 2
0:017398239 720 15015
Table 4.4: Mean tetrahedron volume v (K 3) in various bodiesK 3
3
N

4.1.4 Higher dimensions

Also, our another goal is to present a new technique and deduce the values of
V{9 (Py) for various oddk and d = 3;4; 5 in the most elementary way (for everk,
they are trivial). The results for T4 are shown in Table 4.5.
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4.1. Summary of known and new results

e R
(1)
Va ' (Ta)
— 97 2173 2
d=4 27000 52026975
d=5 2207 244129 2 | 73522 4
3265920 14522729760 541513323351
d=6 26609 3396146609 2, 1318349152898
217818720  621871356506400  12180206401298390455
(3)
Vo (Ta)
=4 1955399 63065881 2
3403417500000 39669996140775000
d=5 362173019 + 10217818563857 2 + 602363516243 4
98363448852480000  557436796045056999751680  569934065465972279392320
(5)
Vg (Ta)
d=4 12443146181 1262701803371 2
9803685146371200000 3557043272871373325040000
k
Table 4.5: Selected values of/((j )(Td) for odd k andd=4;5;6.

In higher dimensions in 'general, other higher ordgolylogarithm functions will
appear, that isLis(x) = 1., x"=n%. As a consequence, in four dimensions for
example, many exact formulae involveApéry's constant (which coincides with

Lis(1)):

1
3) = e 1:20205690315959428539973816151 (4.8)
n=1

An example is the volumetric moments o4, which are shown in Table 4.6.

e N
(k)
Vs ' (Ca)
— 31874628962521753237 26003 2, 610208In2 536557 (3)
1058357013719040000000 1399680000 = 1913625 2592000
=3 19330626155629115959 52276897 2 | 10004540239In2 6155594561 (3)
1682723192209145856000000 216801070940160000° 77977156950000 73741860864000
k
Table 4.6: Values ofvf,r )(C4) fork =1;3.
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Chapter 4. Odd Volumetric Moments

4.2 Canonical section integral

( )

Theorem 221. Let K4 be ad-dimensional convex bodyx®= (X1;:::;Xq) a
collection of d points in Kq and = A(x9 2 A(d;d 1) be a hyperplane
parametrised by =( 1:::; g0 2R%asx2 , >x=1,then
z
d 1) + ke
Wk = LD e Ky ¢t () B() 4@d) @9)

ak RInK

d

for any realk > 1, where

volg 1( \ Kqg). T z . y
Kk kvolgKy © ¢ ()=  07x 1% a(dx)  (4.10)

a( )=

andK,=fx 2 R4 x>y 1y 2 Kqg is the polar body ofK 4.

. J

uniformly from Ky, let H, = conv(X) be their convex hull and ,, = vol4H,,
then we have in generalrf d)

WKy = ELn] (4.11)

" (volgK )< '
When n = d, Hy is almost surely ad-simplex. That means that anyd-tuple of
points X; from X form a facet. LetX%= (Xy;:::;Xq), = A(X9 as in the

statement of the theorem and letdist (X ) be the distance from to the point
X, then by base-height splitting,

d= (]j'dist Xo0) ¢ 1 (4.12)

where 4 ; =volg 1conv(X9. See Figure 4.2 below.

Figure 4.2: Base-height splitting

Fixing X% we get by conditioning,
E [E[dist* (X0) j X § 4],
dk(VO|d K d)k ’

where 7z
E [dist (X o) j X°] =

Vi (Kaq) = (4.13)

itk
volg K 4 KddISt (Xo) d(dXo) (414)

is the k-th distance moment from (xed) . If is parametrised Cartesianely,
that means by =( 1;:::; 4)” suchthatx 2 , “Xg=1, we may write
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4.2. Canonical section integral

dist (o) = | “xo 1= k (4.15)

and thus
k 0 1 z k
Note that since E [dist* (X o) j X°] is only a function of , we may use Blaschke-
Petkantschin formula in Cartesian parametrisation (Corollary 296.2), that is
h i z
Eg() §1=(d Dvolak)t v (ko) &7 ()90 Dk K< o(d )
d
where ¢, = \ Kg4. Selectingg( ) = E [dist“ (X o) j X°] and by de nition of
fjk)( ), Equation (4.13) then becomes the desired assertion of the theorem.

