DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 289 – 303

Natural connections given by general linear and classical connections

Josef Janyška

Abstract. We assume a vector bundle p : E → M with a general linear connection K and a classical linear connection Λ on M . We prove that all classical linear connections on the total space E naturally given by (Λ, K) form a 15- parameter family. Further we prove that all connections on J^1E naturally given by (Λ, K) form a 14-parameter family. Both families of connections are described geometrically.

Introduction

The reduction theorems for classical (linear) connections on manifolds are very powerful tools to classify natural (invariant) operators (of any finite order) from the bundle of classical connections and some tensor bundle to another tensor bundle. By reduction theorems all such operators reduce to operators defined on tensor bundles only (operators of curvature tensor fields of classical connections in question, given tensor fields and covariant differentials of the curvature and given tensor fields). For the general theory of natural bundles and operators see [10, 11, 12, 14] and for the proof of reduction theorems for classical connections and their applications see [10, 13].

The reduction idea for general linear connections on vector bundles is also possible. It is a gauge version of reduction theorems for the gauge group G = GL(n, R). For operators of order one the first reduction theorem for general linear connection is in fact the special case of the Utiyama’s theorem, see [1, 10]. In [6] the reduction theorems for general linear connections were proved for operators of any finite orders with values in a gauge-natural bundle of order (1,0). In this gauge situation auxiliary classical connections on base manifolds have to be used.

Sometimes we need to study natural operators which have values in a natural or a gauge-natural bundle of higher order. In this case we can use higher order valued reduction theorems, for the case of classical connections see [7] and for the case of general linear connections see [8]. Typical operators of this type are natural tensor fields on the tangent or the cotangent bundle of a manifold with a classical connection or natural tensor fields on the total space of a vector bundle with a general linear connection and a classical connection on the base manifold.

2000 Mathematics Subject Classification. 53C05, 58A20, 58A32.

Key words and phrases. Gauge-natural bundle, natural operator, linear connection, classical connection, reduction theorem.

This paper is in final form and no version of it will be published elswhere. 289

In this paper we use the higher order valued reduction theorems for general linear connections, [8], to clasify all classical linear connections on the total space of a vector bundle p : E → M and connections on the first jet prolongation J^1E naturally induced by a general linear connection K on E and a classical connection Λ on M . We shall prove that there is a 15-parameter family of classical linear connections ~D(Λ, K) on the total space E and a 14-parameter family of connections ~Γ(Λ, K) on J 1E. We present also the geometrical description of both families and we show that ~Γ(Λ, K) can be obtained from ~D(Λ, K) by using the operator χ described in [9]. The result obtained for classical linear connections on E coincides with the classification of [3] (see also [10]).

All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a fibered manifold p : Y → X is denoted by C^∞(Y ), C^∞(Y , R) denotes the sheaf of (local) functions.

1. Higher order valued reduction theorems for general linear connections

In what follows let G = GL(n, R) be the group of linear automorphisms of R^n with coordinates (a^i_j ), i, j = 1, . . . , n. Let M_m be the category of m-dimensional C^∞- manifolds and smooth embeddings. Let VB_{m,n} be the category of vector bundles with m-dimensional bases, n-dimensional fibers and local fiber linear diffeomorphisms and let PB_m(G) be the category of smooth principal G-bundles with m-dimensional bases and smooth G-bundle maps (φ, f), where the map f ∈ MorM_m. Then any vector bundle (p : E → M) ∈ Ob VB_{m,n} can be considered as a zero order G-gauge-natural bundle given by the G-gauge-natural bundle functor of associated bundles PB_m(G) → VB_{m,n}.

Local linear fiber coordinates on E will be denoted by (x^A) = (x^λ, y^i), A = 1, . . . , m + n, λ = 1, . . . , m, i = 1, . . . , n. The induced fiber coordinates on T E or T^∗E will be denoted by (x^λ, y^i, ẋ^λ, ẏ^i) or (x^λ, y^i, ẋ_λ, ẏ_i) and the induced local bases of sections of T E or T^∗E will be denoted by (∂_λ, ∂_i) or (d^λ, d^i), respectively.

We define a general linear connection on E to be a linear section K : E → J^1E . Considering the contact morphism J^1E → T^∗M ⊗ T E over the identity of T M, a linear connection can be regarded as a T E-valued 1-form K : E → T^∗M ⊗ T E projecting onto the identity of T M.

The coordinate expression of a linear connection K is of the type

K = d^λ ⊗ � ∂_λ + K_j^i_λ y^j ∂_i � , with K_j^i_λ ∈ C^∞(M , R) . (1) Linear connections can be regarded as sections of a (1,1)-order G-gauge-natural bundle Lin E → M , [1, 6, 10]. The standard fiber of the functor Lin will be denoted by R = R^{n∗} ⊗ R^n ⊗ R^{m∗}, elements of R will be said to be formal linear connections, the induced coordinates on R will be said to be formal symbols of formal linear connections and will be denoted by (K_j^i_λ).

The curvature tensor field R[K] : M → E^∗ ⊗ E ⊗

�_2 T^∗M given by K is a natural operator R[K] : C^∞(Lin E) → C^∞(E^∗ ⊗E ⊗Λ^2T^∗M) which is of order one. Its coordinate expression is

R[K] = R[K]_j^i_{λμ} d^j ⊗ ∂_i ⊗ d^λ ∧ d^μ

= −2(∂_λK_j^i_μ + K_j^p_λK_p^i_μ) d^j ⊗ ∂_i ⊗ d^λ ∧ d^μ .

We define a classical connection on M to be a linear connection on the tangent vector bundle p_M : T M → M with the coordinate expression

Λ = d^λ ⊗ � ∂_λ + Λ_ν^μ_λ ẋ^ν ˙∂_μ � , Λ_μ^λ_ν ∈ C^∞(M, R) . (2) Classical connections can be regarded as sections of a 2nd order natural bundle Cla M → M, [10]. The standard fiber of the functor Cla will be denoted by Q = R^{m∗} ⊗ R^m ⊗ R^{m∗}, elements of Q will be said to be formal classical connections, the induced coordinates on Q will be said to be formal Christoffel symbols of formal classical connections and will be denoted by (Λ_μ^λ_ν ). The natural subbundle of symmetric classical connections will be denoted by Cla_τ M → M with local fiber coordinates (x^λ, Λ_μ^λ_ν ), Λ_μ^λ_ν = Λ_ν^λ_μ.

The curvature tensor field of a classical connection is a natural operator

R[Λ] : C^∞(Cla M) → C^∞(T^∗M ⊗ T M ⊗ 2� T^∗M)

which is of order one.

Let us denote by E^{p,r}_{q,s} := ⊗^pE ⊗ ⊗^qE^∗ ⊗ ⊗^rT M ⊗ ⊗^sT^∗M the tensor product over M and recall that E^{p,r}_{q,s} is a vector bundle which is a G-gauge-natural bundle of order (1, 0).

