DIFFERENTIAL GEOMETRY AND ITS APPLICATIONS Proc. Conf. Prague, August 30 – September 3, 2004 Charles University, Prague (Czech Republic), 2005, 333 – 340

A description of p-homomorphisms between harmonic modules in projective contact geometry

Svatopluk Krýsl

Abstract. In this paper we present the first information needed in the study of first order invariant differential operators acting between sections of harmonic vector bundles associated to projective contact geometries. We prove a necessary and sufficient condition for certain g0-homomorphism acting between a first jet prolongation of a harmonic module and another harmonic module to be a phomomorphism.

1. Introduction

The theory of invariant differential operators acting between sections of associated vector bundles over parabolic geometries has been studied by many authors, see, e.g., Čap, Slovák, Souček [6], [7], [8], Slovák, Souček [18], Calderbank, Diemer [4] and Calderbank, Diemer, Souček [5]. In all of these cited articles the fibres under consideration are finite dimensional. In this text, we present a generalization of this theory into the infinite dimensional case. This case is important in some applications, like in the theory of Dirac operators on symplectic manifolds.

1.1. First order invariant differential operators. Let g be a |k|-graded simple Lie algebra and let us denote by p the parabolic, by g_− the negative and by p_+ the positive part of g. Consider a Lie group G the Lie algebra of which equals g and let P be the the parabolic subgroup of G associated to the |k|-grading of g. Further let us consider two manifolds G and M, together with a parabolic geometry (p : G → M, ω) of type (G, P ) on the manifold M, ω being a Cartan connection, i.e., a P -equivariant absolute parallelism reproducing fundamental vector fields on G.

Let (ρ, V) be a representation of the parabolic group P. For s : G → V being a P -equivariant map, let us consider the value of the absolutely invariant derivative ∇^ω on it ∇^ωs : G → g^∗_− ⊗ V.

This absolute invariant derivative is associated to the parabolic geometry (p : G → M, ω) and the representation (ρ, V). For the definition, see Slovák, Souček [18]. Let us suppose a representation (σ, W) of the group P is given and consider two associated vector bundles V M := G ×_ρ V and W M := G ×_σ W. The vector space

J^1V := V ⊕ (g^∗_− ⊗ V)

2000 Mathematics Subject Classification. 17B10, 17B20, 17B70. Key words and phrases. symplectic modules, invariant differential operators. This paper is in final form and no version of it will be published elswhere. 333

is called the first jet prolongation of V. This vector space comes up with a natural action of P, making it into a P -module, see again Slovák, Souček [18]. In the realm of parabolic geometries, one defines a first order invariant differential operator D : Γ(M, V M) → Γ(M, W M) to be a homomorphism of vector spaces for which there is a (nontrivial) P -module homomorphism Φ : J^1V → W such that

Ds(u) = Φ(s(u), ∇^ωs(u))

for u ∈ G and s ∈ Γ(M, V M) considered as a P -equivariant V-valued function on G, i.e., s ∈ C^∞(G, V)^P ≃ Γ(M, V M) (a vector space isomorphism).

1.2. Projective contact geometry. There is a common property appearing in some well known parabolic geometries of certain type, say (G, P ), which leads to a definition of a special grading of the Lie algebra g of the group G.

Definition 1. Let g be a real or complex |k|-graded semisimple Lie algebra. We call this grading contact if it is a depth two grading, i.e.,

g = g_{−2} ⊕ g_{−1} ⊕ g_0 ⊕ g_1 ⊕ g_2,

satisfying the following two properties

(1) [, ] : g_{−1} × g_{−1} → g_{−2} is nondegenerate and (2) dim g_{−2} = 1.

A classification of contact gradings of complex and real simple Lie algebras can be found in Yamaguchi [19]. Let us remark, that up to an isomorphism each complex simple Lie algebra possesses a unique contact grading. This fact is no more true for real simple Lie algebras, see again Yamaguchi [19], where the list of all real forms of complex simple Lie algebras, which possesses no contact grading, together with an information on contact gradings of simple real Lie algebras, which are not real forms of complex simple Lie algebras are presented.

Let us consider a real simple Lie algebra g = sp(2k, R) equipped by the contact grading given in the matrix form as displayed bellow

A =

� � � � g_0 g_1 g_2

g_{−1} g_0 g_1

g_{−2} g_{−1} g_0

� � � � ,

where

(1) g_0 = sp(2k−2, R)⊕RE, where E is the grading element uniquely associated to the grading, (2) g_{−1} = R^{2k−2}, (3) g_{−2} = R.

