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DEFINITION

Q: Let K4 C R? be a convex d-body and X = (Xo,...,X4) be
a collection of random points picked uniformly and
independently from its interior. The convex hull of this

collection is a d-simplex with volume A4 = vol4 conv X,

What are its k-th moments?
More specifically, the affine

invariant constants:

+ All 2D polygons
+ Other selected 3D polytopes
+ Ball in any dimension

REFERENCES [1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007) (6] B. (2020) I/JL\JSCFE
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LEMMA (BLASHKE-PETKANCHIN)

NK 11 NK +d—+1 (d
2(V01de)dJA(d,d—1)vd_1 (o Ka)(vola—1{oNKa)) g(o)pa—1(do)

» X' = (Xl, Ce ,Xd) —> Ag_1 = volg_1 conv X’

¢ wq = 0q(Sa—1) = 2n%?/T'(d/2) surface area of the unit ball
+ 0 = A(X') € A(d, d — 1) affine (cutting) hyperplane
+ g:A(d,d—1) — R any integrable function

+ 1gq_1invariant measure on afhine Grassmannian A(d,d — 1)

Cartesion reparametrisation , K4

Let x € 0 & n'x=1where 1=M1,n2,...,m4), then Hg—_1(do) = " ‘an—l—l}\d(dn)
d

2 [g(0)AK_ ] =(d—1)!(volq K)**! N VI (6nKg) (4% (a) g(o) |n ]| *Aa (dn)
JRENKY

VOld_l (O' M Kd) 1 0 VOld Kg'— (k) J T k
— — E : L o) = — 1|"Ag(d
where Cd(O‘) Hﬂ” voly K4 volg Kg )- T d ( ) K. |11 X | d( X)

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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ORIGINAL APPROACH!*+5°!

Ag = %DG(XO)AC‘—I

Canonical section integral

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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THEOREM (CANONICAL SECTION INTEGRAL) Let o = {x € R | nTx =1} € A(d,d — 1)be

a section plane splitting convex d-body K4 into K L K7, where KI ={x € K4 In'x < 1}, then

WKy =G g0 k) 284542 ()0 (o) (dn)

dx Ltd\l(‘;1

VOld—l (0' M Kd) 1 0 VOld KZ (k) J T k
— — 3 L 0- — - 1 A d °

_—>» distance from o to X
. Base-height splitting: Ay = 1D (Xo)Aq_1 )

E[Ds(X0)Aq 1| _ E[E[Dg(Xo) | X'] Ag,]
N dk(VOId Kd)k B dk(VOld Kd)k
2. Distance formula: D (X,) = i Xo — 1

(k)
EDX0) X = o | DS roAaldxy) = i T
¢ VOld Kd K4 ¢ Hn”kVOId Kd

3. The proof is conluded by taking g(o) =E|D¥(Xo) | X'|.

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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(R?\ T3)r = (1, 00)?

REFERENCES

[1] Sylvester (1865), Reed (1974)

+ Decomposition into configurations: vék) (To) = 3\);]() (To)1 = SVék) (T2)r \

o o def o o
+ Afhne invariancy: T, — Ty = conv(0, eq, e3) canonical 2-simplex

1
+ Section integral: Vék)(Tz)I = Q—kJ ngH)(O' N Ts) ]2<+3(0')Lék)(0')7\2(d11)
(R2\T3

)1
. L T 1 1 . . .
+ Section p]ane: n = (a,b)’ = ey, £e2 axes intersection points

1 1 1 vol; (oNTy vol; (oNTsy) 2

+ 1 1 : + 1 ) _ _ 2
% T2 — COHV(O, ael, beg) .. VOIQ Tg — %94b — 2(n/l = C2(G)I ~ |In]|volo Ty ~— ab

(k) b( _1)k—|—2_ (b—l)k+2—|— —b
¥ Ly (o) = fT;(l_nTX)kAQ(dX)‘I‘f%\T;(nTX_l)kAZ(dX) = 2= ab(a_b;l(1+k)(2+k)a

+ Afhne Invariancy: v£k+1)(0' NTs) 'évf‘*”((O, 1)) = Im-_kﬁ.?ﬂ-_kj

[2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007) [6] B. (2020)
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¢+ Decomposition into configurations: v, (T3) = 4v\ (T3)1 + 3v}) (Ty)1