4.2.1 Limit behaviour

Lemma 222. Forany k> 1, we can write in terms of geometric quantities
Z,
Cy=k K volg 1(( +tN)\ Kg)jtj dt: (4.17)
1

Proof. By de nition, we have for a given plane 2 A(d;d 1) parametrised by
a corresponding 2 RYnKj,

()= R (4.18)
d
Let ~= =k k be the unit normal vector perpendicular to . We can decompose
any point x 2 Kg asx = y + t” for somet 2 R and somey 2 , which yields
i ox 1j=j 7y 1+t >AN=ijtk k (4.19)
By Fubini's theorem, we get, plugging into f,k)( ),
&)=k kkzll Z L ATk, 0 a(dy) dt (4.20)

The lemma follows by integratingy over \ K.

Remark 223 Let r 2 Rnf0g, we dener as another section plane whose
Cartesian parametrization vector is =r (the plane gets scaled byr). Then
+t"=(1+ tk k) and also

volg 1(( +tM)\ Kg),

k kVO|d Kg (421)

oL+ tk K) )= jl+tk Kj

By substitution r = 1 + tk k and by Lemma 222, we may also write’( )

in terms of 4( ) foranyk> 1as

21 a(r )
=

i jir 1§ dr: (4.22)

{0 ) =vol 4K

Finally, let us obtain the limit behaviour of v{” (K q) whenk | ( 1)*.
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Proposition 224.
z

lim (1 + k) v{?(Kq) =2 dlvolgK 4 HLey 4 ) (4.23)
ki (1)t RINK

1

R
Proof. The function E,k)( )= Kk, X 1j* 4(dx) becomes singular ak ! 1
because of the points on which satisfy >x 1 = 0. For any xed (small)
"> 0, we get by Lemma 222 and by continuity ofolg 1(( + t?)\ Ky),

Z.
P)= volg 1(( +tM)\ Kgjti* dt + O(1)
_ 2voly 1( \ Ky) _24( )volgK 4 _ (4.24)
= Tk kkrn T OWE g o)

ask! ( 1)*. Since E,k)( ) is the only singular term in vék)(Kd) when k ap-
proaches 1 (see Theorem 221), the statement of the proposition follows.

Alternative proof. Alternatively, let = ft”*jt 2 Rg be a line passing through
the origin in the direction of *andL (”;y) =vol (K4 \ ) be the lengths of line
segments of in K4 below and above the section plane, respectively. Then,
integrating out t in Equation (4.20), we get for anyk > 1,

Z

1 + +
POz ok KO Ui+ L9 () aaldy): (4.29)
d

from which we get for the limitlim, ( 5+ {°( )=2volg 1( \ Ka)= k.

Remark 225 In terms of invariant measures (see Lemma 293), we obtain

I [

P Ka A 1)volg+11( \ Kq) ¢ 2(d ): (4.26)
d 3

lim (1+ k)vio(Kq) =
k! I(m1)+( )Va (Ka)

4.2.2 Symmetries and parametrization of con gurations

By a ne invariancy of volumetric moments and whenK 4 = Py is a polytope, we
may take advantage of its symmetries (see Appendix C) to obtain

X
Vi (Py) = we VY (Po)c; (4.27)
C2C(Py)

where the sum is carried over all representantS in the set of all equivalence
classesC(P4) of selections of vertices oPy which could be separated by some
section plane and which are equivalent under a ne transformations (section-
equivalent con gurations). The weightwc then represents the size of the orbit of
C (see example of(O3) in Table C.6). Lastly,

@ 1?

Vv (Po)c = VEP (VK )P0 od ) (428

dk (RIP,)c

where (R4 nP,)c is the subset ofR? nP, of all -parametrisations of planes
which only cut out vertices found in the given con gurationC. It may seem that
nding the precise integration domains(RY n P4)c for various con gurations is
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4.2. Canonical section integral

complicated. In fact, it is relatively easy. Recall that a con gurationC = P4(S)
is de ned by the property of separating some given vertices from the s&
out of the set of all verticesV of the polytope P4. The domain (R nP,)c in

v<1forallv2S; v>1forallv2VnS (4.29)}

or inequalities with <, > ipped (we then take the union of those two options).
Note that always separatesy into disjoint union Py t P4, where

Py = fx2Pgj “x< 1g; Py =fx2Pyj x> 1g: (4.30)}

We havevoly Pg = vol 4Py +voly P, trivially.

Remark 226 Fundamental Lemma of Convex Geometriells us that a poly-
tope is described equivalently either by linear inequalities or as a convex hull
of its vertices (H- and V- representation equivalence). Hence, for example by
linear programming techniques, we can deduce the vertices Bf from the
inequalities for Py and vice versa. The same applies for the polytope\ Py
whose number of vertices isc by de nition.

