DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 179 – 190

Complex Finsler spaces of constant holomorphic curvature

Nicoleta Aldea

Abstract. This paper is about complex Finsler metrics of constant holomorphic curvature. For a complex Finsler space (M, F ), the holomorphic flag curvature is defined with respect to the Chern complex linear connection on the pull-back tangent bundle. A complex Finsler metric, which satisfies some special conditions on the curvature, is called generalized Einstein. By means of such connection, a special approach is devoted to obtain the equivalence conditions that a complex Finsler space be generalized Einstein, (§3). A Schur type theorem for a generalized Einstein complex Finsler space, weakly Kähler, and other characterizations of the holomorphic curvature of this space are given in section 4. The final section applies our results to an example, better illustrating the interest for this work.

1. Introduction

The study of the complex Finsler metrics of constant holomorphic flag curvature, the corespondent of the constant holomorphic sectional curvature from Hermitian geometry, is a challenging problem in complex Finsler geometry.

M. Abate and G. Patrizio [AP1] gave a characterization of the constant holomorphic curvature through complex geodesics, with the main result that any complex Finsler metric of holomorphic curvature K_F = −4 and satisfying some regularity conditions is the Kobayashi metric. The first proof is due to J. Faran [F], who used the method of equivalence problem in his work.

Another result, due M. Abate and G. Patrizio [AP2], asserts that if the complex Finsler spaces satisfay the notion of Kähler and a symmetry condition on the curvature and with positive constant holomorphic curvature, then they are purely Hermitian.

In a previous paper, [Al], we started to study the curvature of complex Finsler spaces, with respect to the Chern complex linear connection, briefly Chern (c.l.c), on the pull-back tangent bundle. The purpose of the present paper is to determine the conditions in which a complex Finsler metric has constant holomorphic curvature. We shall solve this problem for a special class of complex Finsler spaces, called generalized Einstein, briefly (g.E.). We prove a Schur type theorem for (g.E.) complex Finsler spaces (Theorem 4.1). We obtain that the (g.E.) complex Finsler spaces of nonzero constant holomorphic curvature are weakly Kähler (Proposition 4.1). Moreover, with additional condition of Kähler, we prove that the (g.E.) complex Finsler

2000 Mathematics Subject Classification. 53C56, 53C60.

Key words and phrases. (c.l.c), generalized Einstein space, constant holomorphic curvature. This paper is in final form and no version of it will be published elswhere. 179

spaces of nonzero constant holomorphic curvature are purely Hermitian (Proposition 4.6). We remark that the class of (g.E.) complex Finsler spaces which are Kähler of constant holomorphic curvature is included in the class of the E-manifolds from [S]. The problem of the (g.E.) complex Finsler spaces with identically vanishing holomorphic curvature is exemplified by a particular form of the complex version of Antonelli-Shimada metric. It show that there exists (g.E.) complex Finsler spaces with identically vanishing holomorphic curvature which are not purely Hermitian.

2. Preliminaries

We recall here only the basic notions which are needed; for more information see [AP1], [Mu], [Al]. For the beginning, we shall make an introduction to the geometry of the pull-back tangent bundle with the Chern (c.l.c), [Al].

Let M be a complex manifold, dim_C M = n. The complexified of the real tangent bundle T_C M splits into the sum of holomorphic tangent bundle T^′M and its conjugate T^{′′}M. The bundle T^′M is in its turn a complex manifold, the local coordinates in a chart will be denoted by (z^k, η^k) and these are changed by the rules

(1) z^{′k} = z^{′k} (z) ; η^{′k} =

∂z^{′k} ∂z^j η^j .

The complexified tangent bundle of T^′M is decomposed as T_C (T^′M) = T^′(T^′M)⊕ T^{′′}(T^′M). A natural local frame for T^′_u(T^′M) is {^∂_{∂zk} ,^∂_{∂ηk} }, which changes by the rules obtained with Jacobi matrix of (1) transformations. Note that the change rule of^∂_{∂zk} contains the second order partial derivatives.

Considering the restriction of the projection to ~T^′M = T^′M \ {0}, for pulling the holomorphic tangent bundle T^′M back, we obtain a holomorphic tangent bundle π^′ : π^∗(T^′M) −→ ~T^′M , called the pull-back tangent bundle over the slit ~T^′M. Because π^∗(T^′M) = {(u, s) | π(u) = π(s)}, where s = X^i_u^∂_{∂zi} in u = (z, η), η ≠ 0, then

its local fibre π^∗(T^′M)_u is a copy of T^′_zM . We denote by

�_∂

∂z^k ∗ ,^∂_{∂zk}^∗ � , and by � dz^{∗k}, dz^{∗k} � , evaluated in the point u ∈ ~T^′M, the local frames to π^∗_C (T^′M) = π^∗(T^′M) ⊕ π^∗(T^′M), and respectively to π^∗_C (T^{′∗}M) = π^∗(T^{′∗}M) ⊕ π^∗(T^{′∗}M). The frame^∂_{∂zk}^∗ transforms simply like the vector fields of M manifold, i.e.^∂_{∂zh}^∗ =

∂z^{′k} ∂z^h ∂ ∂z^{′k} ∗ . Furthermore, by the conjugation operator, π^∗_C (T^′M) and π^∗(T_C M) are isomorphic.

