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Section 1

Trefftz DG for Helmholtz
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Helmholtz Equation

Let @ C RY, d = 2,3 be a bounded polygonal/polyhedral domain.

—Au—k?u=0 in Q,
u=0 on p, (sound-soft scattering)
Vu-n=0 on Ny, (sound-hard scattering)
Vu-n+ ikbu = ggr on k.

Acoustic Wave Prop. Sound-soft Scattering
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Trefftz FEM Spaces : ngﬁmltat

Polynomial DG Finite Element Spaces: D§FEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.
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Trefftz FEM Spaces o ngﬁl’ﬂta’[

Polynomial DG Finite Element Spaces: DGFEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.

Trefftz Finite Element Space: Use basis functions defined element-wise
based on general solutions to the PDE.
First define the local Trefftz spaces

T(K) = {v|x : —Au — k*u =0}
and let

T(Th) ={v e ®(Q):v|x € T(K),K € Tp}.
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Trefftz FEM Spaces o ngﬁl’ﬂta’[

Polynomial DG Finite Element Spaces: DGFEM uses polynomial basis
functions defined on a reference element K:

VPC(Ty) == {v € L3(Q) : v|k o Fx € Sqr(K), K € Th}.

Trefftz Finite Element Space: Use basis functions defined element-wise
based on general solutions to the PDE.
First define the local Trefftz spaces

T(K) = {v|x : —Au — k*u =0}
and let
T(Th) ={v e ®(Q):v|x € T(K),K € Tp}.

We let V,(K) C T(K) be a finite dimensional local space; then, the
Trefftz FE Space is given by

Vo(Th) ={v e T(Tn) : vk € Vo(K),K € Th}.
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Plane Waves

Pk
Vo(K) = {v cv(x) = Zage"kdf'(x*x’(),ag € C}

(=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Ng are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.
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Plane Waves

Pk
Vo(K) = {v cv(x) = Zage"kd"(x*x’(),ag € C}

(=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Ng are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.

Trefftz DG has less degrees of freedom than
high-order polynomials for the same accuracy.

Basis Functions ‘ 2D ‘ 3D

DG (Py) (a+1)(a+2)/2 | (a+1)(a+2)(a+3)/6
DG (Qq) (q+1) (q+1)°
Trefftz DG 2g+1 (g +1)?

Number of Degrees of Freedom
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Plane Waves

(g =23):

} Direction Vectors
2D

Pk
Vo(K) = {v cv(x) = Zage"kd"(x*x’(), ap€C
/=1

where py is the number of degrees of freedom
for the element K, d;, I =1,---, Ng are pk
(roughly) evenly spaced unit direction vectors,
and x is the centre of the element.

Trefftz DG has less degrees of freedom than
high-order polynomials for the same accuracy. 3D

Basis Functions ‘ 2D ‘ 3D

DG (Py) (a+1)(a+2)/2 | (a+1)(a+2)(a+3)/6
DG (Qq) (q+1) (q+1)°
Trefftz DG 2g+1 (g +1)?

Number of Degrees of Freedom [Sloan & Womersley, 2004]
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TDG/DG FEM Comparison

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)
for k =20 on the domain Q = (0, 1) x (—1/2,1/2).

T ot 02 03 04 05 06 07 08 09 1
x

Analytical Solution
(Real Part)
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TDG/DG FEM Comparison

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

for k =20 on the domain Q = (0, 1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).

—a—Qq=3
—=—q-4
o —=—q=5
102} |—=—q=6

1010l

T ot 02 03 04 05 06 07 08 09 1
X

Analytical Solution lu— uhp.||L2(Q) vs. h
(Real Part) (h-refinement)
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TDG/DG FEM Comparison

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(r,0) = J1(kr) cos(6)

for k = 20 on the domain Q = (0,1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).

10°

—e—q=3
—a—q=4
—a—q=5
—a-q=6

10710
102 108 104 10° 108
# DoFs

[[u = unpll;2(q) vs. Degrees of Freedom

(h-refinement)
2nd CENTRAL Workshop
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TDG/DG FEM Comparison
Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

for k = 20 on the domain Q = (0,1) x (—1/2,1/2).
We solve using both a DGFEM (solid line) and Trefftz DGFEM (dashed).