A classical connection Λ on M and a linear connection K on E induce the linear tensor product connection K^p_q ⊗ Λ^r_s := ⊗^pK ⊗ ⊗^qK^∗ ⊗ ⊗^rΛ ⊗ ⊗^sΛ^∗ on E^{p,r}_{q,s}

K^p_q ⊗ Λ^r_s : E^{p,r}_{q,s} → T^∗M ⊗_M T E^{p,r}_{q,s}

which can be considered as a linear section

K^p_q ⊗ Λ^r_s : E^{p,r}_{q,s} → J^1E^{p,r}_{q,s} .

Then we define, [5], the covariant differential of a section Φ : M → E^{p,r}_{q,s} with respect to the pair of connections (Λ, K) as a section of E^{p,r}_{q,s} ⊗ T^∗M given by

∇^{(Λ,K)}Φ = j^1Φ − (K^p_q ⊗ Λ^r_s) ∘ Φ .

In what follows we set ∇ = ∇^{(Λ,K)} and φ^{i1...ipλ1...λr}_{j1...jq μ1...μs;ν} = ∇_ν φ^{i1...ipλ1...λr}_{j1...jq μ1...μs} . We shall denote by ∇^i the i-th iterated covariant differential and we shall put

∇^{(k,r)} :=(∇^k, . . . , ∇^r), r � k, ∇^{(r)} := ∇^{(0,r)}.

Let us denote by C_{C,i}M the i-th curvature bundle of symmetric classical connections given as the image of the natural operator

∇^iR[Λ] : J^{i+1} Cla_τ M → T^∗M ⊗_M T M ⊗_M 2� T^∗M ⊗_M ⊗^iT^∗M .

We shall put C^{(r)}_C M := C_{C,0}M ×_M . . . ×_M C_{C,r}M and pr^r_k : C^{(r)}_C M → C^{(k)}_C M , r � k,

the canonical projection.

Similarly let us denote by C_{L,i}E the i-th curvature bundle of general linear connections given as the image of the natural operator

∇^iR[K] : J^{i−1} Cla_τ M ×_M J^{i+1} Lin E → E^∗ ⊗_M E ⊗_M 2� T^∗M ⊗_M ⊗^iT^∗M .

We shall put C^{(r)}_L E := C_{L,0}E ×_M . . . ×_M C_{L,r}E and pr^r_k : C^{(r)}_L M → C^{(k)}_L M, r � k, the canonical projection.

We denote by J^{k−2} Cla_τ M ×_M J^{k−1} Lin E ×_M C^{(k−2,s−1)}_C M ×_M C^{(k−1,r−1)}_L E, s � r−2, the pullback of

pr^{s−1}_{k−3} × pr^{r−1}_{k−2} : C^{(s−1)}_C M ×_M C^{(r−1)}_L E → C^{(k−3)}_C M ×_M C^{(k−2)}_L E with respect to the surjective submersion, [6],

(∇^{(k−3)}R[Λ], ∇^{(k−2)}R[K]) : J^{k−2} Cla_τ M ×_M J^{k−1} Lin E → C^{(k−3)}_C ×_M C^{(k−2)}_L E . Then the first k-th order valued reduction theorem can be formulated as follows, for the poof see [8],

Theorem 1. Let s � r − 2, r + 1, s + 2 � k � 1. Let F be a G-gauge-natural bundle of order k. All natural differential operators f : C^∞(Cla_τ M ×_M Lin E) → C^∞(F E) which are of order s with respect to symmetric classical connections and of order r with respect to general linear connections are of the form

f(j^sΛ, j^rK) = g(j^{k−2}Λ, j^{k−1}K, ∇^{(k−2,s−1)}R[Λ], ∇^{(k−1,r−1)}R[K]) where g is a unique natural operator

g : J^{k−2} Cla_τ M ×_M J^{k−1} Lin E ×_M C^{(k−2,s−1)}_C M ×_M C^{(k−1,r−1)}_L E → F E . Further let us denote by Z_iE the image of the operator (∇^{(i−2)}R[Λ],∇^{(i−2)}R[K], ∇^{(i)}Φ) :

J^{i−1} Cla_τ M ×_M J^{i−1} Lin E ×_M J^iE^{p1,p2}_{q1,q2} → C^{(i−2)}_C M ×_M C^{(i−2)}_L E ×_M E^{p1,p2}_{q1,q2} ⊗_M ⊗^iT^∗M We shall put Z^{(r)}E := Z_0E ×_M . . . ×_M Z_rE and pr^r_k : Z^{(r)}E → Z^{(k)}E, r � k, the canonical projection.

We denote by J^{k−2} Cla_τ M ×_M J^{k−2} Lin E ×_M J^{k−1}E^{p1,p2}_{q1,q2} ×_M Z^{(k,r)}E the pullback of pr^r_{k−1} : Z^{(r)}E → Z^{(k−1)}E with respect to the surjective submersion, [6],

(∇^{(k−3)}R[Λ], ∇^{(k−3)}R[K], ∇^{(k−1)}) :

J^{k−2} Cla_τ M ×_M J^{k−2} Lin E ×_M J^{k−1}E^{p1,p2}_{q1,q2} → Z^{(k−1)}E .

Then the second k-th order valued reduction theorem can be formulated as follows, [8],

Theorem 2. Let F be a G-gauge-natural bundle of order k � 1 and let r+1 � k. All natural differential operators f : C^∞(Cla_τ M ×_M Lin E ×_M E^{p1,p2}_{q1,q2} ) → C^∞(F E) of order r with respect sections of E^{p1,p2}_{q1,q2} are of the form

f(j^{r−1}Λ, j^{r−1}K, j^rΦ) = = g(j^{k−2}Λ, j^{k−2}K, j^{k−1}Φ, ∇^{(k−2,r−2)}R[Λ], ∇^{(k−2,r−2)}R[K], ∇^{(k,r)}Φ) where g is a unique natural operator

g : J^{k−2} Cla_τ M ×_M J^{k−2} Lin E ×_M J^{k−1}E^{p1,p2}_{q1,q2} ×_M Z^{(k,r)}M → F E .

Remark 1. The order (r − 1) of the above operators with respect to linear and symmetric classical connections is the minimal order we have to use. The second reduction theorem can be easily generalized for any operators of orders s_1 or s_2 with respect to connections Λ or K, respectively, where s_1, s_2 � r − 1, s_1 � s_2 − 1. Then f(j^{s1} Λ, j^{s2} K, j^rΦ) = = g(j^{k−2}Λ, j^{k−2}K, j^{k−1}Φ, ∇^{(k−2,s1−1)}R[Λ], ∇^{(k−2,s2−1)}R[K], ∇^{(k,r)}Φ) .