Let G = Sp(2k, R) be a symplectic group. Consider the tautological action of G on the (unique) linear symplectic form R^{2k}. This action factors to an action on the open rays of R^{2k}. Let us denote by P the isotropy subgroup of an open ray in R^{2k}. Obviously, P is a parabolic subgroup of the group G. It can be proved (see Krysl [15]) that P is the parabolic subgroup of G associated to the contact grading of g given above.

Definition 2. Let G and M^{2k−1} be smooth manifolds. We call a parabolic geometry (p : G → M, ω) of type (G, P ) on the manifold M projective contact geometry if G = Sp(2k, R) is a symplectic group and P its parabolic subgroup defined above.

For a comprehensive treatment on contact geometries, see Blair [1]; for some connections of projective contact geometries to Cartan geometries see Fox [10] and Krysl [15].

1.3. Spinor representations of sp(2k, C). Symplectic spinor representations were introduced by Bertram Kostant when he was seeking for an analogy of the Dirac operator on Riemannian or Lorentzian manifolds for the case of symplectic manifolds, i.e., an arena for Hamiltonian mechanics, see Kostant [14]. This Dirac operator was then studied by many authors, see, e.g., Habermann [11], Klein [13].

Consider the symplectic algebra g = sp(2k, C) together with the set of its fundamental weights denoted by {ϖ_i}^k_{i=1}. Let L(ν) be the irreducible highest weight module with the highest weight ν. The irreducible highest weight modules S_+ := L(−^1_2 ϖ_k) and S_− := L(ϖ_{k−1} −^3_2 ϖ_k) are called spinor modules.

Let g be an arbitrary semisimple complex Lie algebra and h its Cartan subalgebra. An h-diagonalizable g-module V is called module with bounded multiplicities, if there is some k ∈ N_0 such that the dimension of each weight space V(ν) is smaller or equal to k. The minimal k with this property is called degree of V. A module with bounded multiplicities is called completely pointed provided its degree is 1.

It can be proved (see Britten, Lemire [3]) that an infinite dimensional sp(2k, C)- module V is completely pointed iff either V = S_+ or V = S_−. Moreover, Britten, Hooper and Lemire [2] proved that the tensor product L(ν) ⊗ S_± for ν an integral dominant weight for g is completely reducible and decomposes into a finite direct sum of irreducible highest weight g-modules.

Definition 3. We call a sp(2k, C)-module V harmonic module if there is an integral dominant weight ν s.t. V is a direct irreducible summand in L(ν) ⊗ S_±. Further let us define a set

A := { n� i=1 λ_iϖ_i; λ_i � 0, λ_i ∈ Z, i = 1, . . . , n − 1; λ_n ∈ Z + 1 2 , λ_{n−1} + 2λ_n + 3 > 0}.

The following fact is well known.

Theorem 1. The following are equivalent

(1) V a is harmonic module, (2) the highest weight of V is in A, (3) V is a sp(2k, C)-module with bounded multiplicities.

Proof. See Britten, Lemire [3].�

In Krysl [15], it was proved that the tensor product of the defining representation L(ϖ_1) and a harmonic module decomposes as folows.

Theorem 2. Let λ ∈ A. Then

L(ϖ_1) ⊗ L(λ) = � κ∈A_λ

L(κ),

where A_λ ⊆ {κ = λ + μ, μ ∈ Π(ϖ_1)}, Π(ϖ_1) being the set of all weights of L(ϖ_1).

Proof. See Krysl [15], [16]. �

2. Invariant differential operators for fields with values in some standard cyclic modules

The aim of this section is to rewrite the theory of first order invariant differential operators in parabolic geometries for the case of certain infinite dimensional standard cyclic modules. At first we will consider arbitrary modules and then we restrict our attention to the case of irreducible highest weight modules.

Let g be a complex |k|-graded semisimple Lie algebra, p, p_+ and g_− as in the first section of this article. Let V, W be p-modules. Denote the action of p on V by λ, λ : p →End(V). Further, let J^1V be the first jet prolongation of the p-module V associated to the |k|-graded Lie algebra g. Let us fix some dual bases {ξ_α}, {η^α} of g_− and p_+. The induced action of p on J^1V is given by

Z.(s^′, Y ⊗ s) = (λ(Z)s^′, Y ⊗ λ(Z)s + [Z, Y ] ⊗ s + � α η^α ⊗ [Z, ξ_α]_ps^′) (1) for Z ∈ p, Y ∈ g^∗_−, and s, s^′ ∈ V, see Slovák [17], where this formula is derived.