10° 10°
—a—q=3
10°? 10°?
< 10 . 10*
e e
i s
4 g + g
——h=1/4
-8 -8||—=—h=1/8
10 10 ——h=1/16
—=—h=1/32
h=1/64
1070 1070
102 10° 10* 10° 10° 10’ 10 10° 10* 10°
# DoFs # DoFs
[[u— unpll;2(q) vs. Degrees of Freedom  [|u — uppl|;2(q) vs. Degrees of Freedom
(h-refinement) (p-refinement)
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TDGFEM for Helmholtz Wniversitat

Trefftz Discontinuous Galerkin FEM for Helmholtz

Find upp € V,(Th) such that,

Ah(“hp? Vhp) = gh(vhp)v
for all vip, € Vp(Th), where
An(u, v) =/ {u}Vav] ds—/ B(ik) [V hul[Vh7] ds
FIuFN FIUEY

huh

—/ {Vhu}-[v] ds—l—/ aik[u]-[V] ds
]:I D ]:I ]:D
§)uV - nds—/ 5(ik®)"H(Vpu-n)(Vyv-n) ds
7t
oV pu-nv ds+/ (1 —9)ikduv ds,

hU h
/ FE

/ (ikv)~ gRVhV-nds+/ (1—9)grv ds.
FR FR
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Flux Parameters

Penalty Type o B 1)
DG-type adk /khy | bkhi/q. | dkhic/qy
Gittelson, Hiptmair & Perugia, 2009

Constant a b d
Hiptmair, Moiola & Perugia, 2011

UWVF 1/ 1/2 1/2
Cessenat & Després, 1998

Non-Uniform Mesh ahmax/hyc | Phmax/hyc | Ahmax/hyc

Hiptmair, Moiola & Perugia, 2014

For the rest of this talk we ignore Neumann boundary conditions.
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Comparison of Flux Parameters (2D)

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

on the domain Q = (0,1) x (—1/2,1/2).

7 08 03 1

Re(Anal. Soln.) (k=20)
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Comparison of Flux Parameters (2D)

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)
u(r,0) = J1(kr) cos(6)

on the domain Q = (0,1) x (—1/2,1/2).
We solve using constant (solid line) and DG-type parameters (dashed).

——p=5

L2 Error

10—10 L L L
10' 102 10° M

"0 o1 02 03 04 05 06 07 08 08 1
x

Re(Anal. Soln.) (k=20) k=20

Scott Congreve (Universitat Wien) hp-TDGFEM Adaptive Refinement



Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution
— 'H(l) k 2 2
u(x,y) = Hy (kv x2 +y?),

with k = 50, on the domain Q = (0, 1), where Hgl) represents the Hankel
function of the first kind of order O.

1000

0 100 200 300 400 500 600 700 800 900 1000

Im(Anal. Soln.)
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel

function of the first kind of order 0.

Mesh 1
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x,y) = HE (k52 + y2),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x,y) = HE (k52 + y2),

with k = 50, on the domain Q = (0, 1)?, where ’H( ) represents the Hankel
function of the first kind of order 0.
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Mesh 3
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q =
function of the first kind of order

(

0,1)?, where 7—[(()1) represents the Hankel

0.
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x,y) = HE (k52 + y2),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x, y) = HG (k/52 + y2),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.

Mesh 6
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Comparison of Flux Parameters (Non-Unif.)
To test the non-uniform parameters, we consider the solution
u(x, y) = HG (k/52 + y2),

with k = 50, on the domain Q = (0, 1)?, where 7—[(()1) represents the Hankel
function of the first kind of order 0.

Mesh 7
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Comparison of Flux Parameters (Non-Unif.)

To test the non-uniform parameters, we consider the solution

u(x,y) = HO (k/x2 + y?),

with k = 50, on the domain Q = (0,1)?, where 7—[81) represents the Hankel
function of the first kind of order 0.

——p-13
p=15

L2 Error
>

102
102

# DoFs

Constant (solid line), DG-type (dashed)

& non-uniform (dotted) parameters
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Section 2

Adaptive Refinement
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Plane Wave Direction Refinement

Consider a plane wave analytical solution (for Acoustic Wave Propagation)
u(x) _ eikd~x

for k = 20 on the domain Q = (0,1)?, where d = (1/v2,1/v2).
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Plane Wave Direction Refinement

Consider a plane wave analytical solution (for Acoustic Wave Propagation)
ikd-x

u(x)=e
for k = 20 on the domain Q = (0,1)?, where d = (1/v2,1/v2).
We evenly distribute directions dy, starting from d; = (1,0).