. o def . o
+ Afhine invariancy: T3 — T3 = conv(0, e1, €2, e3) canonical 3-simplex

+ Section integral: Vg(gl) (Ts)c = 2 JravTo) vy (0 N'T3) 3 (0)c Lél)(O')}\g(dﬂ)

. 1 1 1 . . .
+ Section p]ane: n= (a, b, c)T = €1, ; €2, ¢ €3 axes mtersection points
Configurations

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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Zeta and lota
+» T4 = Tabe = conv(0, %61, %62, %63), Dg(0) =1/|nl|

. + . 1 VOIQ(O‘ﬂTg) L VO]Q(O‘ﬂTg) 3
sovolg Ty = 5o = smll . Ca(0)1 = Iml[vol3 T3 ~ abc
71 1 1 + 7.1 1 1 . +
I + M=1[3,7, 1, MT =[5, 15, 12] centerpoints of Tj, T}

. + lota integral: L:gl) (o) = fT3 n'x — 1A3(dx)

— jTg (ﬂTX — 1)}\3(dX) — 2 ngu (TlTX — 1))\3(dX)
— (T]TM — 1) volg T'3 — 2(1]TM+ — 1) vols Tg_

= (=15 =2(1 — 1 gabe = 21 (@ + b+ —4+ )

abc

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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Mean cut function

__ Tabc df 1 1 1
» 0NT3=T13°¢ = conv(:ey, ez, c€3)

+ X1 = [x1,Y1], X2 = [x2,Y2l, X3 = [x3,Y3] by scale athnity

T + Afhine invariancy: vgz)(O' NTs) = vgz) (T2)
- EA; 1
o " Vvol2T,  vol3 T,

1

J A% d(X1,y1)d(X2792)d(X3,U3) = =
T3 72

Section integral

REFERENCES [1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007) [6] B. (2020) UNCE

/24/SC1/022
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Zeta and lota
+ Intersection points A = %63 + (%el — %63) € eje3

i.e. % +o (- %) — 1, therefore o« = a

1—c
b—c*

1—c
a—c’

similarly B = b

A_[l—c 0 a—1 B=[O l1-c b-—1

a—c’? a—cl’? ’b—c?’ b—c

+ Jacobian of transformation dadbdc = (oc+c521()12?|§fc—1)2 dadPde

T and half-domain transformation 1 (R*\ T%);; — (1 —¢,1)% x (0, 1)

ME| ¢+ T =T§" \T; where T5 £ conv (A, B, e5, Les) = vol; Tj = *BU—¢

+ Mass ballance: M volz T4 = M€ volz T$P¢ — M* vol; T3

S oMePe =2 g Mt = [%, %, 3+C_C°‘_B] centerpoints of T$b¢ T,

+ Jota: L:gl)(()‘)n =M'"M—1)volz3 T3 —2(n"M™*™ — 1) vol3 T4

— L:gl)(()')l +2(n"M* — 1) vol3 T* = Lél)(()')l o‘%;zp x %(R3 \Tg)n = (1, 00)2 x (0,1)

vol T voly TAPC 3(1—
* Zeta: (3(0)n = Riens = (1— aB)pofehs = (1— aB)Gs(o)r = e

REFERENCES [1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007) [6] B. (2020) UNCE

/24/SC1/022
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Mean cut function

1
+ v§¥ (0 NTs) £vP (UFP) =

volj Ug®

o*B* — 83 B3 + 8P PB? — 43P + Sx? B3
{—100(2[52 + 8a*f — 4o + 8af* — 8 + 1}

II - 72(1 — xf3)4

HE

L . A3 dX;dX2dXs
U

Section integral

polynomials in ¢

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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PENTACHORON (4-SIMPLEX) (DEMONSTRATION 3)

#+ Decomposition into conﬁgurations: vik) (T4) = 5vflk) (T4)1 + 10\)4(;() (T, aff T, — Ty = conv(0, ey, es, e3,€4)

+ Section plane: 1 = (a,b,c,d)' = %el, %62, %63, ée4 axes intersection points

1 1

. def
+ Intersection T, = T§°°4 = conv(0, Teq, v ez, 2 €3, <€4)

+ Zeta and iota: (y(0); = L (0)1 =555 (;&=g ta+b+c+d—5)

