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One-dimensional case
[Echeverria, Liesen, Tichy, Szyld, 2018]



Convection-diffusion boundary value problem

—eu'+au' +Bu=f in Q=(0,1), 0<e<a, S>0.

1 - - -
= Exact solution u(x)
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Shishkin mesh
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The standard upwind difference scheme
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The standard upwind difference scheme
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Use the multiplicative Schwarz method to solve Ax = b,

g®) = Tap*=D 4y T=(I-P)I-P),

lz =W < T & — ol -



ReSUItS [Echeverria, Liesen, Tichy, Szyld, 2018]

upwind difference scheme
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ReSUItS [Echeverria, Liesen, Tichy, Szyld, 2018]

upwind difference scheme

Relative Residual
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Schwarz method as a preconditioner

@ Consistent scheme
2D — k) 4y,
o Preconditioned system

(I —-T)x=w.
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dim (Kx(I — T, 1)) < 2.

= GMRES converges in at most 2 steps



Schwarz method as a preconditioner

@ Consistent scheme
gD = Tk 4y,
o Preconditioned system

(I —-T)x=w.

@ T has rank-one structure, therefore
dim (Kx(I — T, 1)) < 2.

= GMRES converges in at most 2 steps

. a motivation for more dimensional cases.



Two-dimensional case
[Echeverria, Liesen, Tichy, 2020]



u(x,y)

Problems with one boundary layer

—eAu+ auy, + fu= fin Q=(0,1) x (0,1)




Shishkin mesh
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Use the standard upwind difference scheme.



A general algebraic problem
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A general algebraic problem
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@ Convergence of the multiplicative Schwarz method?
@ Structure of T' ?

2® = 7= 4y

k k
lz = 2@ < T & — ol



Results for the two-dimension case
[Echeverria, Liesen, Tichy, 2020] - submitted

Using [Echeverria, Liesen, Nabben, 2018] we have shown
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e Low-rank structure of T', rank(T) = N,

@ Schwarz can be used as a preconditioner,

@ Preconditioned GMRES — at most IV + 1 iterations.



Open problems



Practical implementation of the Schwarz method

To use the iterative scheme
2® = 7D 40 T = (1 —P)I - P),

we need to solve linear systems with submatrices of A.

@ Schur complement and fast Toeplitz solvers?

@ Inexact solvers?
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Two boundary layers

—eAu+ aquy + aguy + Pu = f

solution
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Shishkin mesh
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@ How to define the multiplicative Schwarz method?
@ Structure of A?
o Is T low-rank?
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Thank you for your attention!
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