Let V_C (T^′M) = ker π_∗ ⊂ T_C (T^′M) be the complexified vertical bundle. A local frame for V_u(T^′M) is {^∂_{∂η̄k} }. The vertical lift l^v, locally defined by l^v

�_∂

∂z^k � =^∂_{∂η̄k} , determines an isomorphism between T^′M and V (T^′M), ([AP1], [Mu]).

A complex nonlinear connection, briefly (c.n.c.), is a splitting in the exact sequence

(2) 0 → V (T^′M)^i→ T^′(T^′M)^p→ π^∗(T^′M) → 0,

with p(X_u) = (u, π_∗(X_u)), X_u = X^k_u^∂_{∂zk} + ~X^k_u^∂_{∂ηk} , ([M-A], [Mu]).

A (c.n.c.) determines a supplementary complex subbundle to V (T^′M) in T^′(T^′M), thus T^′(T^′M) = H(T^′M) ⊕ V (T^′M). There is an isomorphism between T^′M and H(T^′M), l^h : T^′M → H(T^′M), called the horizontal lift, with local representation l^h(^∂_{∂zk} ) =^δ_{δzk} , where (3) δ δz^k = ∂ ∂z^k

− N^j_k ∂ ∂η^j and the functions N^j_k (z, η) on T^′M are called the coefficients of the (c.n.c.).

The frame^δ_{δzk} transforms itself by the

�_{∂z′h}

∂z^k � matrix, for which results a certain rule of change for the coefficients N^j_k (z, η) of the (c.n.c.), ([Mu]). It results that the isomorphism p|_{H(T} ′_{M)} admits the local representation p|_{H(T} ′_{M)}

�_δ

δz^k � =^{∂∗}_{∂zk} . The frames {^δ_{δzk} ,^∂_{∂ηk} }, � dz^k, δη^k � are called adapted local frames of T^′_u(T^′M), respectively of T^′_u(T^{′∗}M), where δη^k = dη^k +N^k_j dz^j . By conjugation, we obtain the adapted local frames of T^{′′}_u (T^′M), respectively of T^{′′}_u (T^{′∗}M). Further on, as a rule, we shall use the abbreviations δ_i =^δ_{δzi} , ˙∂_i =^∂_{∂ηi} , δ_i =^δ_{δzi} , ˙∂_i =^∂_{∂ηi} , ([AP1], [Ai], [Mu]).

On T^′M let g_i¯_j =^{∂2L}_{∂ηi ∂ηj} be the fundamental metric tensor of a complex Finsler space (M, F ), with F^2(z, η) = L(z, η). The complex Cartan tensors C_i¯_{jk} :=^{∂gij̄}_{∂ηk} , C_i¯_j¯_k :=^{∂gij̄}_{∂η̄k} satisfy the properties:

C_i¯_{jk} = C_k¯_{ji}; C_i¯_j¯_k = C_i¯_k¯_j; C_i¯_{jk} = C_j¯_i¯_k; (4) C_i¯_{jk}η^k = C_i¯_j¯_kη^j = C_i¯_{jk}η^i = C_i¯_j¯_kη^k = 0.

The isomorphism between π^∗(T^′M) and T^′M induces an isomorphism between π^∗(T_C M) and T_C M. Thus, g_i¯_j defines an Hermitian metric structure

(5) G(z, η) := g_{jk}dz^{∗j} ⊗ dz^{∗k} on π^∗(T_C M), with respect to the J natural complex structure, i.e. G(X, Ȳ ) = G(X, Ȳ ), det(G) ≠ 0 and G(JX, JY ) = G(X, Y ), for any X, Y the sections on π^∗(T_C M).

On the other hand, H(T^′M) and π^∗(T^′M) are isomorphic by p|_{H(T} ′_{M)}, which it may be extended to the complexified bundles. Therefore the structures on π^∗(T_C M) can be pulled-back to H(T^′M) ⊕ H(T^′M). By this isomorphism the natural cobasis dz^{∗j} is identified with dz^j .

In view of this construction we have, [Al]:

Theorem 1. Let (M, F ) be a complex Finsler space. The pull-back tangent bundle π^∗(T^′M) admits a unique (c.l.c.) ∇, called the Chern (c.l.c.), which is metric with respect to G and of (1, 0)−type.