Let p^2_+ denote the space g_2 ⊕ . . . ⊕ g_k. We call the space J^1_RV = V ⊕ (g^∗_− ⊗ V)/({0} ⊕ (p^2_+ ⊗ V)) ≃ V ⊕ (g_1 ⊗ V) space of restricted jets. This space carries a structure of a p-module inherited by factorization. Let us denote by {η^{α′} }, {ξ_α′ } some mutually dual bases of g_{±1}. Finally, let Φ : g_1 ⊗V → g_1 ⊗V denote the following endomorphism Φ(Z ⊗ s) := � α^′

η^{α′} ⊗ [Z, ξ_α′ ].s

for Z ∈ g_1, s ∈ V.

Theorem 3. Let V, W be irreducible p-modules with the action of p_+ being trivial. Let Ψ : J^1V → W be a g_0-module homomorphism. Then Ψ is a p-module homomorphism if and only if Ψ factors through the restricted jets J^1_RV and Ψ_{|Im(Φ)} = 0. Proof. Let Ψ be a g_0-homomorphism. If we suppose that Ψ is a p_+-homomorphism, it follows immediately that Ψ vanishes on the image of the action of p_+.

Now, we prove that Ψ factors through the restricted jets. Inserting s^′ = 0 into the equation 1, we obtain Z.(0, Y ⊗ s) = [Z, Y ] ⊗ s, for Y ∈ g^∗_−, Z ∈ p_+ and s^′ ∈ V. Let Z_i ∈ g_i, s_i ∈ V, i = 1, . . . , k, Because g_1 generates p_+ there are X_i ∈ g_1, Y_i ∈ g_{i−1} for i = 2, . . . , k such that Z_i = [X_i, Y_i]. Thus we can write Ψ( �_k i=1 Z_i ⊗ s_i) = Ψ(Z_1 ⊗ s_1 +

�_k

i=2[X_i, Y_i] ⊗ s_i) = Ψ(Z_1 ⊗ s_1) + Ψ(X_2.(0, Y_2 ⊗ s_2)) + . . . + Ψ(X_k.(0, Y_k ⊗ s_k)) = Ψ(Z_1 ⊗ s_1). The terms Ψ(X_k.(0, Y_k ⊗ s_k)) = 0 for k = 2, . . . , k because Ψ vanishes on the image of the p_+ action on J^1V. Thus we have proved that Ψ factors through the restricted jets.

Looking at the induced action of p_+ on J^1V we derive the condition Ψ( � α^′

η^{α′} ⊗ [Z, ξ_α′ ].s^′) = 0,

which means that Ψ_{|Im(Φ)} = 0 due to the definition of the mapping Φ.

The opposite direction of the implication in the statement of this theorem is obvious. �

In what comes, we would like to compute the mapping Φ with help of the universal Casimir element of g. First, let us recall a well known theorem on the action of the universal Casimir element on a highest weight module over a simple complex Lie algebra. It is well known (see Humphreys [12], pp. 143) that if g is a complex simple Lie algebra and h its Cartan subalgebra and λ ∈ h^∗, then the action of the universal Casimir element c on a standard cyclic module of the highest weight λ is by a scalar

c_λ = (λ + 2δ, λ), (2) where δ is the sum of all fundamental weights of h on g.

Second, let us make some assumptions on the Lie algebra g. Suppose that the subalgebra g_0 of g has a one dimensional center. This center is necessarily generated by the grading element E of the |k|-graded Lie algebra g. Thus we can decompose g_0 = g^{ss}_0 ⊕ CE where g^{ss}_0 = [g_0, g_0] denotes the semisimple part of g. It is a well known fact that the Killing form B of the Lie algebra g, when restricted to g_0 is nondegenerate, too. Let us normalize the Killing form B by the condition B(E, E) = 1 and denote this resulting nondegenerate invariant form on g_0 by (, ) : g_0 × g_0 → C. It is easy to compute that the decomposition g_0 = g^{ss}_0 ⊕ CE is an orthogonal decomposition. Indeed, take an arbitrary X ∈ g^{ss}_0 = [g_0, g_0] in the form X = [U, V ] for a U, V ∈ g_0 and compute (E, X) = (E, [U, V ]) = ([E, U], V ) = 0 because E is the grading element and U ∈ g_0.

Let us denote by {Y_a}^k_{a=1}, {Y^′_a}^k_{a=1} some mutually dual bases of g^{ss}_0 with respect to (, ). Sometimes we will denote the element E by Y_{k+1}. Now, we derive the following generalization of a result in Slovák, Souček [18].

Lemma 1. Let V be a representation of a semisimple |k|-graded Lie algebra g, then

Φ(Z ⊗ s) = k� a=1 Y^′_a.Z ⊗ Y_a.s

for each Z ∈ g_1 and s ∈ V.