Remark 2. The above higher order valued valued reduction theorems deal with symmetric classical connections on the base manifolds. If Λ is a non-symmetric classical connection, then there is its unique splitting Λ = ~Λ + T, where ~Λ is the symmetric classical connection obtained from Λ by symmetrization, i.e., ~Λ_μ^λ_ν = 1 2 (Λ_μ^λ_ν + Λ_ν^λ_μ), and T is the torsion (1, 2)-tensor, i.e., T_μ^λ_ν =^1_2 (Λ_μ^λ_ν − Λ_ν^λ_μ). Then any finite order natural operator for Λ and K is of the form, s � r − 2, f(j^sΛ, j^rK) = f(j^s ~Λ, j^rK, j^sT ) = = g(j^{k−2} ~Λ, j^{k−2}K, j^{k−1}T, ~∇^{(k−2,s−1)}R[~Λ], ~∇^{(k−2,r−1)}R[K], ~∇^{(k,s)}T ) , where ~ refers to ~Λ.

2. Natural classical connections on the total space of a vector bundle A classical connection D on E is given by D : T E → T^∗E ⊗ T T E over the identity of T E. In coordinates D = d^C ⊗ (∂_C + D_B^A_C ẋ^B ˙∂_A) , D_B^A_C ∈ C^∞(E, R) . (3) Given a general linear connection K on E and a classical connection Λ on the base manifol M we have an induced natural classical connection D(Λ, K) on E given by, [2, 10],

Proposition 1. There exists a unique classical connection D = D(Λ, K) on the total space E with the following properties ∇^D_{hK (X)}h^K (Y ) = h^K (∇^Λ_X Y ), ∇^D_{hK (X)}s^V = (∇^K_X s)^V , ∇^D_{sV} h^K (X) = 0, ∇^D_{sV} σ^V = 0 , for all vector fields X, Y on M and all sections s, σ of E, where h^K is the horisontal lift with respect to K, ∇^K , ∇^Λ, ∇^D are covariant differentials with respect to K, Λ , D, respectively, and s^V , σ^V denote the vertical lifts of the sections s, σ, respectively.

In coordinates

D_μ^λ_ν = Λ_μ^λ_ν , D_μ^λ_k = 0 , D_j^λ_ν = 0 , D_j^λ_k = 0 , D_μ^i_ν = � ∂_ν K_p^i_μ − K_r^i_ν K_p^r_μ + K_p^i_ρ Λ_μ^ρ_ν � y^p , D_μ^i_k = K_k^i_μ , D_j^i_ν = K_j^i_ν , D_j^i_k = 0 .

Remark 3. Cla E is a G-gauge-natural bundle of order (2,2) and D(Λ, K) defines the natural operator D : C^∞(Cla M ×_M Lin E) → C^∞(Cla E) which is of order zero with respect to Λ and of order one with respect to K.

The difference of any two classical connections on E is a tensor field on E of the type (1, 2). So, having the connection D(Λ, K), all classical connections on E naturally given by K and Λ are of the type D(Λ, K) + Φ(Λ, K), where Φ(Λ, K) is a natural (1,2)-tensor field on E. Hence, the problem of classiffication of natural classical connections on E is reduced to the problem of classifffication of natural tensor fields on E.

Any tensor field on E is a section of a G-gauge-natural bundle of order (1, 1). Then, by Theorem 2 and Remark 2, we get

Corollary 1. Let Φ be a tensor field on E naturally given by a classical connection Λ on M (in order s) and by a general linear connection K on E (in order r, s � r − 2). Then

Φ(u, j^sΛ, j^rK) = Ψ(u, ~∇^{(s)}T, ~∇^{(s−1)}R[~Λ], K, ~∇^{(r−1)}R[K]) ,

where u ∈ E and ~ refers to the classical symmetrized connection ~Λ.

Now we can use the above Corollary 1 to classify (1,2)-tensor fields on E. We have

Lemma 1. All (1,2)-tensor fields on E naturally given by Λ (in order s) and by K (in order r, s � r−2) are of the maximal order 1 (with respect to both connections) and form a 15-parameter family of operators with the coordinate expression given by

Φ(Λ, K) = � a_1 T_μ^λ_ν + a_2 δ^λ_μT_ρ^ρ_ν + a_3 δ^λ_ν T_μ^ρ_ρ � d^μ ⊗ ∂_λ ⊗ d^ν + � y^i (b_1 T_ρ^ρ_μ T_σ^σ_ν + b_2 T_σ^ρ_μ T_ρ^σ_ν + b_3 T_ρ^ρ_σ T_μ^σ_ν + c_1 T_ρ^ρ_{μ;ν} + c_2 T_ρ^ρ_{ν;μ}

+ c_3 T_μ^ρ_{ν;ρ} + d_1 ~R_ρ^ρ_{μν} + d_2 ~R_μ^ρ_{ρν} + e_2 R_p^p_{μν} ) + e_1 R_j^i_{μν} y^j

+ (a_3 − h_2) T_μ^ρ_ρ K_j^i_ν y^j + (a_2 − h_1) T_ρ^ρ_ν K_j^i_μ y^j + a_1 T_μ^ρ_ν K_j^i_ρ y^j � d^μ ⊗ ∂_i ⊗ d^ν

+ h_1 δ^i_j T_ρ^ρ_ν d^j ⊗ ∂_i ⊗ d^ν + h_2 δ^i_k T_ρ^ρ_μ d^μ ⊗ ∂_i ⊗ d^k ,

where a_i, b_i, c_i, i = 1, 2, 3, d_j , e_j , h_j , j = 1, 2, are real coefficients.

Proof. By the general theory of natural operators, [10], we have to classify all equivariant mappings between standard fibers of G-gauge-natural bundles in question. T^∗E ⊗ T E ⊗ T^∗E is a G-gauge-natural bundle of order (1, 1) where the action of the group W^{(1,1)}_{m,n} G on the standard fiber S_F = R^{(m+n)∗} ⊗ R^{(m+n)} ⊗ R^{(m+n)∗} is given by Φ̄_j^i_k = a^i_r Φ_s^r_t ã^s_j ã^t_k + a^i_{pρ} y^p Φ_s^ρ_t ã^s_j ã^t_k , (4) Φ̄_j^i_ν = a^i_r Φ_s^r_τ ã^s_j ã^τ_ν + a^i_r Φ_s^r_t ã^s_j ã^t_{pν} a^p_k y^k (5) + a^i_{pρ} y^p Φ_s^ρ_t ã^s_j ã^t_{kν} a^k_q y^q + a^i_{pρ} y^p Φ_s^ρ_τ ã^s_j ã^τ_ν , Φ̄_μ^i_k = a^i_r Φ_σ^r_t ã^σ_μ ã^t_k + a^i_r Φ_s^r_t ã^s_{pμ} a^p_q y^qã^t_k (6) + a^i_{pρ} y^p Φ_s^ρ_t ã^s_{qμ} a^q_l y^l ã^t_k + a^i_{pρ} y^p Φ_σ^ρ_t ã^σ_μ ã^t_k ,

