Numerical Solution of ODEs

Exercise Class

14th November 2024

Multistep — Numerical Integration Definition

For ¢,k € Ny and ¢ € {0,1}
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Predictor/Corrector

For implicit methods we have previously used either a fixed-point or Newton method to solve.
Alternatively, we can use the Predictor/Corrector method, where we combine a implicit and explicit
method:

Predictor An explicit method (e.g. Adams-Bashfort 2)
Corrector An implicit method (e.g. Adams-Moulton 2)
Algorithm 3.2 (PECE). For the time step t;;:

Predict (ab2): ufiy =u;+7 (;f(tpuj) - ;f(tjuujl)>

Evaluate: ffn = Ftjpn,ufiy)

Correct (am2): ujc+1 =u; +T (151 7]11 + ;f(tj’“j) - 112f(tj1v“j1)>
Evaluate: ﬁu = f(tj+1, UJCH)

Define Uj+1 = UJC'+1, f(tj+1, Uj+1) = ffj—l'

Algorithm 3.3 (PEC). For the time step t;1:

. 3 1
Predict (ab2): Ufﬂ =u; +7 (Qf(tj,uj) - if(tj—la Uj—1)>
Evaluate: f}il =f (fj+1vuf+1)
5, 2 1
COrreCt (amz): u§+1 = u] + T (11(]‘]3,1 + gf(t,]7u]) - 12f(t717u]1)>

: E
Define ;1 = u, 1, f(tjr1,uj1) = f-



Algorithm 3.4 (PECECE = P(EC)?E). For the time step ¢;1:

Predict (ab2): ufiy =u+7 (;f(tjvuj) - %f(tj—u Uj—1>>

Evaluate: o= F (i, ufy)

Correct (am2): ujc+1 =u;+7 (flfFﬂ + %f(tjvuj) - 112f(tj17“j1)>
Evaluate: jEH = f(tj+17ujc+1)

Correct (am2): ujc+1 =u; +7 (151)‘}]11 + %f(tj’“j) - 112f(tj—1v“j—1)>
Evaluate: ]~E+1 = ftjs1, U]CH)

Define Uj+1 = UJCJFI, f(tj+1, Uj+1) = ij+1'

By repeating the Evaluate/Correct steps k-times, k € N, we can derive the algorithms P(EC)*C
and P(EC)*.

BDF (Backward Differentiation Formula) Methods

This is an m-step method of the highest-order where by = - - - = b,,_; = 0 and a,, = 1. We derive
by solving a linear system:
BDF1 : ujrr =ty = Tf(tj1, uj0),
4 1 2
BDE2 : Uj42 — ng+1 + gu]- = g’]’f(tj+2,uj+2),
18 9 2 6
BDE3 : Uj43 — ﬁuj+2 + ﬁ’u]‘+1 — ﬁuj = ﬁTf(tj+37uj+3)7
48 36 16 3 12
BDF4 : Uj+s — 53 T o2 T or it + 52U = 5T (i, Ujra),
300 300 200 75 12 60
BDES: w45 — 137 W+ T g7+ = Tgr it T gn it T nt = ﬁTf(tHsqus)’
360 450 400 225
BDFé6 : Uj4+6 — mﬂjﬁ%’, + ﬁ’dj+4 — EUJLH), + E’U/J‘+2

72 10 60
— 1t 1t = 1T (e, tive),

m-step BDF is order p = m. Note that BDF], ..., BDF6 are D-stable, but for m > 7 BDF is nof
D-stable.

Exercises

1. Derive the recursive formula for the following methods using the numerical integration
definition:
(a) 2-step Nystrom method (k=1,{=0,¢=1)
(b) 2-step Milne-Simpson method (k =1,{=1,¢q=1)

2. Compare the numerical solutions given by the 2-step Milne-Simpson, Nystrom, and Adams-
Moulton methods, along with the numerical solution from ode23 for the following ODEs.



(a) Linear oscillator (oscillator.m) on the time interval ¢ € [0, 10], with 7 = 0.1:

Ty = T

x5 = —9x + 10 cos(t),

w-(1)

For comparisons plot ¢ vs. z;.
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(b) Stiff linear system (1insystem.m) on the time interval ¢ € [0, 0.05] with 7 = 0.001:
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Also run convergence analysis using conv_analysis.m to deduce the order of the Milne-
Simpson, and Nystrom 2-step methods.

. Create a method to implement BDF4, and compare the numerical solutions given by BDF2,
BDEF3, BDF4, 2-step Adams-Moulton and ode23 for the ODEs from Question 2.

Also run convergence analysis using conv_analysis.m to deduce the order of BDF2,
BDEF3, and BDF4.