The pull-back expression of ∇ connection form is ω^i_j(z, η) = L^i_{jk}(z, η)dz^k + C^i_{jk}(z, η)δη^k ; (6) L^i_{jk} = g^{mi} δg_{jm} δz^k

; C^i_{jk} = g^{mi}

∂g_{jm} ∂η^k . The Chern (c.l.c.) on π^∗(T^′M) determines the Chern-Finsler (c.n.c.) on T^′M,

with the coefficients CF N^i_k= g^{mi ∂gjm}_{∂zk} η^j , and its 1−form ω^i_j satisfies the following structure equations (7) d(dz^i) − dz^k ∧ ω^i_k = Ω^i ; dω^i_j − ω^k_j ∧ ω^i_k = Ω^i_j, and their conjugates. The 2− forms of torsion and curvature are:

Ω^i = − 1 2 T^i_{jk}dz^j ∧ dz^k − C^i_{jk}dz^j ∧ δη^k;

Ω^i_j = R^i_{jhk}dz^k ∧ dz^h + Ξ^i_{jhk}δη^k ∧ dz^h + P^i_{jhk}dz^k ∧ δη^h + S^i_{jhk}δη^k ∧ δη^h, where T^i_{jk} : = L^i_{jk} − L^i_{kj} ; (8) R^i_{jhk} : = −δ_hL^i_{jk} − δ_h( CF N^l_k)C^i_{jl} ; Ξ^i_{jhk} := −δ_hC^i_{jk} = Ξ^i_{khj} ;

P^i_{jhk} : = − ˙∂_hL^i_{jk} − ˙∂_h( CF N^l_k)C^i_{jl} ; S^i_{jhk} := − ˙∂_hC^i_{jk} = S^i_{khj} .

The coefficients R^i_{jhk}, Ξ^i_{jhk}, P^i_{jhk}, S^i_{jhk} are hh−, vh−, hv−, vv−curvatures of the Chern-Finsler^{CF}N −(c.l.c.) on T^′M from [AP1] and [Mu], induced by the Chern (c.l.c.) on π^∗(T^′M), see [Al].

We recall here the following properties i) R^i_{hk} := R^i_{jhk}η^j = −δ_h CF N^i_k; P^i_{hk} := P^i_{jhk}η^j = −^.∂_h CF N^i_k;

ii) Ξ^i_{jhk}η^j = S^i_{jhk}η^j = 0;

iii) P^i_{hk} = −g^{ji}(C_{ljh}η^l)_{|k}; P_{rhk} := P^i_{hk}g_{ir} = −(C_{lrh}η^l)_{|k};

P^i_{hk}η^h = P_{rhk}η^r = P_{rhk}η^h = 0, where by ” � ” , ” | ” , ”¯�” and ”¯|”, we denoted the h−, v−, h−, v− covariant derivatives with respect to the Chern (c.l.c), respectively. By differentiating the structure equations and the condition of G− compatibility we obtained Bianchi identities. See [Al] for more details.

The Riemann type tensor R(W, Z, X, Y ) : = G(R(X, Y )W, Z); (9) R(X, Y )W : = W^iX^kY^hR^l_{ihk} ∂ ∂z^l ∗ , where W := W^{i ∂}_{∂zi}^∗, X := X^{k ∂}_{∂zk}^∗ and Z := Z^{j ∂}_{∂zj}^∗; Y := Y^{h ∂}_{∂zh}^∗ are local sections on π^∗(T^′M), π^∗(T^′M), respectively, has the properties: R(W, Z, X, Y ) = W^iZ^j X^kY^hR_{ijkh}; R_{jihk} := R^l_{ihk}g_{lj};

(10) R_{ijkh} = −R_{ijhk} = R_{jihk} = R_{jihk};

If R^i_{jhk} = R^i_{khj} then R_{ijkh} = R_{kjih} = R_{khij̄}.

By setting R_{jk} := R_{ijkh}η^iη^h = −g_{lj}δ_h( CF N^l_k)η^h, the Ricci scalar and the Ricci tensor associated to the Chern (c.l.c.) on π^∗(T^′M) are defined by Ric : = g^{jk}R_{jk} = R^k_{ihk}η^iη^h;

(11) Ric_{ij} : =

∂^2Ric ∂η^i∂η^j .

An easy computation shows that R_{jk} and Ric are 1− homogeneous with respect

to η, hence Ric_{ij} η^iη^j = Ric and � Ric_{ij} − R^k_{ijk} � η^iη^j = 0.

Now, let us recall that in [AP1]’s terminology, the complex Finsler space (M, F ) is strongly Kähler iff T^i_{jk} = 0, Kähler iff T^i_{jk}η^j = 0 and weakly Kähler iff g_{il}T^i_{jk}η^j η^l = 0. We notice that in the particular case of complex Finsler metrics which come from Hermitian metrics on M, so-called purely Hermitian metrics in [Mu], that is g_{ij} = g_{ij} (z), those three nuances of Kähler coincide, [S]. For purely Hermitian metrics with the additional condition of Kähler, the Ricci tensor defined in (11) coincides with the Ricci tensor in Kähler geometry.

3. Holomorphic flag curvature

The notion of holomorphic flag curvature is a generalization of the holomorphic sectional curvature to complex Finsler geometry. Following the ideas from the real case, ([BCS]), we study the holomorphic flag curvature with respect to the Chern (c.l.c.).