Φ̄_μ^i_ν = a^i_r Φ_σ^r_τ ã^σ_μ ã^τ_ν + a^i_r Φ_s^r_τ ã^s_{pμ} a^p_q y^qã^τ_ν (7) + a^i_r Φ_σ^r_t ã^σ_μ ã^t_{pν} a^p_l y^l + a^i_r Φ_s^r_t ã^s_{pμ} a^p_l y^lã^t_{qν} a^p_m y^m + a^i_{pρ} y^p Φ_s^ρ_t ã^s_{qμ} a^q_l y^l ã^t_{nν} a^n_m y^m + a^i_{pρ} y^p Φ_σ^ρ_t ã^σ_μ ã^t_{qν} a^q_l y^l + a^i_{pρ} y^p Φ_s^ρ_τ ã^s_{qμ} a^q_l y^lã^τ_ν + a^i_{pρ} y^p Φ_σ^ρ_τ ã^σ_μ ã^τ_ν , Φ̄_j^λ_k = a^λ_ρ Φ_s^ρ_t ã^s_j ã^t_k , (8) Φ̄_j^λ_ν = a^λ_ρ Φ_s^ρ_τ ã^s_j ã^τ_ν + a^λ_ρ Φ_s^ρ_t ã^s_j ã^t_{pν} a^p_k y^k , (9) Φ̄_μ^λ_k = a^λ_ρ Φ_σ^ρ_t ã^σ_μ ã^t_k + a^λ_ρ Φ_s^ρ_t ã^s_{pμ} a^p_q y^qã^t_k , (10)

Φ̄_μ^λ_ν = a^λ_ρ Φ_σ^ρ_τ ã^σ_μ ã^τ_ν + a^λ_ρ Φ_s^ρ_τ ã^s_{pμ} a^p_q y^qã^τ_ν (11) + a^λ_ρ Φ_σ^ρ_t ã^σ_μ ã^t_{pν} a^p_l y^l + a^λ_ρ Φ_s^ρ_t ã^s_{pμ} a^p_l y^lã^t_{qν} a^q_m y^m .

By Corollary 1 equivariant mappings Φ : R^n × T^s_mQ × T^r_mR → S_F between standard fibers are in the form

Φ_B^A_C (y^i, Λ_μ^λ_{ν,α}, K_j^i_{μ,β}) = Ψ_B^A_C (y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , where α, β, γ, δ, ε are multiindices of the ranks 0 � ‖α ‖, ‖γ ‖ � s, 0 � ‖β ‖ � r, 0 � ‖δ‖ � s−1, 0 � ‖ε‖ � r −1, and (Λ_μ^λ_{ν,α}) or (K_j^i_{μ,β}) are the induced coordinates on T^s_mQ or T^r_mR, respectively.

First, let us consider the equivariance of Ψ_B^A_C with respect to the fiber homotheties, i.e., with respect to (c δ^i_j ). Then, from (8), we get

c^{−2} Ψ_j^λ_k = Ψ_j^λ_k(c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) . Multiplying it by c^2 and letting c → 0, we obtain Ψ_j^λ_k = Φ_j^λ_k = 0 .

(12)

Similarly, from (9), (10) and (4), we have c^{−1} Ψ_j^λ_ν = Ψ_j^λ_ν (c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , c^{−1} Ψ_μ^λ_k = Ψ_μ^λ_k(c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , c^{−1} Ψ_j^i_k = Ψ_j^i_k(c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , which, by multiplying by c and letting c → 0, imply Ψ_j^λ_ν = Φ_j^λ_ν = 0 , Ψ_μ^λ_k = Φ_μ^λ_k = 0 , Ψ_j^i_k = Φ_j^i_k = 0 .

(13)

Further, from (5), (6) and (11), we have Ψ_j^i_ν = Ψ_j^i_ν (c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , Ψ_μ^i_k = Ψ_μ^i_k(c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , Ψ_μ^λ_ν = Ψ_μ^λ_ν (c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , which implies, by letting c → 0, that Ψ_j^i_ν , Ψ_μ^i_k and Ψ_μ^λ_ν are independent of y^i.

Finally, from (7), we have c Ψ_μ^i_ν = Ψ_μ^i_ν (c y^i, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) .

By the homogeneous function theorem, [10], Ψ_μ^i_ν is linear in y^p, i.e., Ψ_μ^i_ν = F_μ^i_{νp}(T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) y^p .

So we have equivariant functions Ψ_j^i_ν , Ψ_μ^i_k, Ψ_μ^λ_ν and F_μ^i_{νp} of variables T_μ^λ_{ν;γ} , ~R_μλ_{νκ;δ}, K_j i_μ, R_ji_{λμ;ε}.

Now we consider the base homotheties, i.e., the equivariance with respect to (c δ^λ_μ ). Then c^{−1} Ψ_μ^λ_ν = Ψ_μ^λ_ν (c^{−(‖γ‖+1)} T_μ^λ_{ν;γ} , c^{−(‖δ‖+2)} ~R_μ^λ_{νκ;δ}, c^{−1} K_j^i_μ, c^{−(‖ε‖+2)} R_j^i_{λμ;ε}) . The homogeneous function theorem implies that Ψ_μ^λ_ν is a polynomial function with exponents a_i in T_μ^λ_{ν;γ} , i = ‖γ‖, b_j in R_μ^λ_{νκ;δ}, j = ‖δ‖, c in K_j^i_μ and d_k in R_j^i_{λμ;ε}, k = ‖ε‖, such that

−1 = − s� i=0 (i + 1) a_i − s−1� j=0 (j + 2) b_j − c − r−1� k=0 (k + 2) d_k .

(14)

The above equation (14) has solutions in integers only for a_0 = 1 and the other coefficients vahish or c = 1 and the other coefficients vanish. This implies that Ψ_μ^λ_ν is of the type Ψ_μ^λ_ν = A^{λστ}_{μνρ} T_σ^ρ_τ + L^{λjρ}_{μνi} K_j^i_ρ , where A^{λστ}_{μνρ} and L^{λjρ}_{μνi} are absolute invariant tensors, i.e., products of the Kronecker symbols. Then

Ψ_μ^λ_ν = a_1 T_μ^λ_ν + a_2 δ^λ_μ T_ρ^ρ_ν + a_3 δ^λ_ν T_ρ^ρ_μ + l_1 δ^λ_μK_i^i_ν + l_2 δ^λ_ν K_i^i_μ . Finally, the equivariance of Ψ_μ^λ_ν with respect to elements of the type (δ^i_j , δ^λ_μ , a^i_{jλ}) implies l_1 = l_2 = 0 and we have Ψ_μ^λ_ν = Φ_μ^λ_ν = a_1 T_μ^λ_ν + a_2 δ^λ_μ T_ρ^ρ_ν + a_3 δ^λ_ν T_ρ^ρ_μ .

