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Helmholtz Equation

Let Q C RY, d = 2,3 be a bounded polygonal/polyhedral domain.

—Au—Ku=0 in Q,
u=0 on p, (sound-soft scattering)
Vu-n=0 on My, (sound-hard scattering)
Vu-n+ ikdu = ggr on k.
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FEM for Helmholtz sttt

Problems with FEM:

m Number of degrees of freedom required to obtain given accuracy
increases with wave number k.

m h-version FEM affected by pollution effect [Babuska & Sauter, 2000]:

— < C(k) inf -
o= unll < (R inf_ flu— v

C(k) is an increasing function in k.
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Problems with FEM:

m Number of degrees of freedom required to obtain given accuracy
increases with wave number k.

m h-version FEM affected by pollution effect [Babuska & Sauter, 2000]:

— < C(k) inf —
o= unll < (R inf_ flu— v

C(k) is an increasing function in k.

We incorporate information about the frequency into the finite element
space to attempt to reduce computation cost.
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Trefftz FEM Spaces ngﬁmltat

Polynomial DG Finite Element Spaces: D§FEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.
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Polynomial DG Finite Element Spaces: DGFEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.

Trefftz Finite Element Space: Use basis functions defined element-wise
based on general solutions to the PDE.
First define the local Trefftz spaces

T(K) = {v|x : —Au — k*u =0}
and let

T(Th) ={v e ®(Q):v|x € T(K),K € Tp}.
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Polynomial DG Finite Element Spaces: DGFEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.

Trefftz Finite Element Space: Use basis functions defined element-wise
based on general solutions to the PDE.
First define the local Trefftz spaces

T(K) = {v|x : —Au — k*u =0}
and let
T(Th) ={v e ®(Q):v|x € T(K),K € Tp}.

We let V,(K) C T(K) be a finite dimensional local space; then, the
Trefftz FE Space is given by

Vo(Th) ={v e T(Tn) : vk € Vo(K),K € Th}.

hp-TDGFEM for Helmholtz CENTRAL Workshop 5/22



For Helmholtz we can use the following basis functions:
ikd-x

Plane Waves: x — e , where d is a direction vector.

T4 08 06 04 02 0 02 04 08 08 1

Scott Congreve (Universitat Wien) hp-TDGFEM for Helmholtz CENTRAL Workshop



) Lhiversitat
S WI

en

For Helmholtz we can use the following basis functions:

Plane Waves: x — ek9* \where d is a direction vector.

Circular/Spherical Waves x +— Jy(k|x|)e™ (in 2D), where 6 is the angle
of x in polar coordinates, £ € Z, and J; is the Bessel
function of the first kind of order £.

Bl
4 08 06 04 02 0 02 04 06 08 1
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Plane Waves

Pk
Vp(K) = {v sv(x) = Zage"kdf'(x’xk),ozg € (C}

(=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Nk are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.
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Plane Waves

Pk
Vp(K) = {v sv(x) = Zage"kd"(x’xk),ag € (C}

(=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Nk are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.

Trefftz DG has less degrees of freedom than
high-order polynomials for the same accuracy.

Basis Functions ‘ 2D ‘ 3D

DG (Py) (a+1)(a+2)/2 | (a+1)(a+2)(a+3)/6
DG (Qq) (q+1) (q+1)°
Trefftz DG 2g+1 (g +1)?

Number of Degrees of Freedom
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Plane Waves

(g =23):

} Direction Vectors
2D

Pk
Vp(K) = {v sv(x) = Zage"kd"(x’xk),ag eC
=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Nk are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.

Trefftz DG has less degrees of freedom than
high-order polynomials for the same accuracy. 3D

Basis Functions ‘ 2D ‘ 3D

DG (Py) (a+1)(a+2)/2 | (a+1)(a+2)(a+3)/6
DG (Qq) (q+1) (q+1)°
Trefftz DG 2g+1 (g +1)?

Number of Degrees of Freedom [Sloan & Womersley, 2004]
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TDG/DG FEM Comparison

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)
for k =20 on the domain Q = (0, 1) x (—1/2,1/2).

T ot 02 03 04 05 06 07 08 09 1
x

Analytical Solution
(Real Part)
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TDG/DG FEM Comparison

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

for k =20 on the domain Q = (0, 1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).

—a—Qq=3
—=—q-4
o —=—q=5
102} |—=—q=6

1010l

T ot 02 03 04 05 06 07 08 09 1
X

Analytical Solution lu— uhp.||L2(Q) vs. h
(Real Part) (h-refinement)
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Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(r,0) = J1(kr) cos(6)

for k = 20 on the domain Q = (0,1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).