We consider z ∈ M and η ∈ T^′_zM, η ≠ 0. A flag is described by the tangent vector field η, called flagpole, and another transversal vector field χ. Let (η, χ) be the flag in which, η and χ are viewed as local sections of π^∗(T^′M), i.e. η := η^{i ∂}_{∂zi}^∗ and χ := χ^{j ∂}_{∂zj}^∗.

Definition 1. The holomorphic flag curvature of the complex Finsler metric F , along of the flag (η, χ), is given by

(12) K_F (z, η, χ) :=

R(η, χ, η, χ) + R(χ, η, χ, η) G(η, η)G(χ, χ) , where, G(χ, χ) ≠ 0.

The holomorphic flag curvature K_F (z, η, χ) depends both on the position z ∈ M and the flag (η, χ), and by Proposition 2.5.2 from [AP1], p.107, if R^i_{jhk} = R^i_{khj} , then it completely determines the curvature tensor R^i_{jhk}. K_F (z, η, χ) is real valued.

In particular, choosing η ≡ χ, we obtain

(13) K_F (z, η) :=

2R(η, η, η, η) G^2(η, η) , called in [AP1] the holomorphic curvature of F in direction η. In local coordinates it is

(14) K_F (z, η) =

2η^j η^kR_{jk} L^2(z, η) . Our goal in the sequel is to find the circumstances in which the holomorphic curvature of F in direction η is constant. This means that K_F (z, η) has the same constant value for any choice of z and η. We solve this problem for a particular class of complex Finsler spaces, the general case remaining unsettled for the moment. However this class of spaces is fairly generous and offers many significant solutions. Further on, we shall use the holomorphic curvature terminology for holomorphic curvature in direction η.

Let us introduce the following two d−tensors

(15) h_{kj} := g_{kj} − 1 L(z, η) η_kη_j and t_{kj} := L(z, η)g_{kj} + η_kη_j.

Note that h_{kj} is not invertible, because h_{kj}η^k = h_{kj}η^j = 0, while the inverse of t_{kj} is

(16) t^{jk} = 1 L g^{jk} − 1 2L^2 η^j η^k.

A direct computation yields Proposition 1. i) h_{kj} = h_{jk}; t_{kj} = t_{jk}; ii) h_{kj}g^{jk} = n − 1; t_{kj}g^{jk} = L(n + 1); g_{kj} =^{tkj +Lhkj}_{2L} ; iii) t_{kj}η^k = 2Lη_j; t_{kj}η^j = 2Lη_k; t_{kj}η^kη^j = 2L^2;

iv) t_{kj|r} = t_{kj|r} = 0; t_{kj}|_r = η_rg_{kj} + η_kg_{rj} ; t_{kj}|_r = η_rg_{kj} + η_j g_{kr}; v) t_{kj}|_rη^r = t_{kj}; t_{kj}|_rη^j = 2η_kη_r; t_{kj}|_rη^k = t_{rj}; t_{kj}|_rη^r = t_{kj};

t_{kj}|_rη^k = 2η_jη_r; t_{kj}|_rη^j = t_{kr}.

Definition 2. The complex Finsler space (M, F ) is called generalized Einstein if R_{jk} is proportional to t_{kj}, i.e. if there exists a real valuated function K(z, η), such that (17) R_{jk} = K(z, η)t_{kj} .

Under the (1) changes of complex coordinates on T^′M, the function K(z, η) is well defined on T^′M. As a consequence of the 1−homogeneity property of t_{kj} and R_{jk}, we obtain K(z, λη) = K(z, η), for any λ ∈ C. Moreover, from (17) formula we deduce:

Proposition 2. If (M, F ) is a (g.E.) complex Finsler space then i) K(z, η) =^1_4 K_F (z, η);

ii) K(z, η)|_kη^k = K(z, η)|_j η^j = K(z, η)|_j |_kη^k = K(z, η)|_k |_jη^j = 0; iii) R_{jk} = R_{kj}.

Proposition 3. Let (M, F ) be a complex Finsler space. The following statements are equivalent:

i) (M, F ) is (g.E.); ii) R_{jhk} : = R^l_{hk}g_{lj} = K(z, η) � g_{kj}η_h + g_{kh}η_j � + (18) K(z, η)|_ht_{kj} + C_{jh|k|m̄}η̄^m;

iii)

R_{jlhk} = K(z, η) � C_{kjl}η_h + C_{khl}η_j + g_{lh}g_{kj} + g_{lj} g_{kh} � + (19)

K(z, η)|_l � g_{kj} η_h + g_{kh}η_j � + K(z, η)|_h � L(z, η)C_{kjl} + C_{kl}η_j + g_{kj} η_l + g_{lj}η_k � + K(z, η)|_h|_lt_{kj} + C_{jh|r|m̄}C^r_{kl}η̄^m + C_{jh|k|m̄}|_lη̄^m − C_{jr|k}C^r_{l|h}.