(15)

Similarly, for Ψ_j^i_ν and Ψ_μ^i_k, we get polynomial functions with exponents satisfying the same equation (14). So we have

Ψ_j^i_ν = H^{iστ}_{jνρ} T_σ^ρ_τ + M^{imρ}_{jνk} K_m^k_ρ , Ψ_μ^i_k = H^{iστ}_{μkρ} T_σ^ρ_τ + M^{imρ}_{μkp} K_m^p_ρ , where coefficients are absolute invariant tensors, i.e., Ψ_j^i_ν = h_1 δ^i_j T_ρ^ρ_ν + m_1 K_j^i_ν + m_2 δ^i_j K_p^p_ν , Ψ_μ^i_k = h_2 δ^i_k T_ρ^ρ_μ + m_3 K_k^i_μ + m_4 δ^i_k K_p^p_μ .

The equivariance with respect to elements of the type (δ^i_j , δ^λ_μ , a^i_{jλ}) implies m_i = 0, i = 1, . . . , 4, and we have Ψ_j^i_ν = Φ_j^i_ν = h_1 δ^i_j T_ρ^ρ_ν , Ψ_μ^i_k = Φ_μ^i_k = h_2 δ^i_k T_ρ^ρ_μ .

(16)

Finally, let us discuss F_μ^i_{νj}. Considering base homotheties and the homogeneous function theorem we get that F_μ^i_{νj} is polynomial with exponents satisfying (14) with −2 on the left hand side. Then we have the following 6 possible solutions: a_0 = 2 and the other exponents vanish; a_1 = 1 and the other exponents vanish; a_0 = 1, c = 1 and the other exponents vanish; b_0 = 1 and the other exponents vanish; c = 2 and the other exponents vanish; d_0 = 1 and the other exponents vanish. Then F_μ^i_{νj} = B^{iσ1τ1σ2τ2}

μνjρ_1ρ_2 Tσ1 ρ_1 τ_1 Tσ_2 ρ_2 τ_2 + C iστ_1τ_2 μνjρ Tσ ρ τ_1;τ_2 + N iστ_1qτ_2 μνjρp Tσ ρ τ_1 Kq p τ_2

+ D^{iστ1τ2}_{μνjρ} R̃_σ^ρ_{τ1τ2} + P^{iq1τ1q2τ2}_{μνjp1p1} K_{q1}^{p1}_{τ1} K_{q2}^{p2}_{τ2} + E^{iqτ1τ2}_{μνjp} R_q^p_{τ1τ2} , where all coefficients are absolute invariant tensors, i.e.,

F_μ^i_{νj} = δ^i_j (b_1 T_ρ^ρ_μ T_σ^σ_ν + b_2 T_σ^ρ_μ T_ρ^σ_ν + b_3 T_ρ^ρ_σ T_μ^σ_ν )

+ δ^i_j (c_1 T_ρ^ρ_{μ;ν} + c_2 T_ρ^ρ_{ν;μ} + c_3 T_μ^ρ_{ν;ρ}) + δ^i_j (n_1 T_ρ^ρ_μ K_p^p_ν + n_2 T_ρ^ρ_ν K_p^p_μ + n_3 T_μ^ρ_ν K_p^p_ρ) + n_4 T_μ^ρ_ρ K_j^i_ν + n_5 T_ρ^ρ_ν K_j^i_μ + n_6 T_μ^ρ_ν K_j^i_ρ + d_1 δ^i_j ~R_ρ^ρ_{μν} + d_2 δ^i_j ~R_μ^ρ_{ρν} + e_1 δ^i_j R_p^p_{μν} + e_2 R_j^i_{μν} + δ^i_j (p_1 K_p^p_μ K_q^q_ν + p_2 K_q^p_μ K_p^q_ν ) + p_3 K_j^i_μ K_p^p_ν + p_4 K_j^i_ν K_p^p_μ + p_5 K_p^i_μ K_j^p_ν + p_6 K_p^i_ν K_j^p_μ .

The equivariance with respect to elements of the type (δ^i_j , δ^μ_ν , a^i_{jμ}) implies n_1 = n_2 = n_3 = 0, n_4 = a_3 − h_2, n_5 = a_2 − h_1, n_6 = a_1, p_i = 0, i = 1 . . . , 6, and the other coefficients are arbitrary. Then

Ψ_μ^i_ν = Φ_μ^i_ν = F_μ^i_{νj} y^j = y^i (b_1 T_ρ^ρ_μ T_σ^σ_ν + b_2 T_σ^ρ_μ T_ρ^σ_ν + b_3 T_ρ^ρ_σ T_μ^σ_ν )

(17) + y^i (c_1 T_ρ^ρ_{μ;ν} + c_2 T_ρ^ρ_{ν;μ} + c_3 T_μ^ρ_{ν;ρ}) + y^j � (a_3 − h_2) T_μ^ρ_ρ K_j^i_ν + (a_2 − h_1) T_ρ^ρ_ν K_j^i_μ + a_1 T_μ^ρ_ν K_j^i_ρ � + d_1 y^i ~R_ρ^ρ_{μν} + d_2 y^i ~R_μ^ρ_{ρν} + e_1 y^i R_p^p_{μν} + e_2 R_j^i_{μν} y^j .

Summerizing all results (12), (13), (15), (16) and (17) we get Lemma 1. □ As a direct consequence of Lemma 1 we have Corollary 2. All natural operators transforming Λ and K into classical connections on E are of the maximal order one and form 15-parameter family ~D(Λ, K) = D(Λ, K) + Φ(Λ, K) , where D(Λ, K) is the connection given by Proposition 1 and Φ(Λ, K) is the 15- parameter family of natural tensor fields given by Lemma 1.

Remark 4. In [3] (see also [10], Proposition 54.3) the same result was obtained by direct calculations without using the reduction theorems. Our result coincides with the result of [3, 10] but our base of the 15-parameter family of operators of Lemma 1 differ from the base used in [3, 10].

Now we shall describe the geometrical construction of the operators from Lemma 1. First let us recall that we have the canonical immersions ι_T ∗_M : T^∗M → T^∗E and ι_{V E} : V E → T E. The connection K defines the horisontal lift h^K : T M → T E and the vertical projection ν_K : T E → V E .

Then we have the following subfamilies of natural operators given by Λ and K. A) Λ gives 3-parameter family of (1,2)-tensor fields on M, [10], given by

S(Λ) = a_1 T + a_2I_{T M} ⊗ T̂ + a_3 T̂ ⊗ I_{T M} ,

(18)

where T is the torsion tensor of Λ, T̂ is its contraction and I_{T M} : M → T M ⊗ T^∗M is the identity tensor. Then the first 3-parameter subfamily of operators of Lemma 1 is given by h^K (S(Λ)) ≡ ι_T ∗_M ⊗ h^K ⊗ ι_T ∗_M (S(Λ)).