—s—Standard PW

L2 Error

10—10

-15
10
102 107 10°




Plane Wave Direction Refinement
Consider a plane wave analytical solution (for Acoustic Wave Propagation)
u(x) _ e/'I<d~x

for k = 20 on the domain Q = (0,1)?, where d = (1/v2,1/v2).

We evenly distribute directions dy, starting from d; = (1,0).
Rotating directions so that d; = d gives (almost) the analytical solution.

10°
—=—Standard PW
—e—Rotated PW

L2 Error

/ T
1070

10—15 )
102 107" 10°
h

lu = unpll 2y vs- h

Rotated Directions (g = 3)
2nd CENTRAL Workshop
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Plane Wave Direction Refinement

Even for non-plane wave analytical solutions picking the correct main
direction reduces the error.
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Plane Wave Direction Refinement

Even for non-plane wave analytical solutions picking the correct main

direction reduces the error.
We need a way calculate/adapt the directions without the analytical

solution. Several existing approaches exist:
m Ray-tracing — requires a source term. [Betcke & Phillips, 2012]

m Approximate
Ve(xo)

ike(xg)’
where e is the error. [Gittelson, 2008 (Master’s Thesis)]

m Adding an extra unknown (the optimal angle of rotation) to the basis
functions. [Amara, Chaudhry, Diaz, Djellouli & Fiedler, 2014]

2nd CENTRAL Workshop 15 / 25
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Plane Wave Direction Refinement

Even for non-plane wave analytical solutions picking the correct main

direction reduces the error.
We need a way calculate/adapt the directions without the analytical

solution. Several existing approaches exist:
m Ray-tracing — requires a source term. [Betcke & Phillips, 2012]

m Approximate
Ve(xo)

ike(xg)’
where e is the error. [Gittelson, 2008 (Master’s Thesis)]

m Adding an extra unknown (the optimal angle of rotation) to the basis
functions. [Amara, Chaudhry, Diaz, Djellouli & Fiedler, 2014]

We propose using the Hessian of the numerical solution, based on work on
anisotropic meshes for standard FE [Formaggia & Perotto, 2001, 2003].
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Plane Wave Direction Refinement

Even for non-plane wave analytical solutions picking the correct main
direction reduces the error.
We need a way calculate/adapt the directions without the analytical
solution. Several existing approaches exist:

m Ray-tracing — requires a source term. [Betcke & Phillips, 2012]

m Approximate
Ve(xo)

ike(xg)’
where e is the error. [Gittelson, 2008 (Master’s Thesis)]
m Adding an extra unknown (the optimal angle of rotation) to the basis

functions. [Amara, Chaudhry, Diaz, Djellouli & Fiedler, 2014]
We propose using the Hessian of the numerical solution, based on work on
anisotropic meshes for standard FE [Formaggia & Perotto, 2001, 2003|.
The eigenvector of the Hessian matching the largest eigenvalue should be
the direction to use as the main direction, assuming the matching

eigenvalue is significantly larger.
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Plane Wave Direction Refinement

Plane Wave Refinement Algorithm (2D)

Let (A1, v1), (A2, v2) be the eigenpairs of H(Re(up(xk))), and

(11, wi), (p2, wa) the eigenpairs of H(Im(un(xk))) s.t. A1 > Az,

W1 > po; then, for constant C > 1, we can select the first plane wave
direction as follows:

A1 > Cho ‘ w1 > Cuo ‘ A1 > Cug ‘ p1 > CA H First PW Direction

v v v X Vi
v v X v w1
v v X X (vi+twi)/>
v X 4 X Vi
v X X = =
X v X v wi
X v = X =
X X - - -
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Plane Wave Direction Refinement

If v is the eigenvector, then the direction of propagation could be either v
or —v (unknown orientation). Consider the impedance on the boundary of
a ball (radius § around xx) and compare to the plane wave
u(x) = e*d(x=xk) for the cases when d = v and d = —v.
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Plane Wave Direction Refinement

If v is the eigenvector, then the direction of propagation could be either v
or —v (unknown orientation). Consider the impedance on the boundary of
a ball (radius § around xx) and compare to the plane wave
u(x) = e*d(x=xk) for the cases when d = v and d = —v.