Given any of these equivalent conditions, we have (20) 2L(z, η)K(z, η)|_k η_j − C_{jr|l}C^r_{k|h̄}η^lη̄^h−^.T_{jk}= 0, where η_i : = g_{ij} η^j; C_{ij} := C_{hij}η^h ; C^r_l := g^{rj}C_{jl};

(21) T_{jk} : = g_{ij} T^i_{lk}η^l ;^.T_{jk}:= T_{jk|m}η^m.

Proof. By a direct computation, we obtain: (22) R_{jk}|_h = K(z, η) � g_{kj} η_h + g_{kh}η_j � + K(z, η)|_ht_{kj}; and R_{jk}|_h|_l = K(z, η) � g_{lh}g_{kj} + g_{lj} g_{kh} � + (23)

K(z, η)|_l � g_{kj}η_h + g_{kh}η_j � + K(z, η)|_h � g_{kj} η_l + g_{lj} η_k � + K(z, η)|_h|_lt_{kj}.

Now let us prove that i) ⇐⇒ ii).

Given R_{jk} as in (17), we can reconstruct R^i_{jk}. For this, contracting the Bianchi identity, (see [Al]),

R^i_{jhk}|_l − P^i_{jlk|h} − Ξ^i_{jhl}P^r_{lk} + S^i_{jlr}R^r_{hk} + R^i_{jrk}C^r_{hl} = 0 with η^j η^h, we obtain R^i_{hk}|_lη^h = −C^i_{l|k|h}η^h.

On the other hand, R^i_{hk}|_lη^h = R^i_k|_l − R^i_{lk} and so, R^i_{lk} = C^i_{l|k|h}η^h + R^i_k|_l. Indeed, R_{ilk} = C^i_{l|k|h}η^h + R_{ik}|_l which, together with (22) implies ii).

Conversely, ii) and the fact that R_{jhk}η^h = R_{jk}, K(z, η)|_hη^h = 0 and C_{jh|k|m̄}η̄^mη^h = 0 give i).

i) ⇐⇒ iii). Given R_{jk} as in (17), we use the following Bianchi identity R^i_{jhk}|_l − Ξ^i_{jhl|k} − P^i_{jrk}P^r_{lh} + S^i_{jrl}R^r_{kh} + R^i_{jhr}C^r_{kl} = 0 to reconstruct R_{jlhk}. If we contract this with η^j , we obtain R^i_{jhk}|_lη^j = −C^i_{r|k}C^r_{l|h}− R^i_{hr}C^r_{kl}.

But, R^i_{jhk}|_lη^j = R^i_{hk}|_l − R^i_{lhk}, so that R^i_{lhk} = R^i_{hk}|_l − C^i_{r|k}C^r_{l|h} + R^i_{hr}C^r_{kl}. It results that R_{jlhk} = R_{jr}|_hC^r_{kl} + R_{jk}|_h|_l + C_{jh|r|m}C^r_{kl}η^m − C_{jr|k}C^r_{l|h} + C_{jh|k|m}|_lη^m. Plugging (22) and (23) into the last relation, we obtain iii). The converse follows from K(z, η)|_j η^j = 0 and K(z, η)|_j |_lη^l = 0.

To prove (20) we compute (R_{jlhk} − R_{jkhl})η^lη^h in two ways. By iii), (R_{jlhk} − R_{jkhl})η^lη^h = −2L(z, η)K(z, η)|_k η_j + C_{jr|l}C^r_{k|h̄}η^lη̄^h, and by Bianchi identity T^i_{jk|h} + A_{jk} � R^i_{jhk} − C^i_{jl}R^l_{hk} � = 0, we obtain (R_{jlhk} − R_{jkhl})η^lη^h = −^.T_{jk} . So, we have (20). □

Proposition 4. Let (M, F ) be a (g.E.) complex Finsler space. Then i) K := K(z) depends on z alone. ii) C_{jh|k|m̄}η^kη̄^m − 2K(z)L(z, η)C_{jh} = 0.

Proof. Since R_{jlhk} = R_{jlhk}, then R_{jlhk}η̄^lη̄^k = R_{jlhk}η^lη^k. If we contract (19) by η^lη^k, taking into account Proposition 3.2, ii) we deduce (24) R_{jlhk}η^lη^k = C_{jh|k|m̄}η^kη̄^m + 2L(z, η)K(z, η)|_hη̄_j + 2K(z, η)η̄_jη̄_h.

On the other hand, R_{jlhk}η̄^lη̄^k = R_{ljkh}η̄^lη̄^k and by (19), we have R_{ljkh}η̄^lη̄^k = 2K(z, η) (L(z, η)C_{jh} + η_j η_k) + 2L(z, η)K(z, η)|_j η_h. By conjugation,

(25) R_{ljkh}η̄^lη̄^k = 2K(z, η) � L(z, η)C_{jh} + η_j η_k � + 2L(z, η)K(z, η)|_j η_h.

