18.12.2023 — Homework 4

Finite Element Methods 1
Due date: 8th January 2024

Submit a PDF /scan of the answers to the following questions before the deadline via the
Study Group Roster (Zdznamnik ucitele) in SIS, or hand-in directly at the practical class on
the 8th January 2024.

1. (2 points) Let T be an n-simplex in R™ and let Aj,..., A,41 be the barycentric coordi-
nates with respect to the vertices of T'. Prove the formula
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Hint. Transform the integral over T' to an integral over the reference simplex T.

Solution:

Let Fr be an invertible mapping which maps the unit n-simplex T onto the n-simplex

T. Then,
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the integral becomes
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We consider a more generic integral

/O £ (c— )P de,

for , 5 € Ny and ¢ € [0,1]. If § =0 then
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and when 5 >0
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Thus, we have be selecting o = a,, 8 = a1, E =T, and c=1 — Z;:ll 7; that
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Recursively, we get that for k =1,...,n,
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Therefore, we have that
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By setting a3 = -+ = ay,41 = 0 we have that
~ 1
|T| = / ldx = —;
7 n!
hence,
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2. (2 points) Prove Theorem 12 from the lecture:

Let {7} be a family of triangulations of a bounded domain 2 C R™ with Lipschitz-
continuous boundary and {X} the family of the corresponding finite element spaces
under the assumptions required for convergence of a discrete solution. We assume all
finite elements (T, Pr,¥7) are affine-equivalent to a reference element (7, P,3) with

invertible affine mapping Fr(z) = By + by such that Fr(T) = T.

Consider the quadrature formula
/ pdx ~ Z 63 (be)
=1

where ¢ and /b\g, for £ =1,..., L, are the quadrature weights and nodes, defined on the
reference element (T, P, ), let m € N be such that P C P,,(T), and let there hold at
least one of the following conditions

g} contains a P, _ 1(?)—unisolvent set, or

>||Cb<

(IT) E( p) =0 forall p € Py, 2(T)
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where .
B(p) = / sz~ 530,
/=1

Define V), = {vy, € X, : ¢(vp) =0 Vo € 399} € HL(Q) N C(Q) and the bilinear form
ah:thVh—HRas

L n
Ooup, O
an(up, vp) = E E wer E , (aij au},l avh,) (ber),
TeT;, (=1 ij=1 T O

-~

where wyr = | det Br|wy, bpr = Frr(be), a;; € L>(€2) and let there exist a constant § > 0
such that

n

Y ay(2)6E; > 0P Vo e QVE € R™ (2.1)

i,j=1

Prove that the bilinear form ay, is uniformly Vj,-elliptic; i.e., there exists a constant o > 0
independent of h such that

ah(vh,vh) > &\vhﬁh Vvh c Vh,Vh > 0.

Hint. First show that there exists a constant 6 > () such that
L
Clpl} 7 < > @ Vpbe)?  VpeP (2.2)
=1

for condition (I) and (II) separately.

Solution:

Assume (I) holds, then, for any p € P

L
> @l Vpbe)? =0
/=1

— (6;3)@):0 0=1,...,L, (as &y > 0)
— Vp=0 <since Vp e [Pm_l(f)r> :

therefore, p € ﬁo(f) Hence, the mapping

D —

L /2
> @z\vﬁ(bz)\zl
=1

is a norm on the factor space P/Py(T). Since | - |, 7 is also a norm on this factor
space (2.2) follows by equivalence of norms on finite dimensional spaces.

Page 4



If, instead, (II) holds then
o~ o~ A~ L o~ A~
— BISpR) = / S dE - S 0V
T =1

Hence, (2.2) holds as an equality for C=1.