B) Λ and K define naturally the following 9-parameter family of (0,2) tensor fields on M, [10], given by

G(Λ, K) = b_1 C^{12}_{13} (T ⊗ T ) + b_2 C^{12}_{31} (T ⊗ T ) + b_3 C^{12}_{12} (T ⊗ T )

+ c_1 C^1_1 ~∇T + c_2 C^1_1 ~∇T + c_3 C^1_3 ~∇T + d_1 C^1_1 R[~Λ] + d_2 C^1_2 R[~Λ] + e_1 C^1_1 R[K] ,

where C^{ij}_{kl} is the contraction with respect to indicated indices and C^1_1 ~∇T denotes the conjugated tensor obtained by the exchange of subindices. The second 9-parameter subfamily of operators from Lemma 1 is then given by L ⊗ G(Λ, K) ≡ ι_T ∗_M ⊗ ι_{V E} ⊗ ι_T ∗_M (L ⊗ G(Λ, K)), where L = y^i ∂_i is the Liouville vertical vector field on E.

C) The value of the curvature tensor R[K] applied on the Liouville vector field is in T^∗M ⊗ V E ⊗ T^∗M. Then R[K](L) ≡ ι_T ∗_M ⊗ ι_{V E} ⊗ ι_T ∗_M (R[K](L)) is the operator standing by e_2 in Lemma 1.

D) Finally, if we consider ν_K as the vertical valued 1-form ν_K : E → T^∗E ⊗ V E with coordinate expression

ν_K = (d^i − K_j^i_λ y^j d^λ) ⊗ ∂_i ,

the last 2-parameter subfamily of operators from Lemma 1 is obtained by applying the morphism ι_T ∗_M ⊗ ι_{V E} ⊗ id_T ∗_E on

H(Λ, K) = h_1 ν_K ⊗ T̂ + h_2 T̂ ⊗ ν_K .

Summarizing the above constructions we get

Theorem 3. All classical connections on E naturally given by Λ (in order s) and by K (in order r, s � r − 2) are of the maximal order one and are of the form ~D(Λ, K) = D(Λ, K) + h^K �S(Λ)� + L ⊗ G(Λ, K) + e_2 R[K](L) + H(Λ, K) .

Corollary 3. All natural operators transforming a general linear connection K on E and a symmetric classical connection Λ on M into classical connections on E are of the maximal order one and form the following 4-parameter family ~D(Λ, K) = D(Λ, K) + L ⊗ �d_1 C^1_1 R[~Λ] + d_2 C^1_2 R[~Λ] + e_1 C^1_1 R[K]� + e_2 R[K](L) .

3. Natural connections on the 1st jet prolongation of vector bundles

Assume the 1-jet prolongation π^1_0 : J^1E → E with the induced fiber coordinate chart (x^λ, y^i; y^i_λ). Then J^1E is a (1,1)-order G-gauge-natural bundle with the standard fiber R^n × R^n ⊗ R^{m∗} and the induced action of W^{(1,1)}_m G given in coordinates by ȳ^i = a^i_p y^p , ȳ^i_λ = a^i_p y^p_ρ ã^ρ_λ + a^i_{pρ} y^p ã^ρ_λ .

A connection Γ on J^1E is given by Γ : J^1E → T^∗E ⊗ T J^1E over the identity of T E with coordinate expression Γ = d^A ⊗ � ∂_A + Γ_A^i_λ ∂^λ_i � , Γ_A^i_λ ∈ C^∞(J^1E, R) .

(19)

A connection Γ is affine if and only if Γ_A^i_λ = Γ_A^i_λ^μ_p y^p_μ + Γ_A^i_λ^. .

Remark 5. If Γ_1 and Γ_2 are two connections on J^1E, then the difference Γ_1−Γ_2 : J^1E → T^∗E ⊗ V J^1E and, by using the identification V J^1E = J^1E ×_E T^∗M ⊗_E V E , we get Γ_1 − Γ_2 = φ : J^1E → T^∗E ⊗ T^∗M ⊗ V E .

In [9] we have described a natural operator χ transforming a classical connection on the total space of a fibered manifold and a classical connection on the base manifold into a connection on the 1st jet prolongation of the fibered manifold. Applying this operator on a classical connection D on the total space of a vector bundle E → M we get

Proposition 2. Let D be a classical connection on E and Λ be a classical connection on M. Then we have a connection Γ(Λ, D) = χ(D) on π^1_0 : J^1E → E such that Γ_A^i_λ = D_A^i_j y^j_λ + D_A^i_λ − y^i_μ (D_A^μ_j y^j_λ + D_A^μ_λ) .

Remark 6. The connection Γ(Λ, D) is independent of Λ, but the geometric construction of the operator χ depends on Λ essentially, see [9].

Now, applying the operator χ on the connection D(Λ, K) from Proposition 1, we get Theorem 4. A general linear connection K on E and a classical connection Λ on M give naturally the connection Γ(Λ, K) = χ(D(Λ, K)) on J^1E with the coordinate expression

Γ_μ^i_λ = K_j^i_μ y^j_λ + (∂_λK_j^i_μ − K_p^i_λ K_j^p_μ + K_j^i_ρ Λ_μ^ρ_λ) y^j , Γ_j^i_λ = K_j^i_λ .

Corollary 4. All natural operators transforming a (general) linear connection K on E (in order r) and a classical connection Λ on M (in order s, s � r − 2) into connections on J^1E are of the form ~Γ(Λ, K) = Γ(Λ, K) + φ(Λ, K) ,

where Γ(K, Λ) is the connection from Theorem 4 and φ(Λ, K) is a natural operator φ : J^1E ×_M J^s Cla M ×_M J^r Lin E → T^∗E ⊗ T^∗M ⊗ V E .

So to classify natural connections on J^1E it is sufficient to classify natural operators φ.

Lemma 2. All natural tensor fields φ(Λ, K) : J^1E → T^∗E⊗T^∗M ⊗V E naturally given by a classical connection Λ on M (in order s) and by a general linear connection K on E (in order r, s � r − 2) are of the maximal order one (with respect to both connections) and form a 14-parameter family of operators with coordinate expression given by φ(Λ, K) = � � a_1 T_λ^ρ_μ + a_2 T_σ^σ_μ δ^ρ_λ + a_3 T_λ^σ_σ δ^ρ_μ � y^i_ρ + y^i � b_1 T_ρ^ρ_λ T_σ^σ_μ + b_2 T_σ^ρ_λ T_ρ^σ_μ + b_3 T_ρ^ρ_σ T_λ^σ_μ + c_1 T_ρ^ρ_{λ;μ} + c_2 T_ρ^ρ_{μ;λ} + c_3 T_λ^ρ_{μ;ρ} � − � a_3 T_ρ^ρ_λ K_j^i_μ + (a_2 + h_1) T_ρ^ρ_μ K_j^i_λ − a_1 T_λ^ρ_μ K_j^i_ρ � y^j + y^i � d_1 R_ρ^ρ_{λμ} + d_2 R_λ^ρ_{ρμ} � + e_1 y^i R_p^p_{λμ} + e_2 R_j^i_{λμ} y^j � d^λ ⊗ d^μ ⊗ ∂_i + h_1 δ^i_j T_ρ^ρ_μ d^j ⊗ d^μ ⊗ ∂_i , where all coefficients are real numbers.