So, (24) and (25) lead to

(26) C_{jh|k|m̄}η^kη̄^m − 2L(z, η) � K(z, η)C_{jh} − K(z, η)|_hη̄_j + K(z, η)|_jη̄_h � = 0.

To prove i) we contract (26) with η̄^j and we have 2L^2(z, η)K(z, η)|_h = 0. Hence K(z, η)|_h = 0, i.e.^{∂K(z,η)}_{∂η̄h} = 0. By conjugation,^{∂K(z,η)}_{∂ηh} = 0, and so K does not depends on η. As a consequence of i), (26) relation brings to ii). □ Proposition 5. Let (M, F ) be a (g.E.) complex Finsler space. Then i) Ric = (n + 1)L(z, η)K(z); ii) Ric_{ij} = (n + 1)K(z)g_{ij} .

Note that in any (g.E.) complex Finsler space the holomorphic curvature depends on z only, K_F (z) := K_F (z, η) = 4K(z) and the Ricci scalar, associated to the Chern (c.l.c.) on π^∗(T^′M), is real valued. Moreover, the assertion ii) from above proposition shows that the Ricci tensor is proportional with g_{ij} . This motivates the name ’generalized Einstein’.

In the remainder of this section, we prove a necessary and sufficient condition that a complex Finsler space be (g.E.).

Proposition 6. Let (M, F ) be a complex Finsler space. The following assertions are equivalent:

i) The holomorphic curvature of F depends only on the position z ∈ M and satisfies

(27)

∂R_{ji} ∂η^k η^i =

∂R_{ik} ∂η^j η^i = R_{jk},

ii) The complex Finsler space is (g.E.).

Proof. If^{∂KF (z,η)}_{∂ηi} =^{∂KF (z,η)}_{∂ηi} = 0 and taking into account (14) then,

∂^2R_{jk} ∂η^i ∂η^h η

kη^j +^{∂Rhk}_{∂ηi} η^k +^{∂Rji}_{∂ηh} η^j + R_{hi} = K_F (z, η)t_{ih}, and plugging (27) into this, it yields that F is (g.E.).

For the converse, it is obvious that K_F depends on z only and from Proposition 3.1, v), the conditions (27) are easily deduced. □

4. Generalized Einstein spaces with constant holomorphic curvature As noticed in the previous section, for a (g.E.) complex Finsler space the proportionality factor is^1_4 K_F (z) and it depends on z only. Therefore, the problem of (g.E.) spaces with constant holomorphic curvature reduces to determine the conditions in which K(z) is constant on M.

For the beginning, we prove a Schur type theorem for (g.E.) complex Finsler spaces, namely:

Theorem 2. Let (M, F ) be a (g.E.) connected complex Finsler space, weakly Kähler, of complex dimension � 2. Then it is a space with constant holomorphic curvature.

Proof. By a direct computation, using Proposition 3.1, iv), we obtain R_{jk|l} = t_{kj}K(z)_{|l};

(28) R^s_{kh} = C^s_{k|h|m}η^m + R^s_h|_k; where

R^s_h := R_{hk}g^{sk} = � L(z, η)δ^s_h + η_hη^s � K(z);

R^s_h|_k = � η_kδ^s_h + g_{kh}η^s � K(z).

The contraction of Bianchi identity A_{kl} � R^i_{jhk|l} − P^i_{jrk}R^r_{lh} � + R^i_{jhm}T^m_{kl} = 0 with g_{ir}η^j η^lη^h, leads to R_{rk|l}η^l − R_{rl|k}η^l + C_{rs|k}R^s_hη^h − C_{rs|l}R^s_{kh}η^lη^h + R_{rm}T^m_{kl} η^l = 0. The last result and (28) give (29) K(z)g_{mr} T^m_{kl} η^lη^r + η_kK(z)_{|l}η^l − L(z, η)K(z)_{|k} = 0.

Since F is weakly Kähler, then from (29) we get η_kK(z)_{|l}η^l − L(z, η)K(z)_{|k} = 0. So, by conjugation we have

(30) K(z)_{|h} = 1 L(z, η) η_hK(z)_{|l}η^l.

Because of K(z)_{|h}|_j = K(z)|_{j|h} = 0, deriving (30) we easily deduce

0 = K(z)_{|h}|_j =^{K(z)|lηl}_{L(z,η)} h_{jh}, which multiplied by g^{h̄j} , in view of ii) in Proposition 3.1, for n � 2 we obtain K(z)_{|l}η^l = 0. Plugging it into (30), it follows that K(z)_{|h} = 0, i.e.^{∂K(z)}_{∂zh} = 0. By conjugation,^{∂K(z)}_{∂zh} = 0 and so, K(z) is a constant on M. □

By (29), we deduce the following Proposition 7. If (M, F ) is a (g.E.) complex Finsler space with K(z) a nonzero constant, then F is weakly Kähler.