+Int.pts. A = [1=2,0,0, &=1] B = [0, 4,0, 2=1] ,C = [0,0, =4, &=L

II % TZ = T4ade \ TZ: where TZ = conv (Aa B, C, ey, %64) = voly le — chéf/a(;:;)

1 1 1—d 5
mE| . C4(0)r = (1 —xPBy)Calo), LZ(L )(G)H — Lé(L )(G)I 60d(a—£1)(bld)(c—d)

+ Afhne invariancy: v:(;k+1)(0' NTy) = v:(;k'l'l) (UFPY)

iy

REFERENCES 1] Sylvester (1865), Reed (1974) [2] Hostinsky (1925) [3] Miles (1971) [4] Buchta & Reitzner (1992) [5] Zinani (2003), Philip (2007)  [6] B. (2020)
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DEFINITION

Q: Let Kg C R4 be a convex d-body and X = (X, ...,X4) be a collection of
random points picked uniformly and independently from its interior. The
convex hull of this collection is a d—simp|ex with volume A4 = volg conv X.

What are its k-th moments? More specifically, the affine invariant constants:

v (Kg) = EAY/(volg Ka)¥

LEMMA (BLASHKE-PETKANCHIN)

(d—1)lwq J (k+1) k

E AY ] = s———3 MKq)(volg—1(oNKq)) ket _1(d

[9(0)AY 4] 2volsKa)d A(d,d—IJVd_l (oNKg)(volg—1(oNKq)) g(o)ua—1(do)
¢ X' = (Xq,...,Xq) = Agq_1 = volg_; conv X'
+ wa = 0a(Sa_1) = 21"/2/T(d/2) surface area of the unit ball
+0=A(X') € A(d,d— 1) affine (cutting) hyperplane
+g:A(d,d—1) — R any integrable function

+ l1q_1invariant measure on affine Grassmannian A(d,d — 1)

Cartesion reparametrisation )

Letx € 0 < n' x =1 where n=ny,m2,...,n4) then pg_1(do) = 7wd||l‘|”d+l)\d(dn]

Consequence

E [g(0)A§_1] =(d—1)!(vola K)WJ v (0nKa)ed 4 (o) g (o) [n ] *Aa(dn)
RI\KG

THEOREM (CANONICAL SECTION INTEGRAL) Let o = {x € R4 |n7x = 1} € A(d,d — 1)be
a section plane splitting convex d-body Kq into K§ LUKy, where K = {x € Ka |n"x < 1}, then

Wika=CFE [ ek @i oman

dx
vola_1(0 NKq) 1 L dvolaKy ) T 3
where Ca(0) = = j and {3 (o) =| I x—1["Aq(dx).
a(0) |[n|| vola Kaq volg Kq ;n’ on; 4 Ka 4
distance from o to X
1. Base-height splitting: Aq = %DU(XD)Ad,l
K, = E[D§(X0)A§ 4] _ E[E[DE(Xo) | X'] Af ]
Ve T TR (volg Ka )k d<(volg Ka)
2. Distance formula: D4 (Xo) = m\ﬂTxo =1
(k)
LE[DX(Xo) [ X] = DX (x0)A -l
~E[DE00) 18] = e [ Db hatdz) = i O

3. The proof is conluded by taking g(o) = ]E[D‘;(Xg] | X’]A
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+ Decomposition into configurations: vék) (T3) = 4vék) (Ts)r + 3\)&1‘) (T3)ur
+ Affine invariancy: T3 — Ty = conv(0, e;, ez, e3) canonical 3-simplex
+ Section integral: v§" (Ts)c = HEot v (0 N1 T5)E5(0)c i (0)As(dn)

+ Section plane: 1 = (a,b,¢)T = Lej, Ley, Les axes intersection points
P! afLpe2 ¢ P

Configurations

() Zeta and lota

def

+ T§ = T§®° = conv(0, };el, %227 %83), Dg(0) =1/|m]|

. + 1 __ voly(oNTg) __wvoly(onT3) 3
covols Ty = sape = - =~ G0 = Riven T, = qbe

+ M =1[}, 1,1, MY =[5, %, 7=) centerpoints of T;, T;
+ lota integral: tél)(cr)l = ‘J.TJ [ Tx — 1[Az(dx)
= Jr,(nTx = 1)As(dx) — QIT;(T]TX — 1)As(dx)
=(M"™M—1)vol3 T3 —2(n"M* — 1) voly Ty

abce

— (s o) -2 (- 1) e = (ak b4k o)

