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The conjugate gradient method

A is symmetric and positive definite, Az = b

do
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input A, b, z¢
Po=To = b — Al‘o
for k=1,2,...
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Estimating the A-norm of the error

o ||z — xx]|% ... measure of the “goodness” of .



Estimating the A-norm of the error
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@ Error bounds, given 1 < Apin,

el llrs|?
wo lpel?’

apllrell? < fo— a3 < al|re)? <

see, e.g., [Meurant, T. 2019] — approximate j by fi.
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Improving accuracy of the lower bound
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[Golub, Strako$ 1994, Golub, Meurant 1997, Strako$, T. 2002]
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How to choose d adaptively?

Lower bound
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Pseudo algorithm for the adaptive choice of d

er = |lz — 2

input A, b, zg, T

po =10 =0b— Axg

d=0

fork=1,...,do
[ak_l,ﬁk,ack,rk,pk] = CG iteration(k:)
d=d+1
0=zt

while o < 7 do
compute lower bound at & — d
d=d—-1
0= 2

12:  end while

13: end for
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Testing various approaches

e = |l — 2l
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Testing various approaches

e = |l — 2l
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The last inequality holds if convergence is at least linear.



Testing various approaches

e = |l — 2l
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The last inequality holds if convergence is at least linear.
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approximate (A) [Meurant, T. 2019, heuristic — (A)Y/*4,
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s3dkt3m?2
10°F 1
pp—— P
10710 optimal d 7
adaptive d ~|
Il Il Il Il Il Il Il
2200 2300 2400 2500 2600 2700 2800 2900 3000

0
2200

2300 2400 2500 2600 2700 2800 2900 3000

0
2200

2300 2400 2500 2600 2700 2800 2900 3000

10



Related papers

G. H. Golub and Z. Strakoé, [Estimates in quadratic formulas, Numer.
Algorithms 8, 1994]

G. Meurant, J. Papez and P. Tichy, [Controlling accuracy of the error

estimates in CG, in preparation, 2020]

G. Meurant and P. Tichy, [Approximating the extreme Ritz values and
upper bounds for the A-norm of the error in CG, Numer. Algorithms 82, 2019]

G. Meurant and P. TiCh)I/, [On computing quadrature-based bounds for the
A-norm of the error in CG, Numer. Algorithms 62, 2013]

Z. Strako$ and P. Tichy, [On error estimation in CG and why it works in FP
computations, Electron. Trans. Numer. Anal. 13, 2002]

Thank you for your attention!
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