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+ Decomposition into configurations: v:(,)k) (T3) = 4v§k) (T3)r + 3v§k) (T3) 11

. o def . .
+ Afhne invariancy: T3 — T3 = conv(0, ey, 3, €3) canonical 3-simplex

+ Section integral: V;(»,l)(T3)C = % I(Rs\qro)c Véz)(o' NT3)5(0)c L;(:,l)(o')7\3(dﬂ)
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+ lota integral: 1}") (0); = J, M Tx — 1Az (dx)
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DEFINITION | ® | Mean cut function

__ Tabc df 1 1
Q: Let Kq C R4 be a convex d-body and X = (Xo,...,Xq) be a collection of + 0NTy =177 = conv(gey, ye, ce€3)

random points picked uniformly and independently from its interior. The + X1 = [x1, Y1), Xa = [xa, ysl, Xs = [x3,ya] by scale affinity

convex hull of this collection is a d-simplex with volume A4 = volg conv X.

: : . 1 (2) aff. . (2)
What are its k-th moments? More specifically, the affine invariant constants: ¢ Affine invariancy: vy (0N Ts) = vy (T2)
E A2 1 J , 1
= = A5 d(x1,y1)d(x2,Y2)d(xs, = ==
vo2T,  vol3 T, - 2 d(x1,Y1)d(x2,yY2)d(x3,Ys3) 72

v (Ka) = EAY/(volq Ka)¥

LEMMA (BLASHKE-PETKANCHIN)

(d—l)!de (k+1)
E AS T = NK 1y 1 (0NKy))ktd+t _4(d
(g(0)AS_] 2 (volaKg)d A(d,d—l)vd_l (oNKq)(volg—1(oNKyg)) g(o)pg—1(do)

+ X' = (Xl, . ,Xd) —> Ag_1 =volg_1 conv X’
& wq =04(Sa_1) = 2nY?/T(d/2) surface area of the unit ball

+ 0 =A(X') € A(d, d — 1) affine (cutting) hyperplane

) (

Zeta and lota

+ Intersection points A = %63 + (%el — %63) € €163

# g:A(d,d—1) — R any integrable function

1—c

! similarly p = b=¢.

ie. 2+ o (<t — 1) =1, therefore x = a

1—c
a—c’

* L q_1invariant measure on affine Grassmannian A(d,d — 1)

A=[L=£,0,221], B=[0,5=¢, =L

Cartesion reparametrlsatlon 9 + Jacobian of transformation dadbdc = = Ci()ligfc_lp dadpBdc
To _ _ T _ :
Let x€ 0 & n'x=1 where n=(n1,n2,...,na), then {q1(do) = Wqlm|[d+? Aaldn) and half-domain transformation 1 (R*\ T);; — (1 —c,1)? x (0,1)
Consequence : ¢ TF =Tgb¢ \ Tj, where T3 = conv (A, B, es, 2e3) = vol3 T} = “'ggb_cc)
k7 k+1 (k+1) d+k+1 k :
D [Q(G)Ad—l] =(d—1)!(volq K) J]Rid\Ko Va1 (0NKa)Cq (o)g(a)[n]|*Aa(dn) + Mass ballance: M vol3 T = M€ vol3 T$¢ — M* vol3 T3
d :
f ™\ s Mebe=1a b el MT = [%, B, —3+C_C°‘_B] centerpoints of T$°¢ T;
THEOREM (CANONICAL SECTION INTEGRAL) Let o = {x € R% [ n"x =1} € A(d,d — 1)be " . Lo .X
_ - _ N B L - II #lota: i3 (o) =M M—1)vol3 T3 —2(n' M* — 1) vol3 T3
a section plane splitting convex d-body K4 into Kj UKy, where K| ={x € Kq |n'x < 1}, then 1(R3 \ T = (1,00)2 x (0,1)
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h ()':VOdl = — — ¢ 'd dl, 0O) = | X—]_|}\ dX. °
where Ca(0) = T volaka ~ volaKa 25 oyt (=) I 0 : Mean cut function
\ y=l )
: (2) . (2) _ 1
distance from o to X : * vy (0NTs) =v; (Ugﬂ) — W J(Uaﬁ 13 Az dXydXodX;

1. Base-height splitting: Ay = 1D s (Xp)Ag_1
st 5P & =9 Bt — 8o3B3 + 83 B2 — 403 B + 8?3
—10?B? + 80®P — 403 + 8o — 8xp + 1

. v(k)(K )= E[DE(XO)AE_J _ E[E[D‘é(xo) | X’] A]gl—l] :
nrd dk(volg Kq)k d*(volg Kq)* N 72(1 —axp)4
2. Distance formula: D (Xo) = mlnTXO — 1] polynomials in c
E[D5 () | K] = —— J DY (0 haldxo) = 4 ()
: = X Xg) =
o a0 VOlde K4 o200 0 ||T]”kV01d Kd

3. The proof is conluded by taking g(o) =E[D(X,) | X'].

. PENTACHORON (4-SIMPLEX) (DEMONSTRATION 3)

— i+ Decomposition into configurations: vi'' (T,) = 5v{* (Ty)r + 10v{) (Ty)1r, aff. Ty — Ty £ conv(0, e, €2, €3, e4)
+ Section plane: 1 = (q,b,c,d)" = %el, %62, %63, %64 axes intersection points

% DecomPOSition into Conﬁgurations: _\)ék) (TQ) — 3\);]() (Tz)I — 3\);]() (TQ)I E -------------------------------------------------------------------------------------------------------------------------------------------

. def
+ Intersection T} = T§b¢¢ = conv(0, %617 %62, %63, %64)

+ Affine invariancy: T, — T3 = conv(0, ey, e;) canonical 2-simplex
+ Zeta and iota: ((o); = 24, V(o) = -1 (Zg+a+b+c+d—5)

»Secton imegral: (T = | | w e T @ oo | | S  eeereere st
S
+ Section plane: 1 = (a,b)" = Lej, 1 e, axes intersection points ) ¢t pts. A = [2=%,0,0,2=1],B = [0, $=%,0, 2=%] ,C = [0,0, =%, &1 ]
+ T3 =conv(0, Le;, 2er) " volba T3 = 505 = V°112[“‘;Tr2) = G201 = —ﬁhg‘;g%; == 11| * T} = Tgbcd\ T, where T; = conv (A, B, C, ey, Ley) = vol, Tj = 2EY1I-d) 2 A
O = foy T Rl g (T ha(e) = 2eisteyet | (M e cuodn = (0 —afy)d(o)n b (0)n = (0~ gy arew - €1 By
+ Afhne invariancy: v£k+1)(0'n Ts) ﬁv{"“’((o, 1)) = '(2-I-_k%(3+_k5 _/ °* Affine invariancy: V:-(3k+1)(°'nT4) g":(slc-l-l)(llj:(s" PY) X U3
e (100 (T - O et e ) ¢ (Conjecture ) =Tt pl e )
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