4.2.3 lota function splitting

Splitting P4 into Py t P, integration domains, we obtain that the computation
of E,k)( ) is also straightforward as

A A
S0 @0+ (T D () (4.31)

d d

()=

for any realk > 1. When k is an integer, let us denote
z
Om= (7x  Df 4dx); (4.32)

d

then, whenk is even, we haveék)( )= fjk)( )n. For any general integerk, we

get by inclusion/exclusion
Z
PO= POn @ (09 (7x 1 o)
¢z (4.33)
=( PO+ (DY (Tx DK gdx):

Py

4.2.4 Geometric interpretation of iota

Let M, M* and M be the centerpoint (centre of mass) oPy, Py and P, ,
respectively. By mass balance, those centrepoints satisfy the vectorial equation

M V0|d Pq=M * V0|d PJ + M V0|d Pd . (434)

234



Chapter 4. Odd Volumetric Moments

R
On the other hand, by the de nition of the centrepoints, p X 4(dX) = M volg Py
(similarly for M*™ and M ). Hence, we get for the iota function by Equations

(4.31), (4.32) and (4.33) that ’( )y =( *M  1)voly Py and

Wey=@  >M*)volgPy +( M 1)volgPy ;
=(>M 1volgPg+2(1  >M*)volyP; (4.35)
= (L “M)volgPg+2( M 1) voly Py

For higher values ok, we are no longer able to expresgq( ) using centrepoints.
However, we can always express it in terms of geometric quantities (see Lemma
222)

4.25 Zeta section function

Lastly, note that 4( ) is a rational function of . To see this, we know that

volg P§ is a rational function in ( 1;:::; 4)”. From homogeneity (Remark 297),
( ) 5 1 xd . @/O|d Pd+ _ 1 xd _ @/0|d Pd (4 36)
d voly Py - @ Vol Pq ; '@ .

which is also rational since di erentiation preserves rationality. Note that, de-
noting 3( )=vol4P,=volgPyand 4( )=vol4P, =voly Py, we can write

d( ): x C@:J-():X;I @d()
j=1J @J j=1J @J

: (4.37)
Alternatively, 4(r )= r@@r q(r )= r@@r a(r ).

4.2.6 Line distance moments

Consider a trivial example ofvik)(Tl), that is the k-th moment of a random line
length. Parametrising =(a)”,a> 1, we get i( )=1=a

Z4 k+1
(k) _ : Ky — (a 1)t +1
1) , jax  1j*dx al+ K (4.38)
and thus by Theorem 221 withR*'nT, =(1;1 ) and i(d )=da,
() z 1 (a 1)k+1 +1 2
v; ' (Ty) = = (4.39)

FBk+1) 2T ARtk
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4.3. Two dimensions

4.3 Two dimensions

4.3.1 Triangle area moments

As a toy model, which already includes the Sylvester problem as its special case, is
the derivation of volumetric momentsvg‘) (T,) from the canonical section integral
formula (Theorem 221). We obtain values shown in Table 4.7. Note that we
already obtained those values in Chapter 1 via the Crofton Reduction Technique
(Table 1.13).

k \ o 1 2 3 4 5 6 7 8 9
V(k) (To) | 1 1 1 31 1 1063 403 211 13 2593
2 2 12 72 9000 900 2469600 2116800 2268000 2646000 93915360

Table 4.7: Volumetric moments vék)(Tz) (triangle area moments)

First, from a ne invariancy, vgk) (T,) must be the same ayg‘) (T2), where
T, = conv(0;eyg; e,) = conv([0; 0]; [1; O, [O; 1]) (4.40)

is the canonical triangle. Trivialy, or by Proposition 276, we havegol, T, = 1=2! =
1=2. Let =(a;b”> be the Cartesian paeretrisation of the line 2 A(2;1) such
that x 2 , “x=1. We havek k=" a?+ . Based on symmetries3(T,),
there is only one realisable con guration. Moreover, thanks to a ne invariancy,
we can consider the only con gurationl in C(T,). Table 4.8 shows speci cally
which setsS of vertices are separated by a cutting plane. The corresponding
con gurations in T, are shown in Figure 4.3.

