] Numerical solutions to ]
fluid—structure interactions involving compressible

fluids
; rs(0) =%
Mo Q(0) = 0 SZEN
0 L

Q(t):={(r,x¢) €eExR : 0< x4 < H+n(r)}

AQR) = Qx), x=A(t,X) = <?, ;<dH+Z(t’r)> .

Q=Q=%x[0,H  992=Ts(t)Ulp
p: fixed walls  Ts(t): top surface 1. displacement of the plate

Hyperthesis
The structure moves only in the vertical direction.
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Governing equations

Oro + div(peu) =0, in [ x Q, (1a)
O¢(ou) + div(ou ® u) = divr + of, in [ x Q. (1b)
Oiz+al’n—pBAn=g+eqs-F, z=0m, in |xX, (1c)

0 = o(t, x): is the fluid density u = u(t, x): the velocity field
g = g(t,r) given function z: the velocity of the structure
ur,0oAd=2zeq, F=—(r-n)oAJ, 7=8S-pl,
S =2uD(u) + Adivul, p=ap”, pu>0,A>0,a>0v>1.
J: determinant of the Jacobian of the ALE mapping A
ulr, =0,
nlex =0, Vnlss =0,

Existence theory is recently done [Breit and Schwarzacher, ARMA, 2018].
No literature results on numerical analysis

Aim: a numerical approximation satisfies the density positivity, mass
conservation, energy dissipation, the renormalized continuity equation, and
consistent to the weak solution
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Ky k(< Y k—1(C
k= R

5trk(3(\) _ rk(?) — rk_l(?)

k k—1 k—1
rf—r oX _ _
D= 2 kXl = Akio AL

k k—1 k—1 7k—1
r r oX J,
Dtrk = Le A

‘

Xp = {(p € LY(Q) ‘ ¢|k = const € R for any K € 77,},

Y, = {v € L%(Q)

v|k = affine function on K € Tp, / [v], dSx =0 for o € SI}

Wy = {q € L2(%) ’q|(, € P2(0) for o € zh} :




5t/ rkdxz/ Dtrkdx:/ (DA + divwk rF1o X 1) dx.
Qx Qx Qx

Geometrical conservation law holds.

)= A — Ak
T

W (R

domain velocity

owk — k—1
Tdivwl =17, ".




Fully discrete scheme on the current domain

We seek a solution (0%, uk, n%) € (Xxn(Q2K), Yn(Q2K), Wi(X)) for all
ke {l,...,N;} and for all (¢, d, ) € (Xn(QX), Y4(QK), Wi(X)) with
Mgl o Al = Mg[Mp[1]]eq, such that the following hold:

/ Dtgfgoder/ div® (0%, v5)p dx = 0; (2a)
Ok Qk

[ D (et (uh)) - 6+ div2P(eh (u) 8) - ddx+ | S(Vuk): Vplx
Qk o
1
2 7 [ur] [#] dSx - K)divgdx + | diz5pdS
+ MU%/J/? [ux] [#] dSx /Qk p(o5)dive X+/z z51p dSx

+ / (aAnk Ay + BVREVY) dSx = / ok fk - pdx + / gk dSx; (2b)
> Qk X

k _ sk gk _ gk
where zf = 0:nf, vi=u

T — Yr T

and the boundary conditions

Wia Qlo-; = nT[QO]a U?_ S I_I'T[UO], 779- = Oa ZE =0

(vr), =0, [[Q’T‘]]J =0,Vo€&g.
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Renormalized continuity equation
Let (o-,u,,7,) be a solution of the scheme (2). Let B € C?(R).

oc ([ Beax) + [ (481 - Bk divu x4 0o =0,
Qk QK
1 _ _ _ p _ _
Di=1 [ T (Bl o X — Blet) - B (e o XETH — o))

Dy — ) [ (h5+;|<v’;-n>a|> d5x

N
|
a7
T
%
~

D1,D, >0 for convex B.

Mass conservation
/ gidx=/ ofldx = -~-:/gng:: Mo, forallk=1,...,N,.
Qk Qk—1 Q

Setting ¢ = 1 in (2a) implies 0 = [, D;0k dx = &; ([ 0X dx)
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Let the assumption of no-touching hold. Let 0 < ok=1 € X,(Q2%~1),
(uh=1 k=1 Zk=1) € Y (QK1) x Wi(Z) x Wh(X) be given. Then there exists

N 27 R
0< Qf_ € Xh(Q) and (u,’;,n’;,zjf =1 ;7 ) € Yh(Q) X Wh(Z) X Wh(Z)
satisfying the discrete problem (2).

Let (o-,u.,7n;) be a solution of the discrete problem (2).

St (/ ”H(Q’T‘)dx) = / p(0¥)divu¥ dx + Dy + D> = 0.
Qk Qk

H(9)=9/19gds




Theorem 3 ( Energy stability of the fully-discrete scheme)

Let (0%, uk, nﬁ)i’ll be a family of numerical solutions obtained by the

scheme (2). Then for any N =1,..., Nt the energy is stable in the following
sense

N
/ Edeer/ ESNdeJrTZ/ (2uD(ub)[? + Aldivuk?) dx
Qn b3 AL
72 5.2k 12 Ak2 Vk2 ds & T k-1 X5 1D, (uk
+7kz::l Z(| tz7-| +CY| ZT| +ﬁ| ZT|) X+Tkz::1 QkE‘QT © ‘ t<u7’.

(D1+D2)+TZ Z/
=

i k=1oec&f i

<;gﬁ’”"|vi “n|+ h° <gﬁ>a> [[(uﬁ)]]z dSx

+ T

N N
/E,?dx-l—/E_?de—i—TZ/ gffﬁ~uﬁdx+72/gfzfd5x
Q bx o Jax /=
1 2 1
Ef = Sor [+ Hler),  ES = 5(1z'* + olAng | + BIVnsP?).
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Theorem 4 (Consistency of the fully discrete scheme)

Let (0r,u-,n;) be the numerical solution of the scheme (2) with
h= T, v>6/5 Then for anyy € C3(0,T;%), p € C(0, T;Q), and
¢ € C3(0, T;Q9), there exists 01,0, > 0 such that

—/giw(’ dx_// (0:0:¢ + oruy - Vo) dx = O(+™), (3)
Q 1 JQ(t)

and

= / oPul - ¢%dx — // (oru; - 0t + 0;u, @u, : Vo) dx
Q 1Ja(t)

Jr/l/ﬂ(t)S(Vui):V(ﬁdx/I/Q(t)p(gT)divqﬁdx
— /Z d:n(0)y° dSx — // /z 8:n-0ptp dSx dt + // /Z K'(n;)¢ dSx dt

=/I/zg7¢d5x+/lfmt)f7~¢dx+0(792). (4)
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@ Convergence to weak/strong solution; convergence rate
@ High order scheme
© Full Navier—Stokes—Fourier system

@ High order scheme (o > 0): convergence, convergence rate

Any questions/comments/possible collaboration is welcome




