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Paper “On efficient numerical solution of linear algebraic systems arising in
goal-oriented error estimates” submitted to Journal of Scientific Computing

February 11, 2020
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Introduction

Problem setting

linear PDE: L u = f

FE discretization ah(uh, ϕh) = `h(ϕh) ∀ϕh ∈ Vh

⇐⇒ Ax = b

iterative solver gives approximations xk ↔ ukh ,

how to solve the system efficiently?

how many iterations k is optimal?

Answer

algebraic error � discretization error

Goal-oriented error estimates

we are interested in a linear target functional J,

error = J(u)− J(ukh ) = J(u − ukh )
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Goal-oriented error estimate

problem: L u = f , error = J(u − ukh )

Dual problem

L ∗z = J

FE discretization ah(ψh, zh) = J(ψh) ∀ψh ∈ Vh

⇐⇒ ATy = c

Abstract error estimate

J(u − uh) = rh(uh)(z − wh), rh(uh)(φ) := `(φ)− ah(uh, φ)

Abstract error estimate including algebraic errors

J(u − ukh ) = rh(ukh )(z − wh) + rh(ukh )(wh) =: eS,k + eA,k
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Goal-oriented error estimates (2)

Abstract error estimate

J(u − ukh ) = rh(ukh )(z − wh) + rh(ukh )(wh)

Higher-order reconstruction

z ≈ z+
h := R(zkh ), zkh solves approximately ATy = c

Computable error estimates

J(u − ukh ) ≈ rh(ukh )(z+
h − zkh ) + rh(ukh )(zkh ) =: ηS,k + ηA,k

Numerical computations

primal problem: Ax = b, approximations xk ↔ ukh
dual problem: ATy = c , approximations yk ↔ zkh
advantageous to solve both systems simultaneously
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Iterative solver for primal and dual problem

Primal error estimates

J(u − ukh ) ≈ rh(ukh )(z+
h − zkh ) + rh(ukh )(zkh ) =: ηS,k + ηA,k

Dual error estimates

J(u − ukh ) ≈ r∗h (zkh )(u+
h − ukh ) + r∗h (zkh )(ukh ) =: η∗S,k + η∗A,k

BiCG iterative solver

simultaneous computation of approximations xk and yk

cheap evaluation of an approximation of J(uh) =: ξ ≈ ξk
cheap estimate of |ξ − ξk | ≈ ζA,k , dual counterpart ζ∗A,k

Stopping criterion

min(ηA,k , η
∗
A,k) ≤ ω & min(ζA,k , ζ

∗
A,k) ≤ ω

efficient and robust for hp-anisotropic mesh adaptation
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V. Doleǰśı, P. Tichý Goal-oriented error estimates February 11, 2020 5 / 7



Iterative solver for primal and dual problem

Primal error estimates

J(u − ukh ) ≈ rh(ukh )(z+
h − zkh ) + rh(ukh )(zkh ) =: ηS,k + ηA,k

Dual error estimates

J(u − ukh ) ≈ r∗h (zkh )(u+
h − ukh ) + r∗h (zkh )(ukh ) =: η∗S,k + η∗A,k

BiCG iterative solver

simultaneous computation of approximations xk and yk

cheap evaluation of an approximation of J(uh) =: ξ ≈ ξk
cheap estimate of |ξ − ξk | ≈ ζA,k , dual counterpart ζ∗A,k

Stopping criterion

min(ηA,k , η
∗
A,k) ≤ ω & min(ζA,k , ζ

∗
A,k) ≤ ω

efficient and robust for hp-anisotropic mesh adaptation
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V. Doleǰśı, P. Tichý Goal-oriented error estimates February 11, 2020 5 / 7



Iterative solver for primal and dual problem

Primal error estimates

J(u − ukh ) ≈ rh(ukh )(z+
h − zkh ) + rh(ukh )(zkh ) =: ηS,k + ηA,k

Dual error estimates

J(u − ukh ) ≈ r∗h (zkh )(u+
h − ukh ) + r∗h (zkh )(ukh ) =: η∗S,k + η∗A,k

BiCG iterative solver

simultaneous computation of approximations xk and yk

cheap evaluation of an approximation of J(uh) =: ξ ≈ ξk
cheap estimate of |ξ − ξk | ≈ ζA,k , dual counterpart ζ∗A,k

Stopping criterion

min(ηA,k , η
∗
A,k) ≤ ω & min(ζA,k , ζ

∗
A,k) ≤ ω

efficient and robust for hp-anisotropic mesh adaptation
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Plan within project: Task 1.3 (with Filip Roskovec)

Extension to nonlinear problem

primal problem: ah(uh, ϕh) = 0 ∀ϕh ∈ Vh

dual problem: a′h[uh](ψh, zh) = J ′[uh](ψh) ∀ψh ∈ Vh

Solution of primal problem

Newton method: un+1
h = unh + dn

h , DF (unh)dn
h = −F (unh)

F (unh) := ah(unh , · )
DF (unh) := a′h[unh ]( · , · )
B(unh) := J ′[unh ]( · )
dual problem: DF (unh)Tzh = B(unh)

BiCG method looks promising

stopping criteria for inner and outer iterations

other aspects
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Plan within project: Task 1.2 (with Ondra Bartoš)

Error estimates are not guaranteed

J(u − ukh ) ≈ rh(ukh )(z+
h − zkh ) + rh(ukh )(zkh ) = ηS,k + ηA,k

Guaranteed error estimates – idea

primal & dual solutions: uh, zh ∈ Vh

primal & dual solutions: u+
h , z

+
h ∈ V+

h (globally pK + 1)

J(u − uh) = rh(uh)(z+
h − zh) + rh(u+

h )(z − z+
h ) =: ηS + η̂S

Estimation of the higher-order term η̂S

η̂S = rh(u+
h )(z − z+

h ) ≤
∥∥u − u+

h

∥∥
E

∥∥z − z+
h

∥∥
E

standard (energetic) estimates of
∥∥u − u+

h

∥∥
E

and
∥∥z − z+

h

∥∥
E

flux reconstructions (Vohraĺık, Papež,. . . )

these estimates don’t need to be accurate
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