C |
S | [0;0]
Wc 3
Table 4.8: Con gurations C(T>). Figure 4.3: Con gurations C(T>)

By Theorem 221 and for anyC 2 C(T5,),

Z
1 . .
v (Tae = WP CANT) ()P0 d ) (44D
(R2nT,)c
where
_ VOI]_( \ T2) (k) B Z . " .
L )= kvol, T, 2 ()= L 3" o(dx): (4.42)

To ensure separates only the poin{0; 0] in Con guration |, we must force the
plane intersection coordinates%; L1 to lie in the interval (0;1). Or, by Equation
(4.29), we geta > 1and b > 1 directly. Any way, that means(R?nT,), =(1;1 )?
is our integration domain ina; b See Figure 4.4.
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Figure 4.4: Con guration 1 in C(T>)

Denote
T2 = conv([0; 0]; [1=a;0J; [0; 1=H): (4.43)

The line  splits T, into disjoint union of two domainsT; t T,, where the one
closer to the origin is preciselyT; = T3P Therefore,
Z Z
()= (@ Tx)N odx)+ (7x 1) o(dx): (4.44)

Tgb TonTg®

This integral is easy to compute. In fact, for any reak > 1, we get

a 12 ab 12 +a b
My = o ) (b_1) : (4.45)
abla b@+ k)2 + k)
Note that \ T, = conv([1=a;0];[0; 1=4) and thus
[
a2+ bk kk
voly( \ To)= —_—= (4.46)
and hence W\ T) )
VO
o )= S = (4.47)

k kvol, T, ab’

Moreover, by ane invariancy of volumetric moments and using line distance
moments (Equation (4.39)),

2

WA TI 2T M ey

(4.48)

Alternatively, we can obtain (2")( ) directly from ,( ). First, more generally
and without the loss of generality assuming > b > 1, we have for anys 2 (0; a),

voli(s \ T2) _ ,e

_ 2 .
from which. by Equation (4.22),
k Za
$0)= . Slso + safylocs<a js 1< ds: (4.50)
By Equation (C.118) and by a ne invariancy,
X
V3" (T2) = we V3 (To)c = 3ve (To)i; (4.51)
C2C(T>)
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4.3. Two dimensions

from which, we get by Equation (4.41) for any reak > 1,

Vi(Tp) = 48Z 121 Ha 1% ab 1*k+a b
2 1 a4+t (a b1+ k)(2+ k)23 + k)

dadb:  (4.52)

Let a=1=x and b= 1=y, then, after some simple manipulations,

48 Z 1Z 1 (1 X)2+k X2+k y2+k
(1+K)(2+ K)2(3+K) 0 o Xy

Vi(T,) = dxdy (4.53)

for any realk > 1. This integral can be computed explicitly whenk is an
integer. Dividing the numerator by x vy, we get

48 el Z o2 g o
(k) - 2+ kyk j+1,
vy ' (T2) 1+ K)(2+ k)2(3 + k) i 00 1 x)7"x y' dx dy
48 %1 1 Z, (4.54)

T @R KB K) ]+ L

which is, of course, a Beta integral. Therefore, for any non-negative integer

48 1 ki(k+1 )

(k) — .
T2) = ; 4,
)= oG o G+ ek o )
Alternatively, note that the integral
lel 2+k 2+k 2+ k 2+ Kk
I = T 0T YT NTE ey (4.56)

0 o X y

vanishes, since by substitutiorx ! 1 xandy! 1 vy, we get I¢. Hence,
subtracting half of I from the integral in Equation (4.53) and by symmetry,

24 “ELx y)FE (v yn*

(k) _
V2 (T2) = 0@+ 2@+ K) o o Xy

dxdy: (4.57)

. . P . .
Rewriting the numerator using the formulaA?*k  B2*k =" K7 AIBKL 1

24 el Zl 2

(k) — i +1 .
Ve (T2) = (1+K)(2+ K)2(3+K), K@ 0T e (4:59)

which is another Beta integral. Therefore, for any non-negative integd,

24 KL jrk+1 )2
1+ KR+ K2B+K) , (k+2)2

Vi(T,) = (4.59)

The result for vi9(T,) is not new, in fact, it has been derived several times,

see Reed [59], Mathai [46, p. 391] or Alagar [2]. Finally, let us mention that
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that the particular case of even moments is easy to obtain independently also by
integrating even powers of the area over the unit triangle, see Figure 4.5 below.

