Nonlinear Differential Equations

Practical Exercises 8

Due: 17th April 2024

1. Let

(Au)(2) = 3 D%aa (e, yu(x)),

loe|<k
p € (1,00), and a, € CAR*(p) for |a| < k. Let V be such that
WEP(Q) c V c WhP(Q),

@ a Banach space of functions in Q, with norm ||-||g, where C*°(2) is dense in @ and V is
continuously embedded in @ (V < Q). Finally,

(a) function ¢ € WkP(Q),
(b) functional g € V* such that for all v € Wg’p(ﬂ), (g9,v)v =0,
(c) functional f € Q*.

Define A : WkEP(Q) — (WFP(Q))* such that for all u,v € WP (Q)
(Au,v) = Z / ao(x, Opu(z)) D% (x) de.
la|<k V€
Define the operator T on V such that, for v € V|, T'u is an element from V* defined by
(Tu,v) = (Alu+ @), v) — (f,v)go — (g, v)v for all v € V.
Prove that

(a) T is bounded and demicontinuous (Lemma 3.14);
Hint. Use the continuity of the Nemyckii operator corresponding to a, (see Theorem

3.11).
(b) T is monotone if, for all {,n € R* and almost all z € Q,
Z (aa(x,f) - aa(aj777)) (ga - 77@) Z 0; (1)
le| <k

(Lemma 3.15)
(¢) T is strictly monotone if equality only holds in (1) for n = £ (Corollary 3.16).

2. Consider the following Dirichlet problem:

-V - (u(x, Vu)Vu) + b(x, u) = h(x) in Q C R?
u=0 on 0f2



where  has Lipschitz boundary, u : Q — R is the unknown function, h € C(£), and

el
Vo = (%) for scalar-valued function ¢ : Q — R,
oxq
30'1 (90'2 . T 2
V-o= for vector-valued function o = (01,03) " : @ — R=.

C O Oy

Let p=2,V = Wol’Z(Q)7 Q = L?(Q), define p € W12(Q) as ¢ =0, g € V* as g = 0, and
f € Q* such that

(f,v)g = /Qh(w)v(w) de, Yv e V.

(a) Define, for this problem,

i. the coeflicient functions a,(x, &), € € R”, for all multi-indices «, where |a| < 1,
ii. the divergence form of the Dirichlet problem,
iii. the boundary value problem (A, V,Q),
iv. the definition of the weak solution of the boundary value problem, and
v. an operator T : V' — V* such that the set of solution of Tu = 0 is equivalent to
the set of weak solutions to the boundary value problem.

(b) Derive conditions for u, b, and h, such that Theorem 3.18 can be applied to show exis-
tence of a weak solution of the boundary value problem and any additional conditions
necessary to ensure the weak solution is unique; i.e., state conditions such that

i. T is monotone,
ii. T is strictly monotone,
iii. T is coercive, and
iv. aq € CAR"(2), |a| <1
(¢) In the case that b(u) = 0 additionally state conditions on p such that T is

i. strongly monotone, and
ii. Lipschitz continuous.