Proof. We have the action of the group W^{(1,1)}_{m,n} G on the standard fiber S_F = R^{(m+n)∗} ⊗ R^{m∗} ⊗ R^n of T^∗E ⊗ T^∗M ⊗ V E given by

φ̄_λ^i_μ = a^i_p φ_ρ^p_σ ã^ρ_λ ã^σ_μ + a^i_p φ_q^p_σ ã^q_{rλ} a^r_s y^s ã^σ_μ , φ̄_j^i_μ = a^i_p φ_q^p_σ ã^q_j ã^σ_μ .

(20)

The corresponding equivariant mapping φ : R^n × R^n ⊗ R^{m∗} × T^s_mQ × T^r_mR → S_F is given, by Corollary 1, by

φ_A^i_λ(y^i, y^i_λ, Λ_μ^λ_{ν,α}, K_j^i_{μ,β}) = ψ_A^i_λ(y^i, y^i_λ, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) , where the multiindices α, . . . , ε are as in the proof of Lemma 1.

The equivariance with respect to fiber homotheties (c δ^i_j ) implies c ψ_λ^i_μ = ψ_λ^i_μ(c y^i, c y^i_λ, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) .

which gives, by the homogeneous function theorem, that ψ_λ^i_μ is linear in y^i and y^i_λ, i.e.

ψ_λ^i_μ = f^i_{λμj} y^j + g^{iν}_{λμj} y^j_ν .

First, we shall discuss g^{iν}_{λμj} . We get, from the equivariance with respect to base homotheties (c δ^λ_μ ),

c^{−1} g^{iν}_{λμj} = g^{iν}_{λμj} (c^{−(‖γ‖+1)} T_μ^λ_{ν;γ} , c^{−(‖δ‖+2)} ~R_μ^λ_{ν1ν2;δ}, c^{−1} K_j^i_λ, c^{−(‖ε‖+2)} R_j^i_{λμ;ε}) which implies that g^{iν}_{λμj} is polynomial with exponents satisfying (14). We have the following 2 possible solutions: a_0 = 1 and the other exponents vanish; c = 1 and the other exponents vanish. Then

g^{iν}_{λμj} = A^{iνστ}_{λμjρ} T_σ^ρ_τ + L^{iνqσ}_{λμjp} K_q^p_σ = a_1 δ^i_j T_λ^ν_μ + a_2 δ^i_j δ^ν_λ T_ρ^ρ_μ + a_3 δ^i_j δ^ν_μ T_λ^ρ_ρ + l_1 δ^ν_λ K_j^i_μ + l_2 δ^ν_μ K_j^i_λ + l_3 δ^i_j δ^ν_λ K_p^p_μ + l_4 δ^i_j δ^ν_μ K_p^p_λ Similarly, for f^i_{λμj} we get, from the equivariance with respect to base homotheties (c δ^λ_μ ),

c^{−2} f^i_{λμj} = f^i_{λμj} (c^{−(‖γ‖+1)} T_μ^λ_{ν;γ} , c^{−(‖δ‖+2)} ~R_μ^λ_{ν1ν2;δ}, c^{−1} K_j^i_λ, c^{−(‖ε‖+2)} R_j^i_{λμ;ε}) which implies that f^i_{λμj} is polynomial with exponents satisfying (14) with −2 on the left hand side. We have the following 6 possible solutions: a_0 = 2 and the other exponents vanish; a_1 = 1 and the other exponents vanish; a_0 = 1, c = 1 and the other exponents vanish; b_0 = 1 and the other exponents vanish; c = 2 and the other exponents vanish; d_0 = 1 and the other exponents vanish. Then

f^i_{λμj} = B^{iσ1τ1σ2τ2}

λμjρ_1ρ_2 Tσ1 ρ_1 τ_1 Tσ_2 ρ_2 τ_2 + C iστ_1τ_2 λμjρ Tσ ρ τ_1;τ_2 + D iστ_1τ_2 λμjρ Rσ ρ τ_1τ_2

+ P^{iq1τ1q2τ2}

λμjp_1p_2 Kq1 p_1

τ_1 Kq_2 p_2

τ_2 + E iqτ_1τ_2 λμjp Rq p τ_1τ_2 + N iστ_1 qτ_2 λμjρp Tσ ρ τ_1 Kq p τ_2

= b_1 δ^i_j T_ρ^ρ_λ T_σ^σ_μ + b_2 δ^i_j T_σ^ρ_λ , T_ρ^σ_μ + b_3 δ^i_j T_ρ^ρ_σ T_λ^σ_μ + c_1 δ^i_j T_ρ^ρ_{λ;μ} + c_2 δ^i_j T_ρ^ρ_{μ;λ} + a_9 δ^i_j T_λ^ρ_{μ;ρ} + d_1 δ^i_j R_ρ^ρ_{λμ} + d_2 δ^i_j R_λ^ρ_{ρμ} + p_1 δ^i_j K_p^p_λ K_q^q_μ + p_2 δ^i_j K_q^p_λ K_p^q_μ + p_3 K_j^i_λ K_p^p_μ + p_4 K_j^i_μ K_p^p_λ + p_5 K_p^i_λ K_j^p_μ + p_6 K_p^i_μ K_j^p_λ + e_1 R_j^i_{λμ} + e_2 δ^i_j R_p^p_{λμ} + n_1 T_λ^ρ_ρ K_j^i_μ + n_2 T_ρ^ρ_μ K_j^i_λ + n_3 T_λ^ρ_μ K_j^i_ρ + n_4 δ^i_j T_ρ^ρ_λ K_p^p_μ + n_5 δ^i_j T_ρ^ρ_μ K_p^p_λ + n_6 δ^i_j T_λ^ρ_λ K_p^p_ρ .

Further, from the equivariancy with respect to fiber homotheties, we have ψ_j^i_μ = ψ_j^i_μ(c y^i, c y^i_λ, T_μ^λ_{ν;γ} , ~R_μ^λ_{νκ;δ}, K_j^i_μ, R_j^i_{λμ;ε}) .

which implies, by the homogeneous function theorem, that ψ_j^i_μ is independent of y^i and y^i_λ.

If we suppose the equivariance with respect to base homotheties (c δ^λ_μ ). We have

c^{−1} ψ_j^i_μ = ψ_j^i_μ(c^{−(‖γ‖+1)} T_μ^λ_{ν;γ} , c^{−(‖δ‖+2)} ~R_μ^λ_{ν1ν2;δ}, c^{−1} K_j^i_λ, c^{−(‖ε‖+2)} R_j^i_{λμ;ε}) which implies that ψ_j^i_μ is polynomial with exponents satisfying the equation (14), i.e.