Figure 4.5: Random triangle area 2 written as a determinant

In general, writing the expectation as an integral, we have for evanand x; =
(Xi;yi)™51=1;23,
z
v (T,) = 2K+3 ) K dx odx 10X (4.60)

Density

The density can be recovered from moments using inverse Mellin transform (see
appendix A.5). For the probability density f (s) of the random variableS = _, =
2=vol, T,, we have by Equation (4.57)

24 “Fr(x xy)t (v yot

= vk D = -
MI[f]=vy “(To) K(1+K)22+K) o o Xy dx dy;
(4.61)
so formally,
"z £ 1 1+k 1+k #
f(S)=2410l21,M * )7 6 YT gy
00 Xy (4.62)
o SELRL Y2 (s x(1y) YL X2 (s y(L X)) |
:24I0I1I20 . Xy dxdy:
From Table A.5 (see Appendix A),
2 2 2 In =
o2, (s )= 5235n515<: (4.63)
via which we can deduce, with = x(1 y)and =yl x),
Z,7Z4 1 2y 2 2 2g(1 | (1 _y)x
f9=12 = GRS BRI, )
0 XL WX ) 4.6
1 x)y?2 2 251 x)yln &
N R B L

We can deduce thaf (s) is nonzero only whers 2 (0;1). Evaluating this integral
is cumbersome. After a lot of simpli cations, we arrive at the same formula as
derived in Chapter 1 on Crofton Reduction Technique (Equation (1.345)) namely
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4.3. Two dimensions

12(1 s) 6(1+24s+6sins)ins ;
12(1+26s) margtanhp 1 4s o 0<s< 1=
1445(1 + s)(5  argtanh? . 1 4sy o
12(1 s) 6(1+24s+6sins)ins 3
12(1+26s)p 4s 1(3 arctan > Fl)B ;1= s< L
1445(1+ s)(5 arctan’ 4s 1)

f(s) =

T VAN AR QO

"W /WO0 W AW

(4.65)

4.3.2 Square area moments

As another example, we deduce the volumetric momeni$ (C,) from Theorem
221. We obtain values shown in Table 4.9.

k |1 2 3 4 5 6 7 8 9
V(k)(C ) 11 1 137 1 363 761 7129 61 83711
2 2) | 144 96 72000 2400 3512320 27095040 870912000 24192000 103038566400

Table 4.9: Volumetric moments vék)(Cz) (square area moments)

We may parametriseC, with vol, C, =1 as
C, = conv([0; 0; [1; OF; [0; 1]; [1; 1]); (4.66)

Let =(a;b> be the Cartesian pabalmetrisation of the line 2 A(2;1) such that
x2 , 7>x=1.Wehavek k= a2+ k. Based on symmetries3(C,), there
are two con gurations. Table 4.10 shows speci cally which setS of vertices are
separated by a cutting plane in which con gurations in our local representation
of C, above. Note that there is an ambiguity how to select those vertices as long
it is the same con guration.

I Il

: [0; 0]

> B9 oy
Wc 4 2

Table 4.10: Con gurations C(C>) in a local representation.

By Theorem 221 and for anyC 2 C(C,),

lZ

ng)(CZ)C: ? ng+1)( \ C2) |2(+3( )(Zk)( ) 2(d )’ (467)
(R?nC,)c
where
Z
_voli( \ Cy), K, N _ s " _
A )= kol G, 2 ()= 1 7x A7 o(dx): (4.68)
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Con guration |

By Equation (4.29), we get the following set of inequalities which ensure sep-
arates only the point[0; 0],

0< 1 a> 1 b>1; a+b>1; (4.69)
hence, oura; bintegration domain is(R2nC,), = (1;1 ). Denote
T3P = conv([0; 0; [1=a;0]; [0; 1=0); (4.70)

then the line  splits C, into disjoint union of two domainsC; t C, , where the
one closer to the origin is preciself; = T3 Therefore,

Z Z
¥y= @ 7 Hdx)+ (>x  1)F 5(dx): (4.71)

TgP CanTg®

This integral is easy to compute. In fact, for any reak > 1, we get

(a+ b 1)k+2 (a 1)k+2 (b 1)k+2 + 1.

K\ =
2 () ab(k + 1)(k + 2) (4.72)
By Equation (4.47) from the P, = T, case,
_ V0|1( \ Cz) _ 1
)= v C, ~ ab (4.73)
and by a ne invariancy, as \ C, is a line segment,
V(O C) = WY (Ty) = : : (4.74)
! ! 2+ k)3 + k)
from which, we get by Equation (4.67) for any reak > 1,
Z,Z,4 k+2 k+2 k+2
Vi(Cy)y = 21 ¥ (arb V™ (@ U7 b 77+ 4o gh. @75
1

1 akr4 4 (1 + k)(2 + k)23 + k)
Integrating out b and substituting a = 1=x and after some simpli cations, we get

(k) 21 k z 11 X2+k
V2 (G = e @ TRz 0 1 x (4.76)

for any realk > 1. When k is an integer, we get

16Hk+2 .
1+ k)2 + k)2(3+ k)2’

V(Cy) = 4.77)

P o .
whereHy = }‘:1 1=j is the k-th harmonic number.
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4.3. Two dimensions