Evaluating at xx + dv we note that the
normal is v, so we can calculate

Vup(xk) - v + ikup(xk)
ikuh(xK) .
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Evaluating at xx + dv we note that the
normal is v, so we can calculate
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If v is the eigenvector, then the direction of propagation could be either v
or —v (unknown orientation). Consider the impedance on the boundary of
a ball (radius § around xx) and compare to the plane wave
u(x) = e*d(x=xk) for the cases when d = v and d = —v.

Evaluating at xx + dv we note that the
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Plane Wave Direction Refinement

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.
NN
ANV
\\\\\\\

AR

LN \\\|\\\ \\\\\\\.\\\
\\\\\\\I\ﬁl\\\\\ R

0.4 0.6 0.8 1
X

N\
A DR

S MW
N WA \W

120 140 160 180 200 220 240 260 00
# DoFs

|u— unpll12(q) vs. DoF First PW Direction (p = 3)
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Plane Wave Direction Refinement

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.

R " I\ \\\ \\
D \ %\\\\ \&\\\\\
o \\|\\\\\, \\\\\\\,\\\
i

120 140 160 180 200 220 240 260 00 0.2 0.4 0.6 0.8
# DoFs

1

|u— unpll12(q) vs. DoF First PW Direction (p = 4)
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Plane Wave Direction Refinement i \Niersitat

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.

o
i&ﬁ%

. \N@i}k\%\\\\
R T

0
0 0.2 0.4 0.6 0.8 1
# DoFs X

120

|u— unpll12(q) vs. DoF First PW Direction (p = 5)

Scott Congreve (Universitat Wien)
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Plane Wave Direction Refinement

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.

e \
SR
100 0 740 160 180 200 220 240 260 O.;(;N‘ m\ 0‘4 |||m
= upp| :()S; vs. DoF First PW Direction (p=6)
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Plane Wave Direction Refinement

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.

i\
N
i

N
LA x§ ;?\\ §\
el

i

120 140 160 180 200 220 240 260 00 0.2 0.4 0.6 0.8
# DoFs

1

|u— unpll12(q) vs. DoF First PW Direction (p = 7)
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Plane Wave Direction Refinement

To test the direction refinement, we consider the solution

u(x,y) = HY (k\/ (c+ a2 + yz) ,

with k = 20, on the domain Q = (0,1)2.

i\
N
i

N
LA x§ ;?\\ §\
el

i

120 140 160 180 200 220 240 260 00 0.2 0.4 0.6 0.8
# DoFs

1

|u— unpll12(q) vs. DoF First PW Direction (p = 8)
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A posteriori Error Estimates

An a posteriori error bounds exists for the h-version of the method in R,
(ignoring Neumann boundary conditions).
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A posteriori Error Estimates

An a posteriori error bounds exists for the h-version of the method in R,
(ignoring Neumann boundary conditions).

A posteriori Error Bound — h-version Only

For the TDGFEM, with the constant flux parameters, the following error
bound holds:

2 1 1.s 2
+ p”ﬁthl[V“h]]HB(ﬂ)

2
L2(FF)

where s depends on the regularity of the solution to the adjoint problem
(z € H*t5(Q)).

lu = unll 2y < Clk, dQ){Hal/z £ [un]

L2(FIUFP)

572h% (gr — Vup-nf + ikdup)

1
v

k2

[Kapita, Monk & Warburton, 2015]

hp-TDGFEM Adaptive Refinement 2nd CENTRAL Workshop 19 / 25



universitat
wien

A posteriori Error Estimates

A posteriori Error Bound — hp-version

We propose the following potential a posteriori error bound for the
hp-version with constant flux parameters:

n 2
o2 Ce(h, k, p)[unpl

2
o= unplliz () < C{k‘ LA(FJUFP)

1, .1
+ 2182 Ce(h, b, P)IV b (e

1 .
ar E’ 51/2CF(h, k, p) (gR = Vuhp-n,: -+ /kuhp)

2
L2(FF)

where
Cr(h, k,p)* = (hek)*ktqz?, for F € Fp,.

Throughout the following we use s = 3.5, t =1 and z = 3.
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A posteriori Error Estimates

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H3 (k) (x + )2 + y2),

on the domain Q = (0,1)2.
Consider uniform h-refinement for k = 10, 20, 30, 40, 50.