Proof. We use the invariance of the Killing form [Z, ξ_α′ ] = � a(Y^′_a, [Z, ξ_α′ ])Y_a = � a([Y^′_a, Z], ξ_α′ )Y_a in order to compute the value Φ(Z ⊗ s).

Φ(Z ⊗ s) = � α^′

η^{α′} ⊗ [Z, ξ_α′ ].s = � α^′

η^{α′} ⊗ � a (Y^′_a, [Z, ξ_α′ ])Y_a.s = � α^′

η^{α′} ⊗ � a ([Y^′_a, Z], ξ_α′ )Y_a.s = � α^′ � a ([Y^′_a, Z], ξ_α′ )η^{α′} ⊗ Y_a.s = � a Y^′_a.Z ⊗ Y_a.s. � Now, we make some assumptions on the representations we shall be dealing with.

We will consider that V_λ is an irreducible p-module which is irreducible with the highest weight λ when considered as a g^{ss}_0 -module. Further, we assume that g_1 ⊗ V_λ decomposes into a finite direct sum of irreducible g^{ss}_0 -modules without multiplicities and denote by π_μ the projection π_μ : g_1 ⊗ V_λ → V_μ where V_μ is the representation with highest weight μ which occurs in the decomposition of the completely reducible tensor product g_1 ⊗V_λ. Let us suppose that the representation of the center CE of g_0 is given by E.v := wv for each v ∈ V_λ and a w ∈ C. So we are given a representation of the whole g_0 which is characterized by the tuple (λ, w). The complex number w is often called generalized conformal weight. Finally, we assume that g_1 is an irreducible g^{ss}_0 -module with the highest weight α. In order to compute the mapping Φ let us evaluate the following expression

�_{k+1}

a=1(Y^′_aY_a)(Z ⊗s) for s ∈ V_λ and Z ∈ g_1.

k+1� a=1 (Y^′_aY_a).(Z ⊗ s) = k+1� a=1 (Y^′_aY_a).Z ⊗ s + Z ⊗ k+1� a=1 (Y^′_aY_a).s +

2Φ(Z ⊗ s), (3) where we have used the lemma 1 above. Now, we would like to compute the first two terms of the last written equation using the universal Casimir element of g^{ss}_0 , see the equation 2.

k+1� a=1 (Y^′_aY_a).Z ⊗ s = (α, α + 2δ)Z ⊗ s + Z ⊗ s (4)

Z ⊗ k+1� a=1 (Y^′_aY_a).s = (λ, λ + 2δ)Z ⊗ s + w^2Z ⊗ s (5) After a straightforwars computation we derive that the L.H.S. of 3 equals

k+1� a=1 (Y^′_aY_a).(Z ⊗ s) = � μ (μ, μ + 2δ)π_μ(Z ⊗ s) + � μ π_μ[Z ⊗ s + 2wZ ⊗ s + w^2Z ⊗ s] (6) Substituting the equations 4, 5 and 6 into the equation 3 we obtain

Φ(Z ⊗ s) = � μ (w − c^μ_{λα})π_μ(Z ⊗ s),

where

c^μ_{λα} = 1 2 [(λ, λ + 2δ) + (α, α + 2δ) − (μ, μ + 2δ)].

We state our result as a theorem formulating explicitly the assumptions we have made.

Theorem 4. Let g be a |k|-graded simple Lie algebra such that the subalgebra g_0 has a one dimensional center CE. Let V_λ be an irreducible p-module with the highest weight λ if considered as a g^{ss}_0 -module. Let the grading element E acts by the complex number w (conformal weight). Further, let g_1 be an irreducible g^{ss}_0 - module with the highest weight α and consider the action of p_+ being trivial. Assume that the tensor product g_1 ⊗ V_λ decomposes into a finite direct sum of irreducible g^{ss}_0 -modules and has no multiplicities then

Φ(Z ⊗ s) = � μ (w − c^μ_{λα})π_μ(Z ⊗ s),

where c^μ_{λα} = 1 2 [(λ, λ + 2δ) + (α, α + 2δ) − (μ, μ + 2δ)].

Proof. See the analyzes above this theorem. �

Due to the theorem 3 we can state a corollary of the above written theorem.

Corollary 1. In the setting of the preceding theorem, let ~π_μ be the trivial extension of π_μ to J^1V_λ = V_λ ⊕ (g^∗_− ⊗ V_λ). Then ~π_μ is a p-homomorphism if and only if

c^μ_{λα} = w.