Con guration Il

By Equation (4.29), we get the following set of inequalities which ensure sep-
arates points[0; 0] and [0; 1],

0< 1; a> 1 b<1; a+b>1; (4.78)

however, by symmetry, we may additionally requird > 0. In fact, both options

b > 0 and b < 0 give the same factor since they correspond to two possibilities
where hits A([0; 0]; [0; 1]). Therefore we only consider the following integration
half-domain (indicated by )

(R>nC,), =(1;1) (0;1) (4.79)

and in the end multiply the result twice. The plane splits C; into disjoint union
of two domainsC; t C;, where the one closer to the origin can be described as

" # |
C; =conv [0,0]; ;0 ; zb;l 01 (4.80)

from which, by elementary geometryol, C; = (2 b)=(2a) and as a conseqguence
of Equation (4.36),

@ 2 b @2 b _1
2 )= a@a 2a b@b 2a  a’ (4.81)
Next, again, the following integrals
z z
()= (@ T e+ (Tx D) (dx): (4.82)
(o C2nC;

are easy to compute for any reat > 1, we get

(a+ b 1)k+2 (a 1)k+2 (1 b)k+2 + 1'

Ky =
2°() al(k + 1)(K + 2) (4.83)
and by a ne invariancy, as \ C, is again a line segment,
+ + 2
ViV o) = v (Ty) = (4.84)

2+KE+K)
from which, we get by Equation (4.67) for any reak > 1 (counted twice!),

47171 (a+rb 12 (a 1)F? (1 k241

(k) — .
= : 4.
Vo (Can = o5 ) AP+ K2+ K23+ K) dadb:  (4.85)
Integrating out a and after some simpli cations, we get
28 k 11 K
v (Co) = db; (4.86)

1+ K2+ K2B+K2 o 1 b

for any realk > 1. Whenk is an integer, we get

28 KHyso

) - :
V2 (G = T e K@+ K2

(4.87)
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Chapter 4. Odd Volumetric Moments

Contribution from all con gurations

By Equation (C.118),

X
ng)(cz) = Wc Vék)(cz)c = 4V§k)(C2)| + 2V§k)(C2)n ; (4.88)
C2C(Cy)
which gives for any reak > 1,
Z k+2
24 11
vi(Cy) = X ax: (4.89)

K1+ k)(2+ Kk)2(3+Kk)2 0o 1 x
For k being an integer, we get

P +

KL+ K2+ K2EB+ K2 X1+ K2+ KB+ k)2

W9(Cy) = (4.90)

This result is also not new, see Reed [59] or Henze [35]. We can also deduce
this result independently from the Canonical section integral by using Crofton
Reduction Technique (see Section 1.6.2 in Chapter 1).

Density

The density can be recovered using inverse Mellin transform (see appendix A.5).
For the density f (s) of the random variableS = _, = ,=vol, C,, we have by
Equation (4.89)

Y4 K+1
24 11 x
M[F]= v Y(C,) = dx: 4.91
[F1=ve “(C)= sqave+wz o 1 x (4.91)
so formally, ) .
211 xku Z1 (s 1) x2(s %
— 2| 2 1 — 2y 2 2 27 qy-
f(s)=241,l 71 5M 0 % 11 X)dx 2410l {15 . T x dax:
(4.92)
From Table A.5 (see Appendix A),
S)( +5s) 2s(2 + s)In -
ol 212 (s )= ( X )43 ( ) Slee (4.93)
via which we can deduce, with =1=2and = x=2,
Z11 20s2+8s 8(s+1)sini
f(s)=12 s SerDsing, |
0 Lo 2 (4.94)
x? 20s?+8sx 8s(s+ x)In X ’
251 x dx:
X(1 Xx) <2

We can deduce thatf (s) is nonzero only whens 2 (0;1=2). Calculating the
integral (for example, using Mathematica),

f(s)=12 1 2s 25° 16 %5(1+s)+12s°(5 2In(2s))?

(4.95)
12 1+8s 20s® In(1 2s)+96s(1 + s)Li,(2s);

. P n o . : . . .
whereLiy(x) = 1., =7 is the dilogarithm function. This result is not new, see
Philip [55].
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4.3. Two dimensions

4.3.3 General 2-body area moments

Note that for any convex2-body K ,, we have thanks to a ne invariancy,

+ _ + _ 2 .
TN K = W) = e (4.96)

provided of course \ K, 6 ;. Hence by Theorem 221

21 k Z .
KD T e ) e, © )0 A 49D
where
z
vol \ K . .
()= R PO= X 1 e @)

Let us consider the special case whén= 1. By the geometrical interpretation
of $P( ) (Equation (4.35)),

Wey=@  >M*)volLK; +( M

1)vol, K, (4.99)
from which
@ volK 5 # 4 s hy .
vz (K2) = 2() (@ MT) 2()+(C "M 1) ,() 2(d);
12 Rrenk,
(4.100)
where 5( )=vol,K;=vol,K,and ,( )=vol,K,=vol,K5,.