Proof. Since F is (g.E.), with K(z) a nonzero constant, then K(z)_{|l} = 0 and (29) becomes g_{mr}T^m_{kl} η^lη^r = 0, i.e. F is weakly Kähler. □

Particularly, if (M, F ) is a (g.E.) complex Finsler space, with K(z) = 0, then it is a flat complex Finsler space, i.e. K_F = 0, and C_{jh|k|m̄}η^kη̄^m = 0. We note that if the complex Finsler metric F is locally Minkowski, i.e. it depends on η only, then it has R_{jlhk} = 0. So, it is (g.E.) metric with zero holomorphic curvature. We shall see in the final section that there exists (g.E.) complex Finsler spaces of zero holomorphic curvature which are not weakly Kähler or locally Minkowski.

Moreover, taking K(z) = c, c ∈ R, in Proposition 3.3, we have proved

Proposition 8. Let (M, F ) be a complex Finsler space. The following statements are equivalent:

i) (M, F ) is (g.E.), with K(z) = c; ii) (31) R_{jhk} = c � g_{kj}η_h + g_{kh}η_j � + C_{jh|k|m̄}η̄^m;

iii)

R_{jlhk} = c � C_{kjl}η_h + C_{khl}η_j + g_{lh}g_{kj} + g_{lj}g_{kh} � + (32)

C_{jh|r|m̄}C^r_{kl}η̄^m + C_{jh|k|m̄}|_lη̄^m − C_{jr|k}C^r_{l|h}.

From Proposition 3.2, i), we obtain

Proposition 9. Let (M, F ) be a complex Finsler space. If a statement from Proposition 4.2 is satisfied, then (M, F ) has constant holomorphic curvature 4c.

Proposition 10. Let (M, F ) be a (g.E.) complex Finsler space of constant holomorphic curvature 4c. Then,

i) Ric = c(n + 1)L(z, η); ii) Ric_{ij} = c(n + 1)g_{ij} ;

iii) R^l_{jk}η^j η^k = 2cL(z, η)η^l ; R_{jlhk}η^jη^lη^h = 2cL(z, η)η_k ;

iv) (R_{jlhk} − R_{jkhl})η^j η^lη^h = 0; v) C_{jh|k|m̄}η^kη̄^m − 2cLC_{jh} = 0.

Proof. It follows from Propositions 3.3, 3.5 and 4.2. □

Observe that the above conditions iii) and iv), with c = −1, are equivalent to the conditions of Theorem 3.1.15, from [AP1], p. 146. Therefore, the following Proposition gives a particular form of this Theorem.

Proposition 11. Let (M, F ) be a complex Finsler space. If one of equivalent conditions from Proposition 4.2 holds for c = −1, then F is the Kobayashi metric on M. Proposition 12. If (M, F ) is a (g.E.) complex Finsler space, Kähler with K(z) = c a nonzero constant, then F is purely Hermitian.

Proof. By Iacobi identity � ˙∂_i, [δ_j , δ_{k̄}] � + � δ_j , [δ¯_k, ˙∂_i] � + � δ¯_k, [ ˙∂_i, δ_j ] � = 0, we have ˙∂_iR^¯l_{jk̄} − ˙∂_j R^¯l_{ik̄} − T r_{ij}P^¯l_{rk̄} = 0.

Multiplying the last relation by g_m¯_lη^iη̄^k, we obtain 4cL(z, η)C_{mj} = T^r_{ij} η^iC_{mr|}¯_kη̄^k.

But the space is Kähler, so that C_{mj} = 0. This leads to^{∂gmk̄}_{∂ηj} = 0, i.e. F is purely Hermitian. □

Taking into account Propositions 4.2, iii),4.6 and 3.6 we may conclude that for the particular case of the complex Kähler-Finsler spaces of nonzero constant holomorphic curvature, the notions of (g.E.) and purely Hermitian coincide.

5. An example In this section we depict an example which illustrate our theory. We consider a complex Finsler space of complex dimension two. In order to reduce clutter, let us relabel the local coordinates z^1, z^2, η^1, η^2 as z, w, η, θ, respectively. Let

(33) L_{AS}(z, w; η, θ) := e^{2σ(z,w)} � |η|^4 + |θ|^4

� 1_2

, with η, θ ≠ 0,

be the complex version of Antonelli-Shimada metric on a domain from ~T^′M, dim_C M = 2, such that its metric tensor be nondegenerated, where σ(z, w) is a real valued function and |η^i|^2 := η^iη̄^i, η^i ∈ {η, θ}, ([Mu]).