20

L0
©ND O AW

Effectivity
=

1 2 3 4 5 6
Mesh Number

Effectivity (k = 10)
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A posteriori Error Estimates

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H3 (k) (x + )2 + y2),

on the domain Q = (0,1)2.
Consider uniform h-refinement for k = 10, 20, 30, 40, 50.
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A posteriori Error Estimates

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H3 (k) (x + )2 + y2),

on the domain Q = (0,1)2.
Consider uniform h-refinement for k = 10, 20, 30, 40, 50.
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A posteriori Error Estimates

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H3 (k) (x + )2 + y2),

on the domain Q = (0,1)2.
Consider uniform h-refinement for k = 10, 20, 30, 40, 50.
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hp-adaptive Refinement

In order to select whether to perform h- or p-refinement at each
refinement step usually involves estimates of the smoothness of the
solution — several existing algorithms exist. [Mitchell, 2011]
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For DGFEM we often use a method based on the Legendre coefficients of

the numerical solution for estimating the smoothness of the solution.
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For DGFEM we often use a method based on the Legendre coefficients of
the numerical solution for estimating the smoothness of the solution.
[Houston & Siili, 2005]

This method, however, will not work for TDGFEM, especially as an highly
oscillatory analytical solution may be detected as non-smooth. In this case
p-refinement could be best (our basis functions are highly oscillatory as
well).
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hp-adaptive Refinement

In order to select whether to perform h- or p-refinement at each
refinement step usually involves estimates of the smoothness of the
solution — several existing algorithms exist. [Mitchell, 2011]

For DGFEM we often use a method based on the Legendre coefficients of
the numerical solution for estimating the smoothness of the solution.
[Houston & Siili, 2005]

This method, however, will not work for TDGFEM, especially as an highly
oscillatory analytical solution may be detected as non-smooth. In this case
p-refinement could be best (our basis functions are highly oscillatory as
well).

Instead choose to assume p-refinement is the best refinement at the first
step for any element, then at further refinements decide whether to
perform h- or p-refinement based on whether the expected error reduction
is achieved by the previous refinement. [Melenk & WohImuth, 2001]
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Adaptive Refinement

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H§ (k) (x +1a)2 + y2),

on the domain Q = (0, 1)2.
Consider h- and hp-refinement for k = 20.
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Adaptive Refinement

Consider the smooth (analytic) solution (for Acoustic Wave Propagation)

u(x,y) = H (ky/(x + Ya)2 + y2),

on the domain Q = (0, 1)2.
Consider h- and hp-refinement for k = 20.
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Adaptive Refinement
Consider h- and hp-refinement for the sound-soft scatter problem with

incidence field
u(x,y) = exp(ik(x cos(7/4) + y sin(7/4)))

on the domain Q = (0,1)?\ (0.4,0.6)?, with zero Dirichlet boundary on

the obstacle and k = 20.
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Adaptive Refinement

Consider h- and hp-refinement for the sound-soft scatter problem with
incidence field

u(x,y) = exp(ik(x cos(7/4) + y sin(7/4)))

on the domain Q = (0,1)?\ (0.4,0.6)2, with zero Dirichlet boundary on
the obstacle and k = 20.
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Conclusion

Summary:
m A priori results exist for Trefftz DG, with Robin and Dirichlet BCs
m Various choice of flux parameters is required for the existing analysis

m The choice of flux parameters tends to make no difference on smooth
solutions, although DG-style parameters appear poor for non-uniform
refinement/singular problems.

With plane wave basis functions it is possible to refine the wave
directions.

hp-adaptive refinement.
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Summary:
m A priori results exist for Trefftz DG, with Robin and Dirichlet BCs
m Various choice of flux parameters is required for the existing analysis

m The choice of flux parameters tends to make no difference on smooth
solutions, although DG-style parameters appear poor for non-uniform
refinement/singular problems.

m With plane wave basis functions it is possible to refine the wave
directions.

m hp-adaptive refinement.
Future Aims:

m Develop an algorithm for deciding on whether to perform h or p
refinement based on only the numerical solution at the current step
(rather than based estimates on expected convergence).

m Use the eigenvalues/eigenvectors to develop anisotropic p-refinement
(unevenly spaced plane waves).
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