For higher moments, rst, by polar coordinates, let = "=qwith q2 (0;1 ) and
N2 S so od )= %dq 2(d”™). In a slight abuse of notation, we identity with
its closest point from the origin. Hence = g” and Equation (4.97) becomes

21k Z Z

K= a0 F @2 @)gda 2d;

(4.101)

Note that we can express %

5 (gq”™) using the following geometric integral (By
Equation (4.22))

Z, A
$9(97) = vol 2 K ")(jrr?)jr 1 dr: (4.102)
1

Therefore, we get

V8K ,) = 2 KvolpK, £ “1 4
2 2+ Kk)(@+k) s o

. .k
k+3 (A A IS 11 A)-
e (™) 2(rq™) iric? dr dq »(d");

(4.103)
from which we can deduce the formula for density by inverse Mellin transform
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Chapter 4. Odd Volumetric Moments

Density

The density can be recovered using inverse Mellin transform. For its basic prop-
erties and techniques, see appendix A.5. In our case of two-dimensional bodies,
we have for the densityf (s) of the random variableS= _, = ,=vol, K>,

22 k z

AT KR wn, & )2 70) od ) (4109

M[f]= v V(K =

or by using Equation (4.103). We can write the formal inversion as

'z z,2, iro? #
f(s)=vol Ko l41,M * <0 1 52(9%) z(rq/\)m dr dg »(d") :
(4.105)
From Table A.5 (see Appendix A),
oM Y 8 =14, )=s 3( 9l ; (4.106)

we immediately get with = ijr  1j »(q"),

z 2,2,

. . A
f(s) =8svolK, . »(rq /\)Jr 1 2(q") 2s
* 1

jriggir 13 s< Zjr 1j 2(q

, dr dg o(d?):

(4.107)
Let us make a substitutionr = 1 + t=g, we get

z 72,2, o
f (S) = 8SVO|2K2 o« 2((q+ t) /\)th Z(q ) qu
0 1

ja+ tjjtj*q

1asq<itj 2(qn dt dg 2(d”):
(4.108)

4.4 Three dimensions

4.4.1 Tetrahedron odd volumetric moments

Let us investigate how we can obtain the volumetric momentsgk)(Tg). First,
sincevgk)(Tg) is an a ne invariant, then it must be the same asvék) (T3), where

T3 = conv(0; ey; ez; €3) = conv([0; 0; 0]; [1; 0; OF; [0; 1; OJ; [0; ; 1]) (4.109)

is the canonical tetrahedron. By Proposition 276, we hawol; T3 = 1=3! = 1=6.

Let = (a;b;9” be the Cartesiarb parametrisation of 2 A(3;2) such that
x2 , 2x=1.Wehavek k= a?+ b?+ c2. Based on symmetries3(T3),
there are two realisable con gurations we need to consider (see its genealogy at
Figure 4.7 or Figure D.2 in Appendix D). Moreover, thanks to a ne invariancy,

we can consider instead the tw@(T3) con gurations (see Table 4.11 below, Figure
shows the correspoding con gurations on the non-deforméd).
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4.4. Three dimensions

I I
o1 [0:0:0]
S |[0;0;0] [0: 0: 1]
Wc 4 3
Nc 3 4
Figure 4.7:
Table 4.11: Cong- Tetrahedron  ge-
urations C(T3). Figure 4.6: Con gurations C(T3) nealogy
By Theorem 221 and for anyC 2 C(Tj),
z
2 +
Ve (Ta)e = o VN T §() () o ) (4.110)
(R3nT3)c
where
z
volo( \ Tj) (k) o> K
= & . = 1 dx): 4.111
()= I on T 0= 17X g (@ (4.111)

In order to distinguish between con gurations, we also writeg( )c and $( )¢

instead of just 3( ) and {( ). Here,C is only a subscript and does not imply
any decomposition of those functions.

Con guration |

To ensure separates only the poinf0; 0; 0], plugging the remaining points into
Equation (4.29), we geta> 1, b > 1 andc > 1. That means(R3®nT;), =(1;1 )3
is our integration domain ina; b;c See Figure 4.8.