Now we have proven the hint we consider any v, € Vj, and T € Ty, define Fr(x) =
Brx + br as the invertible affine map of 7" to T, and denote pr = vp|r and pr =
pr o Fr. Then, pr € P and

op: op ESSPN ~
= ( Z ~ (Fr(2)(Br);i) — [Vor(Z)| < [Vpr(Fr(@))|||Br|.
8:62 = axj
(2.3)
Similarly, R
Vpr(x)| < [Vir(Fr' (x))]IB7 .
Hence,
prlts = [ [Vpr(@) de = |detBl [ (Vo) (Fr(@) [ d
T T
< |det BB [ (V@) @
T
= | det By ||BZ %5z ? 5 (2.4)
Therefore,
- ovy, Ouy, = apT apT
2o, Gl 2P (b
> ezwmva(bm)P by (2.1)
> 0] det Br||[Br|| = Y Der|Vhr(bo)l® by (2.3)
/=1
Co| det Br||[Br | ~[pr|? 7 by (2.2)
ot _ —2
Co (B [IB71) " |prli by (2.4).
As R R
_ ht h o
B2 |[IB7]| < = — < =2
P pr p
then,

" vy, vy, ~ 7\
> wer ) (aija—%a—%) (ber) = CO <3—0> prlir

=1 ij=1

Summation over all T' € T, and setting a = 5952/ (ho)? completes the proof.
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3. (2 points) Let (T, P, %) be a finite element, and let I, m € Ny and 7, ¢ € [1, 00] be such
that [ < m and P ¢ Wb (T) N W™4(T). For any T € Ty, let (T, Pr, Y1) be a finite
element which is affine-equivalent to (7', P, ). Then, there exists a positive constant C,
depending only on T', P, [, m, r, ¢, and n such that

hi

T

V| mqr < C |T|%_%|v|lmT, forallv e Pr,T € Ty. (3.5)

Let X}, be the finite element space corresponding to 7j, and the finite elements (7', Pr, 7).
Introduce the seminorms

l/q
|V]m,gn = <Z |v|?n,q,T> if g <00,  |Vlmooh = glea%flvm,oog’.
TETh
Let 7}, satisfy
h
L <o, for all T € Ty,
or
and the inverse assumption
h
dx > 0: h—g/@ for all T € Ty,
T

where h = maxye7;, hy. Prove that the inverse inequality
‘Uh|m,q,h < Chl—m—Fmin(O’n/q_n/r)’Uhhmh, for all Vv € Xh,

where C' is a positive constant depending only on f, I/D\, l,m,r, q,n, o, k, and €.

Hint. The following inequalities may be useful.

Holder Inequality For any non-negative numbers aq,...,a, and by,...,b,

n n Yp n Ya
e 9
=1 i=1 =1

for any p,q € (1,00) satisfying 1/p + /g = 1.

Jensen Inequality For any non-negative numbers ay, ..., a,

n /q n /p
9 (e
i=1 i=1

for any p, q € (0, 00) satisfying p < g.
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Solution:

From (3.5), the fact that there exists constants o and C5 such that for all T' € Ty,
hr

— <o and |T| < Cohp (from Homework 3, q.2(a)),
or

and the inverse assumption we have that
|Uh’m,q,T S Uhl_mh”/q_"/’“\vh\mT, fOI‘ all Vp, € Xh, T c 77”

where C' depends only on f, ]3, l, m, r, q, n, o, and k. We also note that from
Homework 3, q.2(a) there exists a constant C such that Cih} < |T| and, hence,

R = I <
minyer, |7 = Cymingey, A3 — C)

card T, < "= éh’”,

where C' depends only on n, o, x, and 2.
We now consider four separate cases:
e ¢ = oo: There exists a Ty € Tj, such that |vp|mcon = |Un|m,com,; therefore,

[VR|m.con < Uhl*mhfn/ﬂvhh,r,n) < éhlfmfnﬁ\vh\z,r,h

l/q
[Ohlmgn < CHI A1 (Z |v‘?,oovT)

TEeT
S ahlimhn/q (card ﬁl)l/q ‘vh‘l,oo,h é éél/thimwh‘l’m’h

e r < g < oo: By Jensen inequality

1/q
|Vh]m.gn < Ozl (Z |U|Zr,T> = 6hl_m+n/q_n/r|vh|l,r,h

TeT,

e ¢ <1 < oo: By Holder inequality

l/q
|Uh|m7q,h S 6hl—m+n/q—n/r <Z L |U|;1,7',T>

TeT,
17‘1/7‘ 11/7« 1/q
S Uhl—m-l-n/q—n/r (Z 1) (Z |U|Z7:/7‘i)
T TeTh
< Opl=mtnfa=nir (card E)l/q—l/r |V |1rn
< CCY W= g e
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