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Recap

Theorem 2.32. Let X be a real separable Hilbert space with inner product (-,-). Suppose that the
operator A : X — X* satisfies the conditions:

1. The operator A is strongly monotone; i.e, there exists a constant M > 0 such that for any
z,y € X
(Az — Ay, x —y) > M|z —y]|*.

2. The operator A is Lipschitz continuous; i.e, there exists a constant L > 0 such that for any
z,y € X
Az — Ay|| < Lllz — y||.

Choose b € X*; then, for any vo € X, t € (0,2M L~2), we can construct the sequence {v;} defined

by
Z/{(Uz‘):Z/[(’Uifl)—t(AUifl—b), i:1,27....

The sequence {v;} converges to the unique solution u of Au = b with error
k't
1—-k

Jvi —ul| <

| Avo — ],
where
E(t) = (1 —2Mt + L*%)"/? < 1.

Theorem 2.33. Assuming the conditions of Theorem 2.32, for every n € N there exists a unique
solution uy to the equation A,u, = b, in the space X,. For any v,o € X, t € (O,QML_Q) we
construct the sequence {v, ;} by

Un(vn,i) = Z/{n(vm_l) — t(AnUn,i—l — bn), = 1, 2, ey

where Uy, : X, — X is the dualisation for the space X,. Then, the sequence {v, ;} converges for
i — 00 to a unique solution u, of the equation A,u, = b, with error

k't k't
[vn,i = unll < 1—%& [[Anvn,o = bull < mHAvn,O = b,
where
E(t) = (1 — 2Mt + L*%)"/? < 1.
Lemma 2.34. Let Z be a Banach space space with norm |||, {Z.} an increasing sequence of

closed subspaces
Z1CZy C - C 4y C I,

and there exists a sequence of operators {Uy}, U, : Zn — Z,, which are strongly contractive in the
sense that there exists a constant k € (0,1) such that

|Uu — Upvl|l < E|lu— vl Yu,v € Zp,n=1,2,....



Suppose that the sequence of fixed points {u,}, Upty, = u, converges in the norm of the space Z
tou € Z. Then, for any vo € Z the sequence {v;} defined by

vi:Ui’Uiflv 221,2,
converges to u.

Theorem 2.35. Assuming the conditions of Theorem 2.32, and with the notation from Theorem
2.33. Then, the projection-iteration sequence w,, constructed according to

Un(wy) = Up(wp—1) — t(Apwp_1 — by), n=12...,

where U, : X, — X is the dualisation for the space X,,, converges for any wpo € X and
t € (0,2M L~2) to a unique solution u of the equation Au = b.

Exercises

1. Let X be a reflexive separable Banach space and the sequence of finite dimensional subspaces
X, C X, n € Nis dense in the space X in the limit.

(a) If the operator A : X — X is uniformly monotone; i.e., there exists an increasing
a:Ry — Ry, a(0) =0, such that for all u,v € X

(Au — Av,u —v) > a(|lu — v]))[Ju — v,
then prove that the operator A~! is continuous.
(b) Suppose that for the function a(t), t € Ry, in the definition of uniform monontonicity,
a(t)t >t for 0 <t <tg,tg > 0,a >0,

and that the operator A is Lipschitz continuous; then, prove that there exists an ng
such that the error of the Galerkin approximation u,, (in the space X,) to the exact
solution of the problem Au = b is given by the estimate

1

a

[leon, —ul] < (Lvierng - un||> for n > ng.

2. Prove Theorem 2.32
Hint. Show that finding solution to Au = b is equivalent to finding a fixed point of T}:

Au=b = u=Twu, Tx=z—tU '(Ar—Db)Vrc X.
Then, show that Banach’s fixed point theorem can be applied to T3.

3. Let the assumptions of Theorem 2.32 be met. Show that the function k(t) acquires its
minimum in the interval (0,2M L™2) at t = ty, where

u M\ 2 3
tozﬁ, and k‘():k(to): <1—(L)> .

4. Prove Theorem 2.33.

Hint. Verify that A,, for all n € N, is strongly monotone and Lipschitz continuous. Then
apply Theorem 2.32 for A4,, : X,, — X}.

5. Prove Theorem 2.35.

Hint. The projection-iteration sequence w,, can be written as w, = U,w, _1, where
U,w :w—tZ/{_l(Anw—bn) for all w € X,,.
Then apply Lemma 2.34.