Figure 4.8: Con guration | in C(T3)

Denote
T3 = conv([0; 0; 0]; [1=a;0; O; [0; 1=b;0]; [0; 0; 1=d): (4.112)

The plane splits T3 into disjoint union of two domainsT3 t T5, where the one
closer to the origin is preciselyT; = T3, Therefore, by inclusion/exclusion,
Z z

OCn= @ “xFadx)+  (7x 1) (dx)
z's Ts z (4.113)
= _(7x D) @ (D9 (Tx 1 (dx):

T3 gbc
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Chapter 4. Odd Volumetric Moments

for any k integer. These integrals are easy to compute. Mathematica Code 2
computes (k)( ), for various values ok. Running the code fork = 1;2; 3, we get

1 2
P()n=5 ——+a+b+tc 4 ; 4.114
3 () 24abcabc ; ( )
1
P( )= gy @+abrberact P+ 5a Bb 5c+10 i (4.115)
1 2
D = 130 aoctl5atlsbrisc 6a BF 6C° 6ab ac
| (4.116)
6bc+ a’b+ al’ + a’c+ Pc+ ad+ bé+ a®+ b+ 2+ abc 20 :

In fact, we can also deduce a general formula fo%k)( ). Rescaling the second
integral and applying Equation (A.28),

’ (ax;+ bxo+ cxg 1) ) 1(1 X1 Xz X3)¥ 3(dx)
T 1 2 3 b 1 2 3 3 (4117)

1 1 (a l)3+k (b 1)3+k (C 1)3+k

0

(k+1)( k+2)( k+3) abc a(a b)(a ¢ b(b a)(b c) c(c a)(c b)

Alternatively, at least for the rst moment, we can utilize our knowledge of the
geometric interpretation of (31)( ) to derive it more easily. LetM and M™* be
the centerpoints of T3 and T3, respectively. Clearly, sinceM and M * are both
centerpoints of tetrahedra,

= 7(0terteyteg)=[ 557, M7= 2(0+ Zer+ gert 2€3)=[ oiamizl: (4.118)

Then, by Equation (4.35) and sincevol; T3 = ¢ andvols T3 = &,

PCn=(>M 1volTs+2(1  “M*)vols T}

4.119
= (2 1)l+2(1 = g (a+b+tc 4+ ( )

3
) Gabc abc)

Denote T as the triangle conv([1=a;0; 0]; [0; 1=b;0]; [0; 0; 1=d). Then the inter-
section of the plane with Tj is preciselyT3". That is,

\ Ty= T2 (4.120)

By Equation (4.15), the distance fromT 3" to the origin is dist (0) = 1=k k. By
base-height splitting,

V0|3T3 _ + _ 1 . abe _ VO|2( \ T3)
abe =vol3 T3 = 3dISt (0)vol, T, = WK (4.121)
from which we immediately get
_volp( \T3) . 3
= G Vol Ts — abe (4.122)
Finally, by scale a nity (we have n, = 3),
VI (O Tg) = VD (T2 = viD (Ty); (4.123)
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4.4. Three dimensions

which implies fork = 1;2; 3 that (see Table 4.7 or Tables 3.5 and 3.6)

VO \ Ty = 712- V(O T = 9020; v\ Ty = 9100: (4.124)

Putting everything into the integral in Equation (4.110), we get wherk =1,

z,2.,Z
3717171 2+ abda+ b+ c 4) 3
(1) = — =
(Ta) = 32 1 1 1 abkPct dadbde 2000 (4.125)

For higher values ofk, we get

279 37193
(2) — . (3) - .
(Ts), 4000000 (T3 6174000000 (4.126)
681383 3674957 '
v _ : 5) _ :
(Ta) 847072800000 Vs~ (Ta)s 25092716544000

Con guration Il

In this scenario, separates two point40; 0; 0] and [0; O; 1] from T3. By Equation
(4.29), we geta> 1, b > 1and c < 1. We can split the condition for ¢ into to
cases: eithel0 < c < 1orc < 0. In fact, both options give the same factor
since they are symmetrical as they correspond to two possibilities wheremight
intersect A([0;0;0];[0; 0; 1]). Therefore we only consider the integration half-
domain (indicated by )

(R®nTy), =(1;1)> (0;1) (4.127)

and in the end multiply the result twice.

Figure 4.9: Con guration Il in C(T3)
From Figure 4.9 above, we can see the planeintersects T3 at points %el, %ez
(already in Con guration I) and additionally at
A = %eg + (iel ;eg) =[lc.pal :

ac'ac
(4.128)
B = %e3+ (%ez les) = [OQ b 17
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