10°

—e—q=3
—a—q=4
—a—q=5
—a-q=6

1070
102 10° 10* 10° 10°

# DoFs
[[u = unpll;2(q) vs. Degrees of Freedom

(h-refinement)
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Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(r,0) = J1(kr) cos(6)

for k = 20 on the domain Q = (0,1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).
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[[u— unpll;2(q) vs. Degrees of Freedom  [|u — uppl|;2(q) vs. Degrees of Freedom
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TDGFEM for Helmholtz

Given a mesh 7, on Q we derive the TDGFEM as follows.
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Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/(—Au—k2u)\7 dx =0
K
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Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/(vu-vv—k2uv)dx — | Vungvds=0
K oK
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Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/u(—AV—kzv) dx+/ uVv-ng ds — Vu-nkvds =0
K 0K oK

Scott Congreve (Universitat Wien) hp-TDGFEM for Helmholtz CENTRAL Workshop



TDGFEM for Helmholtz B Wiversitat

Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/u(—AV—k2\7) dx—l—/ uVv-ng ds — Vu-nkvds =0
K oK oK

Scott Congreve (Universitat Wien) hp-TDGFEM for Helmholtz CENTRAL Workshop



TDGFEM for Helmholtz B Wiversitat

Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/u(—AV—k2\7) dx—l—/ uVv-ng ds — Vu-nkvds =0
K oK oK

Scott Congreve (Universitat Wien) hp-TDGFEM for Helmholtz CENTRAL Workshop



TDGFEM for Helmholtz B Wiversitat

Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/u(—AV—k2\7) dx—l—/ uVv-ng ds — Vu-nkvds =0
K oK oK

m Replace continuous functions by discrete approximations
(Unps Vip € Vp(Th)) and traces by numerical fluxes

u— ﬁhp, Vu— ik&hp.
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TDGFEM for Helmholtz Wniversitat

Given a mesh 7, on Q we derive the TDGFEM as follows.

m Multiply by test functions and integrate by parts, element-wise, twice
(ultra weak formulation):

/u(—AV—k2\7) dx—l—/ uVv-ng ds — Vu-nkvds =0
K oK oK

m Replace continuous functions by discrete approximations
(Unps Vip € Vp(Th)) and traces by numerical fluxes
u— ﬁhp, Vu— ik&hp.

mveVy (T, CT(Th) = —-AV—-kv=0inK.

/ UhpV Vpp- Nk ds — / kO hp-NK Vpp ds = 0, for all K € Tp,.
oK oK
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TDGFEM for Helmholtz

+
vt +v .
{v} = — [vl]=vtnt4+v n—, Y scalar-valued functions v.

T++T topt g -
{T}}_—, [fl=7"-n" +7"-n—, V vector-valued functions 7.
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TDGFEM for Helmholtz

_|_
vt +v .
{v} = — [vl]=vtnt4+v n—, Y scalar-valued functions v.

7'+—|-7' o4 - ,
{{T}}_—, [rfl=7"-n"+7" -n", V¥ vector-valued functions 7.

Numerical Fluxes

EVhupp}t — cvikupp] on interior faces,
k& hp = Vhtnp — (1 = 0) (Vhupp + ikduppn — grn)  on faces on Ig,
0 on faces on Iy,
Vhtpp — aikuppn on faces on Ip,
Lunp}t — BGiK) " [V hunpl on interior faces,
o — & ((ik9) 'V hupp-n + up, — (ik9)"1gg)  on faces on g,
e — B(ik) 'V htpp-n on faces on Iy,
0 on faces on p,

with flux parameters o, 3, 0 < § < /2.
hp-TDGFEM for Helmholtz CENTRAL Workshop 11 /22
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Trefftz Discontinuous Galerkin FEM for Helmholtz

Find upp € V,,(Th) such that,
An(tnp; Vip) = Ch(Vip),
for all vy, € V,(Th), where

Ao ) :/ﬂw (V7] ds—/mﬂ (k)" [V hu][Vs7] ds

h h

_/f;uf:’ {Vhu}-[7] ds+/f{ | cik[u]-[v] ds

hUh

+/ (1—6)th\7~nds—/ 5(ik®)"H(Vpu-n)(V,v-n) ds
Ty i

- 5th-n\7ds+/ (1 — 8)ikduv ds,
T Ty

Eh(v) =— 5(ik19)_1ngh\7~n ds —l—/ (1 = 5)gR\7 ds.
T Ty

v,
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Flux Parameters

Penalty Type ‘ Q@ ‘ 15} ‘ 1)

