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Model problem

Continuous problem: -
Let Q ¢ R? be a polygonal domain. Find u : Q — R satisfying
—Au=f inQ,

u=0 onoQ,
and evaluate J(u), e.g. [ udSor fQJ udx, where ' C 99, Qy C Q.

Weak formulation: Find u, z € H}(Q) such that
an(u, ) = (f,9) Ve € Hy(Q),

an(v,z) = J(¥) Vi € Hy(Q).

Discrete SIPG solution: Find us, z, € S}, such that
an(Un, wn) = (f,n) Veon € Sp,
an(vn, zn) = J(Pn)  Vion € Sp.
Then J(u) = an(u, z) = (f, z) and J(un) = an(un, zn) = (f, zn).
an(u,v)= 3 / Vu-vvdx— 3 /(Vu) -n[V] + (VV) - n[u] dS
KeTh K yeEFLYY

+ 3 /o—[u][v] ds

YEFHT
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Lifting operator
Lifting operator I, : L?(y) — [Po(K,)]? defined on neighbours of -y by
(b ([un]), ¥)k, = ([unl, (@) - M)y Vo € [Pp(K,).

Global lifting operator / : L3(Fs) — [SP1? is

I([un)) = > h([unly).
YEFh
It follows that /([un]) |k = 3_.,cax h([unly)lx, [([u]) = I([2]) = 0.
V ‘N[vp]dS = / 1) VundS

Setting Gp(un) = V(un) — I([ur]), Gr(zrn) = V(zn) — I([z4]), we obtain

an(Un, Vi) = / G(un) - G(vh) dx
KeTy
-y //[uh] v ax+ 3 /a[uh][vh] ds
KeTh YEFh
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Error expression

J(u— up) = an(u — up, 2)
= ap(u— Up, z — zp)
= an(U — Un, 2y — Zh) + an(U — Un, Z2 — Z}})
= r(up) (2 — zn) + an(u — un, 2 — 2}")
=an(u—Un 2z —zn)+an(uf —un,z—2z)+anu—ut,z- 2z

rn(Un) (25 — 20) + 15 (25 )(Uy — Un) + an(u — Uy, 2 — 2y)
The last term is equal to

an(u—uy,z=zy) =Y [ (V(u—uy)+1[u]) - (V(z— 27) + I([z;])) dx

KeT, ' K
- ZT /K G - 1z ) dx + Zf / oluilizt1dS.

Setting L(uy, Z,) = Sk, Jx (lug]) - 1([251) dx,
Ji(uy. zy) = X e 5, [, olupllz;]dS, we arrive at an estimate
|ah(u - U;,Z - zl:r)| < HVU - Gh(u;)HLZ(Q) HVZ - Gh(Z;)HLZ(Q)

+[—Lup 25) + JF (U, 25)] -
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Error estimate

Let s, € HI(Q) N C(Q), o € H(div,Q), (V - on, 1)k = (f, 1)k VK € T5. Then

IV = G |fay < D 7k

KeTh

with
hi =
o= (16 + ool + 21 = 7 onl+ ()

+ (|| Galu) = Vsl + (o))

Both sy € S™" N H}() and o4 € RTN,.1 can be reconstructed by solving
local mixed problems on patches around vertices.

oh € RTNg 1 st. V-0 = No.amna,, (Yaf — Viba- G(u})) minimizes
[waG(u7) + ol

sh minimizes ||V (vau; — s7)||,,. over a suitable space.

We then have on = 3"\, opand sp=3",.,, Sh.
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