ψ_j^i_μ = H^{iστ}_{jμρ} T_σ^ρ_τ + M^{iqρ}_{jμp} K_q^p_ρ = h_1 δ^i_j T_ρ^ρ_μ + m_1 K_j^i_μ + m_2 δ^i_j K_p^p_μ . Finally, the equivariance of ψ_j^i_μ with respect to elements of the type (δ^i_j , δ^λ_μ , a^i_{jλ}) implies m_1 = m_2 = 0 and we have ψ_j^i_μ = h_1 δ^i_j T_ρ^ρ_μ

(21)

and the equivariance of ψ_λ^i_μ with respect to elements of the type (δ^i_j , δ^λ_μ, a^i_{jλ}) implies p_i = 0, i = 1, . . . , 10, n_4 = n_5 = n_6 = 0, n_1 = −a_3, n_2 = −a_2 − h_1, n_3 = −a_1 and the other coefficients are arbitrary. Then

ψ_λ^i_μ = φ_λ^i_μ = g^{iν}_{λμj} y^j_ν + f^i_{λμj} y^j

(22)

= a_1 T_λ^ν_μ y^i_ν + a_2 T_ρ^ρ_μ y^i_λ + a_3 T_λ^ρ_ρ y^i_μ + b_1 y^i T_ρ^ρ_λ T_σ^σ_μ + b_2 y^i T_σ^ρ_λ T_ρ^σ_μ + b_3 y^i T_ρ^ρ_σ T_λ^σ_μ + c_1 y^i T_ρ^ρ_{λ;μ} + c_2 y^i T_ρ^ρ_{μ;λ} + c_3 y^i T_λ^ρ_{μ;ρ} − a_3 T_λ^ρ_ρ K_j^i_μ y^j − (a_2 + a_{10}) T_ρ^ρ_μ K_j^i_λ y^j − a_1 T_λ^ρ_μ K_j^i_ρ y^j + d_1 y^i R_ρ^ρ_{λμ} + d_2 y^i R_λ^ρ_{ρμ} + e_1 y^i R_p^p_{λμ} + e_2 R_j^i_{λμ} y^j .

Summerizing (21) and (22) we get Lemma 2. □

Theorem 5. All natural operators transforming a linear connection K on E and a classical linear connection Λ on M into connections on π^1_0 : J_1E → E are of the maximal order one and form the 14-parameter family ~Γ(Λ, K) = χ(D(Λ, K)) + φ(Λ, K) ,

where χ(D(Λ, K)) is the connection given by Theorem 4 and φ(Λ, K) is the 14- parameter family of natural tensor fields given by Lemma 2.

Let us recall that we have the natural complementary contact maps

δ : J^1E ×_E T M → T E , θ : J^1E ×_E T E → V E ,

with the coordinate expressions

δ = d^λ ⊗ (∂_λ + y^i_λ∂_i) , θ = (d^i − y^i_λd^λ) ⊗ ∂_i .

(23)

Then we have the following, by using the notation of Section 2, geometric description of ~Γ(Λ, K).

Theorem 6. All connections on J^1E naturally given by Λ (in order s) and by K (in order r, s � r − 2) are of the maximal order one and are of the form ~Γ(Λ, K) = Γ(Λ, K) + θ ∘ h^K �S(Λ)� + L ⊗ G(Λ, K) + e_2 R[K](L) + h_1 ν_K ⊗ T̂ .

Remark 7. The 14-parameter family ~Γ(Λ, K) from Theorem 5 can be obtained from the 15-parameter family of Theorem 3 by applying the operator χ, i.e. ~Γ(Λ, K) = χ � ~ D(Λ, K) � . In fact χ � ~ D(Λ, K) � = χ � D(Λ, K) � + ~χ � Φ(Λ, K) � , where

~χ ≡ id_T ∗_E ⊗ θ ⊗ δ : J^1E ×_E T^∗E ⊗ T E ⊗ T^∗E → T^∗E ⊗ V E ⊗ T^∗M . But ~χ � h^K (T̂ ⊗ I_{T M} ) � = −~χ(T̂ ⊗ ν_K ) which implies that operators standing in the family of Lemma 1 with coefficients a_3 and h_2 admit the same operator, standing with the coefficient a_3 in the family of Lemma 2. It is the reason why ~Γ(Λ, K) is only 14-parameter family.

Remark 8. From the coordinate expression of Γ(Λ, K) and φ(Λ, K) it is easy to see that all connections ~Γ(Λ, K) are affine.

Corollary 5. All natural operators transforming a general linear connection K on E and a symmetric classical connection Λ on M into connections on J^1E are of the maximal order one and form the 4-parameter family

~Γ(Λ, K) = Γ(Λ, K) + L ⊗ �d_1 C^1_1 R[~Λ] + d_2 C^1_2 R[~Λ] + e_1 C^1_1 R[K]� + e_2 R[K](L) .

Acknowledgements. This paper has been supported by the Grant agency of the Czech Republic under the Project number GA 201/02/0225.

References

[1] D. E. Eck: Gauge-natural bundles and generalized gauge theories, Mem. Amer. Math. Soc.

33 No. 247 (1981).

[2] J. Gancarzewicz: Horizontal lifts of linear connections to the natural vector bundle, in:

Proc. Inter. Coll. Diff. Geometry, Santiago de Compostela (Spain), Research Notes in Math. 121, Boston: Pitman. 1985, 318–324.

[3] J. Gancarzewicz, I. Kolář: Some gauge-natural operators on linear connections, Mh. Math.

111 (1991) 23–33.

[4] J. Janyška: Natural and gauge-natural operators on the space of linear connections on a vector bundle, in: Diff. Geom. and Its Appl., Proc. Conf. Brno 1989, World Scientific, Singapore, 1990, 58–68.

[5] J. Janyška: On the curvature of tensor product connections and covariant differentials, in:

the Proc. of the 23rd Winter School Geometry and Physics, Srní (Czech Republic) 2003, Supplemento ai Rendiconti del Circolo Matematico di Palermo, Serie II 72 (2004) 135–143.

[6] J. Janyška: Reduction theorems for general linear connections, Differential Geom. Appl. 20 (2004) 177–196.

[7] J. Janyška: Higher order valued reduction theorems for classical connections, Central European Journal of Mathematics 3(2) 2005 294–308.

[8] J. Janyška: Higher order valued reduction theorems for general linear connections, Note di Matematica 23 (2004) 75–97.

[9] J. Janyška, M. Modugno: Relations between linear connections on the tangent bundle and connections on the jet bundle of a fibred manifold, Arch. Math. (Brno) 32 (1996) 281–288.

[10] I. Kolář, P. W. Michor, J. Slovák: Natural Operations in Differential Geometry, Springer–Verlag 1993.

[11] D. Krupka, J. Janyška: Lectures on Differential Invariants, Folia Fac. Sci. Nat. Univ.

Purkynianae Brunensis, Brno, 1990.

[12] A. Nijenhuis: Natural bundles and their general properties, Diff. Geom., in honour of K. Yano, Kinokuniya, Tokyo 1972, 317–334.

[13] J. A. Schouten: Ricci calculus, Berlin-Göttingen, 1954.

[14] C. L. Terng: Natural vector bundles and natural differential operators, Am. J. Math. 100 (1978) 775–828.

Department of Mathematics, Masaryk University Janáčkovo nám. 2a, 662 95 Brno Czech Republic

e-mail: janyska@math.muni.cz