2
DG-type aqy [khy | Pkhi/qi | dkhic/q;
Gittelson, Hiptmair & Perugia, 2009
Constant a b d
Hiptmair, Moiola & Perugia, 2011
UWVF 1/2 1/2 1/2
Cessenat & Després, 1998
Non-Uniform Mesh ahmax/hyc | Phmax/hy | dhmax/hy
Hiptmair, Moiola & Perugia, 2014

For the rest of this talk we ignore Neumann boundary conditions.
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Flux Parameters

Penalty Type ‘ Q@ ‘ 15} ‘ 1)
DG-type aqf(/th bkhi /g | akhic /g
Gittelson, Hiptmair & Perugia, 2009

Constant a b d
Hiptmair, Moiola & Perugia, 2011

UWVF 1/2 1/2 1/2
Cessenat & Després, 1998

Non-Uniform Mesh ahmax/hyc | Phmax/hy | dhmax/hy
Hiptmair, Moiola & Perugia, 2014

For the rest of this talk we ignore Neumann boundary conditions.

Energy Norm

2 2
1o = K|o71v] +1|sAvm
L(FuFp)  k L2(F})
1 || 2 e |2
- kz9H6 Vv nK‘ 2(7R) I k19”(1 5)"%v 2(E)
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Define the weighted Sobolev norm

||V||HS(Q),/< = Z kz(s_j)yvmj(g)-
j=0
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Define the weighted Sobolev norm

S
IVl sy e = D KD v )
=0

Theorem (a priori — Non-Uniform Mesh & Non-Uniform Parameters)

Let u be the analytical solution with u|lx € H**T1(K), up, the TDG
solution. For sufficiently large qx (and assuming qx > 2sx + 1)

|u— UPHL2(Q) < Cdé[(dgk)_l + (dﬁlh)s;(-l-l/z]

1 1 SK—1/2
X Z Cthé(_ (a—K) ||u||H5+1(Q),k7
KeTh

where Ck depends on khyi (as an increasing function) and sk. Here,
gk = 9K/log(qi+2). [Hiptmair, Moiola & Perugia, 2014]
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Comparison of Flux Parameters (2D)

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

on the domain Q = (0,1) x (—1/2,1/2).

7 08 03 1

Re(Anal. Soln.) (k=20)
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Comparison of Flux Parameters (2D)

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

on the domain Q = (0,1) x (—1/2,1/2).
We solve using constant (solid line) and DG-type parameters (dashed).

——p=5

L2 Error

-10 . . .
10 "

"0 o1 02 03 04 05 06 07 08 08 1
x

Re(Anal. Soln.) (k=20) k=20
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Comparison of Flux Parameters (

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

on the domain Q = (0,1) x (—1/2,1/2).
We solve using constant (solid line) and DG-type parameters (dashed).

10° 10°
e ——p-5
—I—p:;
——p-
102 —ap=11 102
p=13
—a—p=15
. 10* . 10"
s s
fin} fin
JN JN
10° 10°®
10°® 10°®
10'10 L L 10'10
10" 102 108 104 10° 108 10’
# DoFs

hp-TDGFEM for Helmholtz CENTRAL Workshop 16 / 22



Comparison of Flux Parameters (3D)

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

Re(Anal. Soln.)
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Comparison of Flux Parameters

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(x) — eil<d~x

on the domain Q = (0, 1)3, with k =20 and d = (Y/v3,1/v3,1/v3).
We solve using constant (solid line) and DG-type parameters (dashed).

| 101,

L2 Error

. 10'5 L L L )
102 10° 10* 10° 108
# DoFs

Re(Anal. Soln.) l|u— unpll2(qy vs. Degrees of Freedom
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
— 'H(l) k 2 2
u(x,y) = HP (/2 5 2),

with k = 50, on the domain Q = (0, 1), where Hgl) represents the Hankel
function of the first kind of order O.

1000

0 100 200 300 400 500 600 700 800 900 1000

Im(Anal. Soln.)
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.

Mesh 1
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x,y) = HE (k52 + y2),

with k = 50, on the domain Q = (0, 1)?, where ’H( ) represents the Hankel
function of the first kind of order 0.
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To test the non-uniform parameters, we consider the solution
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with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x,y) = HE (k52 + y2),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.