A direct computation leads to

g_{zz} = e^{2σ(z,w)}|η|^2(|η|^4 + 2|θ|^4) (|η|^4 + |θ|^4)^32

; g^{zz} = e^{−2σ(z,w)}(2|η|^4 + |θ|^4) 2|η|^2(|η|^4 + |θ|^4)^12 ; (34)

g_{zw} = − e^{2σ(z,w)}|η|^2|θ|^2η̄θ (|η|^4 + |θ|^4)^32

; g^{wz} = e^{−2σ(z,w)}ηθ̄ 2(|η|^4 + |θ|^4)^12 ; g_{ww̄} = e^{2σ(z,w)}|θ|^2(2|η|^4 + |θ|^4) (|η|^4 + |θ|^4)^32

; g^{w̄w} = e^{−2σ(z,w)}(|η|^4 + 2|θ|^4) 2|θ|^2(|η|^4 + |θ|^4)^12 . The nonzero coefficients of the Chern (c.l.c.) are

L^z_z = L^w_z = 2 ∂σ ∂z ; L^z_w = L^w_w = 2 ∂σ ∂w ; (35)

C^z_{zz} =

|θ|^8η̄ |η|^2(|η|^4 + |θ|^4)^2

; C^z_{zw} = C^z_{wz} = −

|θ|^6θ̄ (|η|^4 + |θ|^4)^2

; C^z_{ww} =

|θ|^4θ̄^2η (|η|^4 + |θ|^4)^2 ; C^w_{ww} =

|η|^8θ̄ |θ|^2(|η|^4 + |θ|^4)^2

; C^w_{zw} = C^w_{wz} = −

|η|^6η̄ (|η|^4 + |θ|^4)^2

; C^w_{zz} =

|η|^4η̄^2θ (|η|^4 + |θ|^4)^2 . From here, we obtain

R_{z̄z} = −

2e^{2σ(z,w)}|η|^2 (|η|^4 + |θ|^4)^12 � ∂^2σ ∂z∂z̄

|η|^2 +

∂^2σ ∂z∂w̄ ηθ̄ � ; (36)

R_{z̄w} = −

2e^{2σ(z,w)}|η|^2 (|η|^4 + |θ|^4)^12 � ∂^2σ ∂w∂z̄

|η|^2 +

∂^2σ ∂w∂w̄ ηθ̄ � ; R_{w̄z} = −

2e^{2σ(z,w)}|θ|^2 (|η|^4 + |θ|^4)^12 � ∂^2σ ∂z∂w̄

|θ|^2 +

∂^2σ ∂z∂z̄ η̄θ � ; R_{w̄w} = −

2e^{2σ(z,w)}|θ|^2 (|η|^4 + |θ|^4)^12 � ∂^2σ ∂w∂w̄

|θ|^2 +

∂^2σ ∂w∂z̄ η̄θ � . We conclude that the (33) metric is not (g.E.) and its holomorphic curvature is K_F = −^4_{LAS}^{∂2σ}_{∂zk∂zh} η^kη^h, where z^i ∈ {z, w}, η^i ∈ {η, θ}.

Particularly, if^{∂2σ}_{∂zk∂zh} = 0 then the (33) metric is (g.E.) with K = 0. In this particular case, it is not purely Hermitian or weakly Kähler. Moreover, the (33) metric is locally Minkowski if and only if σ is a constant.

Acknowledgements. The author wishes to express her thanks to Professor Andrea Spiro for some useful suggestions.

References

[AP1] M. Abate, G. Patrizio, Finsler Metrics - A Global Approach, Lecture Notes in Math., 1591, Springer-Verlag, 1994.

[AP2] M. Abate, G. Patrizio, Kähler Finsler Manifolds of Constant Holomorphic Curvature, Int.

J. Math., 8 (1997), no.2, 167-186.

[Ai] T. Aikou, Projective Flatness of Complex Finsler Metrics, Publ. Math. Debrecen 63 (2003), 343–362.

[Al] N. Aldea, On Chern complex linear connection, Bull. Math. Soc. Sc. Math. Roumanie, 45 (93), no. 3-4 (2002), 119-131.

[An] M. Anastasiei, A Historical Remark on the Connections of Chern and Rund, Contemporary Math., Finsler Geom., 176 (1996), 171-177.

[BCS] D. Bao, S.S. Chern, Z. Shen, An Introduction to Riemannian Finsler Geom., Graduate Texts in Math., 200, Springer-Verlag, 2000.

[F] J.J. Faran, Hermitian Finsler Metrics and the Kobayashi Metric, J. Diff. Geom., 31 (1990), 601-625.

[K] S. Kobayashi, Hyperbolic Complex Spaces, Springer- Verlag, 1998.

[KHW] S. Kobayashi, C. Horst, H-H. Wu, Complex Differential Geometry, Birkhäuser Verlag, 1983. [M-A] R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces; Theory and Applications, Kluwer Acad. Publ., no.59, FTPH, 1994.

[Mu] G. Munteanu, Complex Spaces in Finsler, Lagrange and Hamilton Geometries, Kluwer Acad.

Publ., 2004.

[P] G. Pitiş, Rizza’s Conjecture Concerning the Bisectional Curvature, Riv. Mat. Univ. Parma (4) 16 (1990), 195-203.

[S] A. Spiro, The Structure Equations of a Complex Finsler Manifold, Asian J. Math., 5 (2001), 291-326.

Transilvania Univ., Faculty of Mathematics and Informatics Iuliu Maniu 50, Braşov, Romania,

e-mail: nicoleta.aldea@lycos.com