® | Mean cut function

_ Tabe & ool 1 1
+ 0NTy =T3¢ = conv(ger, ze2, ges)

+ X1 = [x1,Y1], X2 = [x2,Y2], X3 = [x3,Y3] by scale affinity

+ Affine invariancy: vgzl[crﬂ Ts) gv;ﬂ(Tg]

EA2 1 J ) 1
= =—= A3 d(x1,y1)d(x2,y2)d(x3,Y3) = =
volg'ﬂ‘z Volg Ty Jrs 2 d(x1,y1)d(x2, y2)d(xs,Y3) (%)

_/
() Zeta and lota

+ Intersection points A = Les + o (Le; — Les) € gres

ie. % +« (é - %) =1, therefore x = a lfi, similarly p = béiz .

=
A= (2022, B=bi Y

+ Jacobian of transformation dadbdc = %dtmﬁdc

and half-domain transformation %(]R*‘ \ TS — (1—c,1)? x (0,1)
+ T =T§%¢ \ T3, where T} = conv (A,B,es, %63) = volz T = aBll—c)

6abc

+ Mass ballance: M* vol; T§ = MaP€ vol; T$P¢ — M* vol; T

e
soMebe—[a b g MF— {%,%, 3”2“7'3] centerpoints of T§¢, T4
X

1l - Tota: 1{Y (o)1 = (nTM — 1) voly Ts — 2(n "M+ — 1) vol Tf
am L(R®\ T3) = (1,00)2 x (0,1)

o
= @)1+ 2nTM — 1) voly T = ) (o), — S8LLer”

1. T. 1o Tobe 3(1—
* Zeta: (o) = iy = (1 - aB) i = (1 «B)Ga(o) = e

abc

Mean cut function
“ o 1
T 2P =
ot — 8BS + 8B — 4B + 8B
1 —100%B” + 8o —4axp” + BB —8ap + 1
72(1— ap)?

J . A3 dXidXedXs
(g®y:

polynomials in ¢

—/

+ Decomposition into configurations: vék)(Tz] = 3v(2k)[T2]1 = 3v;k]('ﬂ‘2];
+ Affine invariancy: T, — Ty £ conv(0, e, e;) canonical 2-simplex
k1 3
V0N T2) G (0)5 (@)he(dn)
(RZ\T$)1
+ Section plane: n=(ab)" = %61, %62 axes intersection points

1
+ Section integral: v5* (T2)1 :ZTJ

voly (6NT3)
2l

voly (oNT2) _ 2

= (o) = RNm T, =

+ T; = conv(0, %21, %62) sovoly Ty = ﬁ =

. b(aml)k+1—a(bo1)t+T s ab
« (o) = g (X Ao (dx)+ [ gy (0T x—1)FA2 (dx) = T

+ Affine invariancy: vgkﬂ)(u' NTy) = V?H'l)([(], 1) = (2+_k§f3+_kj

Ee T = 0 (e )

[5] Zinani (2003), Philip (2007)

PENTACHORON (4-SIMPLEX) (DEMONSTRATION 3)

+ Decomposition into conﬁgurations:vf,k](n) = 5v£k)(T4)I + lﬂvik)(n)n, aff. Ty — Ty £ conv(0, €1, €2, €3, €4)

+ Section plane: 1= (a,b,c,d)” = Le;, {ez, Les, Jes axes intersection points

+ Intersection Tj = T¢*d = conv(0, Le;, Les, Les, Ley) i
+ Zeta and iota: (y(0); = 245, (o) = o (s&gta+b+c+d—5) €3 &

¢Intpts. A= [353,0,0,8=5] B = [0,5=5,0,5=3] . € = [0,0, =5, &=l

11l - T} = T§P¢4\ T}, where T; £ conv (A, B, C, es, Tes) = vol, Tj = <Pr(-d)

M| . (o) =(1— aBy)llo), lﬁl](u)llzlil)(uh_W‘fﬁd)(H el‘ By
+ Affine invariancy: v;(,k"'l)[u'nTA) "="v:(,k+1)[U§‘ﬁy) X‘ Us
k 2 k — k
(Conjectnre vOM) =22, plfeq )

[6] B. (2020)
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