Mesh 6
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.

Mesh 7
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0,1)?, where 7—[81) represents the Hankel
function of the first kind of order 0.

——p-13
p=15

L2 Error
>

102
102

# DoFs

Constant (solid line), DG-type (dashed)

& non-uniform (dotted) parameters
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Non-Uniform Flux Parameters

The non-uniform mesh parameter has one issue.
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Non-Uniform Flux Parameters

The non-uniform mesh parameter has one issue.

We require that

1 hk
— < = d< f K .
™ > = < oh or a eT
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Non-Uniform Flux Parameters

The non-uniform mesh parameter has one issue.

We require that

h
= a< K

1
= f K .
™ 5 < b or a eT

The smallest value of this ration occurs when hx = hnin; hence,

a< hmin
2hmax

and d is, therefore, dependent on the ratio between the largest and
smallest element in the mesh.

hp-TDGFEM for Helmholtz CENTRAL Workshop 19 / 22
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A posteriori Error Estimates

Ignoring Neumann boundary conditions a posteriori error bounds exists for
the h-version of the method in R?.
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A posteriori Error Estimates

Ignoring Neumann boundary conditions a posteriori error bounds exists for
the h-version of the method in R?.

A posteriori Error Bound — h-version Only

For the TDGFEM, with the non-uniform flux parameters, the following
error bound holds:

1, .1
+ 182 eIV un]ll 27

L2(Ff) }

where s depends on the regularity of the solution to the adjoint problem
(z € H*t5(Q)).

1/2
= upll ey < C{Ha LT [

51/2/77: (gR — Vup-nk + ikﬁuh)

5

v

[Kapita, Monk, Warburton (2014 - Tech. Report)]
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Adaptive Refinement

Consider again the solution
u(x,y) = Hg (k(* + ).

with k = 50, on the domain Q = (0,1)2.
We solve using constant (solid line), DG-type (dashed) and non-uniform

parameter (dotted).

L2 Error
=

# DoFs

L> Error
CENTRAL Workshop

hp-TDGFEM for Helmholtz
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u(x,y) = Hg (K( + 7).

with k = 50, on the domain Q = (0,1)2.
We solve using constant (solid line), DG-type (dashed) and non-uniform
parameter (dotted).

L2 Error
>

102 10°
# DoFs

Ly Error Mesh 2 (p=17)

hp-TDGFEM for Helmholtz CENTRAL Workshop 21 /22



universitat
wien

Adaptive Refinement

Consider again the solution
u(x,y) = Hg (K( + 7).

with k = 50, on the domain Q = (0,1)2.
We solve using constant (solid line), DG-type (dashed) and non-uniform
parameter (dotted).

L2 Error
>

102 10°
# DoFs

Ly Error Mesh 3 (p=7)

hp-TDGFEM for Helmholtz CENTRAL Workshop 21 /22



Adaptive Refinement

Consider again the solution
u(x,y) = Hg (K( + 7).

with k = 50, on the domain Q = (0,1)2.
We solve using constant (solid line), DG-type (dashed) and non-uniform
parameter (dotted).

100,

L2 Error
>

]

102 10°
# DoFs

Ly Error Mesh 4 (p =T7)

hp-TDGFEM for Helmholtz CENTRAL Workshop 21 /22



universitat
wien

Adaptive Refinement

Consider again the solution
u(x,y) = Hg (K( + 7).

with k = 50, on the domain Q = (0,1)2.
We solve using constant (solid line), DG-type (dashed) and non-uniform
parameter (dotted).

L2 Error
>

HE

S

102 10°
# DoFs

Ly Error Mesh 5 (p=7)

hp-TDGFEM for Helmholtz CENTRAL Workshop 21 /22



Adaptive Refinement

Consider again the solution
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We solve using constant (solid line), DG-type (dashed) and non-uniform
parameter (dotted).
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Conclusion

Summary:

m A priori error results exist for Trefftz DG, with Robin and Dirichlet
boundary conditions

m The various choice of flux parameters is required for the existing
analysis

m The choice of flux parameters tends to make no difference on smooth
solutions, although DG-style parameters appear poor for non-uniform
refinement/singular problems.

Future Aims:

m Extend the existing a posteriori error analysis to hp-version meshes
(ideally for constant flux parameters).

m Develop an algorithm for deciding on whether to perform h or p
refinement.

m Analysis for Neumann boundary conditions (missing required
fundamental result - stability of solution on the continuous level).
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