Proof. Due to the theorem 3 it is sufficient to show that ~π_μ factors through the restricted jets and vanishes on the image of Φ. The first is from the definition and the second is a consequence of the theorem 4. The opposite implication is easy, too: look at the formula for Φ and use the fact that π_μ is onto V_μ. �

A special case of the corollary is the following statement.

Corollary 2. Let g = sp(2k, C) be equipped by the contact grading, and let V_λ be a harmonic module over g^{ss}_0 = sp(2k − 2, C) with the highest weight λ. Then ~π_μ is a p-module homomorphism iff c^μ_{λϖ1} = w.

Proof. We have already shown (see theorem 2) that g_1 ⊗ V = L(ϖ_1) ⊗ V decomposes into a finite multiplicity free direct sum of irreducible submodules. Thus we can apply the Corollary 1. □

In the future, we would like to use the last written theorem in the case of first order invariant differential operators in the setting of projective contact geometries and harmonic modules. This can be done if one knows a relationship between infinite dimensional representations of the Lie group G^{ss}_0 (the semisimple part of the reductive group G_0 the Lie algebra of which equals g_0) and those of the Lie algebra g^{ss}_0 .

Acknowledgements. The work is a part of the research project MSM 0021620839 financed by MSMT and partly supported by grant GA ČR 201/05/2117.

References

[1] Blair, D.E: Contact Manifolds in Riemannian Geometry, Birkhäuser, Boston (2002) [2] Britten, D.J.; Hooper, J.; Lemire F.W.: Simple Cn-modules with multiplicities 1 and application, Canadian Journal of Physics 72, 326-335 (1994).

[3] Britten, D.J; Lemire, F. W.: On modules of bounded multiplicities for the symplectic algebra, Transactions of the AMS Vol. 351 No. 8,3413-3431 (1999).

[4] Calderbank, D., Diemer, T.: Differential invariants and curved Bernstein-Gelfand-Gelfand sequences J. reine angew. Math. 537, 2001, 67-103.

[5] Calderbank, D., Diemer, T., Souček, V.: Ricci corrected derivatives and invariant differential operators, Edinburgh Preprint MS-00-021, 2000.

[6] Čap, A., Slovák, J., Souček, V.: Invariant operators on manifolds with almost Hermitian symmetric Structures I. Invariant Differentiation, Acta Math. Univ. Comenianae 66 No. 1, 1997, 33-69.

[7] Čap, A., Slovák, J., Souček, V.: Invariant operators on manifolds with almost Hermitian symmetric Structures , II. Normal Cartan Connections, Acta Math. Univ. Comenianae 66 No. 2, 1997. 203-220.

[8] Čap, A., Slovák, J., Souček, V.: Invariant operators on manifolds with almost Hermitian symmetric Structures, III. Standard Operators, Diferential Geom. Appl. 12 No. 1, 2000, 51-84.

[9] Čap, A.; Slovák, J., Souček, V.: Bernstein-Gelfand-Gelfand Sequences, Ann. of Math. 154, no.

1 , (2001).

[10] Fox, D.: Contact projective geometry, preprint math.DG/0402332 [11] Habermann, K.: Symplectic Dirac Operators on Kähler Manifolds. Math. Nachr. 211, (2000). [12] Humphreys, J. E.: Introduction to Lie Algebras and Representation Theory, Springer-Verlag, New York, 1972.

[13] Klein, A.: Eine Fouriertransformation für symplektische Spinoren und Anwendungen in der Quantisierung, Diploma Thesis, Technische Universität Berlin, 2000.

[14] Kostant, B.: Symplectic Spinors, Symposia Mathematica, vol. XIV (1974). [15] Krysl, S.: Invariant differential operators in projective contact geometries, dissertation thesis, Charles University, Prague 2004.

[16] Krysl, S.: Distinguished class of representations of symplectic algebra, Rendiconti circolo matematico di Palermo, to appear.

[17] Slovák, J.: Parabolic Geometries, Research Lecture Notes, Part of DrSc-dissertation, Masaryk University, 1997, IGA Preprint 97/11 (University of Adelaide).

[18] Slovák, J., Souček, V.: Invariant operators of the first order on manifolds with a given parabolic structure, Séminaires et Congrès 4, SMF, 2000, 251-276.

[19] Yamagouchi, K.: Differential systems associated with simple graded Lie algebras, Advanced Studies in Pure Mathematics 22, 1993, 413-494.

Svatopluk Krýsl Charles University Faculty of Mathematics and Physics Mathematical Institute Sokolovská 83, Praha 8 - Karlín, Czech Republic

e-mail: krysl@karlin.mff.cuni.cz