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The conjugate gradient method
A is symmetric and positive definite, Ax = b

input A, b, x0
p0 = r0 = b−Ax0
for k = 1, 2, . . . do

αk−1 =
rTk−1rk−1

pTk−1Apk−1
xk = xk−1 + αk−1pk−1

rk = rk−1 − αk−1Apk−1

βk = rTk rk
rTk−1rk−1

pk = rk + βkpk−1

end for

orthogonality
ri ⊥ rj pi ⊥A pj

optimality of xk
min
y∈Kk

‖x− y‖A
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Estimating the A-norm of the error

‖x− xk‖2A . . . measure of the “goodness” of xk.

Error bounds, given µ ≤ λmin ,

αk ‖rk‖2 < ‖x− xk‖2A < α
(µ)
k ‖rk‖

2 <
‖rk‖2

µ

‖rk‖2

‖pk‖2
,

see, e.g., [Meurant, T. 2019] → approximate µ by µk.
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Experiment
s3dkt3m2, n = 90449, ichol

αk ‖rk‖2 < ‖x− xk‖2A < α
(µ)
k ‖rk‖

2 .
‖rk‖2

µk

‖rk‖2

‖pk‖2
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Improving accuracy of the lower bound

‖x− xk‖2A =
k+d−1∑
j=k

αj‖rj‖2 + ‖x− xk+d‖2A

[Golub, Strakoš 1994, Golub, Meurant 1997, Strakoš, T. 2002]
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A constant value of d
s3dkt3m2, n = 90449, ichol, d = 100
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How to choose d adaptively?
Lower bound

‖x− xk‖2A =
k+d−1∑
j=k

αj‖rj‖2︸ ︷︷ ︸
νk,d

+ ‖x− xk+d‖2A
‖x− xk‖2A︸ ︷︷ ︸

ρ

‖x− xk‖2A

and
νk,d < ‖x− xk‖2A = νk,d

1− ρ .
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Pseudo algorithm for the adaptive choice of d

εk ≡ ‖x− xk‖2A

1: input A, b, x0, τ
2: p0 = r0 = b−Ax0
3: d = 0
4: for k = 1, . . . , do
5: [αk−1, βk, xk, rk, pk] = CG iteration(k)
6: d = d+ 1
7: % = εk

εk−d

8: while % < τ do
9: compute lower bound at k − d

10: d = d− 1
11: % = εk

εk−d

12: end while
13: end for
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Testing various approaches

εk ≡ ‖x− xk‖2A

εj
εk
≤ νj,d

νk,d
= εj − εj+d
εk − εk+d

⇔ εj+d
εk+d

≤ εj
εk
.

The last inequality holds if convergence is at least linear.

It holds that
εj
εk
≤ κ(A)αj‖rj‖2

νk,d
,

approximate κ(A) [Meurant, T. 2019], heuristic → κ(A)1/4.
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Experiment
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Thank you for your attention!
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