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Traffic flow

I Described by traffic density ρ(x , t), x ∈ R, t ∈ R
I Non-linear hyperbolic equation

∂

∂t
ρ(x , t) +

∂

∂x
Qe (ρ(x , t)) = 0
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Junctions

I Conservation law at junctions

I Rankine-Hugoniot condition

n∑
i=1

Qe(ρi(b−i , t)) =
n+m∑

j=n+1

Qe(ρj(a+
j , t))

I Traffic distribution

Qe(ρj(a+
j , t)) =

n∑
i=1

αj,iQe(ρi(b−i , t)), ∀j = n+1, . . . ,n+m
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Discontinuous Galerkin method

I Aim: approximate the solution by a piecewise polynomial
function

I Finite element method is unsuitable
I DG = discontinuous piecewise polynomial approximation
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Discontinuous Galerkin method

I Aim: approximate the solution by a piecewise polynomial
function

I Finite element method is unsuitable
I DG = discontinuous piecewise polynomial approximation

∫
Ω
(ρh)tϕ dx+

∑
i

H
(
(ρh)

(L)
i , (ρh)

(R)
i

)
[ϕ]i−

∑
K

∫
K

Qe(ρh)ϕ
′ dx = 0
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Numerical flux

I H
(
(ρh)

(L)
i , (ρh)

(R)
i

)
≈ Qe (ρ(xi))

I Godunov numerical flux:

H
(
ρ

(L)
h , ρ

(R)
h

)
=

min
ρ

(L)
h ≤ρ≤ρ

(R)
h

Qe(ρ), if ρ(L)
h < ρ

(R)
h

max
ρ

(R)
h ≤ρ≤ρ

(L)
h

Qe(ρ), if ρ(L)
h ≥ ρ(R)

h
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Junctions

I Maximum possible traffic flow while satisfying the
distribution coefficients

I Numerical flux

Hi(t) :=
n+m∑

j=n+1

αj,iH
(
ρ

(L)
hi (bi , t), ρ

(R)
hj (aj , t)

)
Hj(t) :=

n∑
i=1

αj,iH
(
ρ

(L)
hi (bi , t), ρ

(R)
hj (aj , t)

)
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Lemma (Discrete Rankine–Hugoniot condition)

The numerical fluxes Hi and Hj satisfy the discrete version of
the Rankine–Hugoniot condition:

n∑
i=1

Hi(t) =
n+m∑

j=n+1

Hj(t).
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Definition (DG formulation on a simple network)

Incoming roads: For all i = 1 . . . ,n and all ϕi ∈ Shi∫ bi

ai

(ρhi)tϕi dx −
∑

K∈Thi

∫
K

Qe(ρhi)ϕ
′
i dx +

∑
x∈F I

hi

H
(
ρ

(L)
hi , ρ

(R)
hi

)
[ϕi ]

+Hiϕ
(L)
i (bi)− H

(
ρDi , ρ

(R)
hi (ai)

)
ϕ

(R)
i (ai) = 0.

Outgoing roads: For all j = n + 1, . . . ,n + m and all ϕj ∈ Shj∫ bj

aj

(ρhj)tϕj dx −
∑

K∈Thj

∫
K

Qe(ρhj)ϕ
′
j dx +

∑
x∈F I

hj

H
(
ρ

(L)
hj , ρ

(R)
hj

) [
ϕj
]

+Qe(ρ
(L)
hj (bj))ϕ

(L)
j (bj)− Hjϕ

(R)
j (aj) = 0.
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Theorem (Conservation property of the DG scheme)

The DG scheme from Definition conserves the total number of
vehicles in the network in the sense that

d
dt

n+m∑
k=1

∫ bk

ak

ρhk dx =
n∑

i=1

H
(
ρDi , ρ

(R)
hi (ai)

)
−

n+m∑
j=n+1

Qe
(
ρ

(L)
hj (bj)

)
.
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Theorem (Traffic distribution error)

The numerical fluxes Hi and Hj satisfy

Hj(t) =
n∑

i=1

αj,iHi(t) + Ej(t)

for all j = n + 1, . . . ,n + m, where the error term is

Ej(t) =
n∑

i=1

n+m∑
l=n+1

l 6=j

αj,iαl,i
(
Hi,j(t)− Hi,l(t)

)
.
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Network – Numerical flux vs. Maximum possible flux
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Network – Numerical flux vs. Maximum possible flux
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Lukáš Vacek and Václav Kučera
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Godunov’s distributive numerical flux

Hi(t) :=
n+m∑

j=n+1

Hi,j
(
ρ

(L)
hi (bi , t), ρ

(R)
hj (aj , t), αj,i

)
Hj(t) :=

n∑
i=1

Hi,j
(
ρ

(L)
hi (bi , t), ρ

(R)
hj (aj , t), αj,i

)

where
Hi,j
(
ρ

(L)
i , ρ

(R)
j , αj,i

)
= min{αj,i fin

(
ρ

(L)
i

)
, fout

(
ρ

(R)
j

)
}

where

fin
(
ρ

(L)
i

)
=

{
Qe
(
ρ

(L)
i

)
, if ρ(L)

i < ρ∗

Qe
(
ρ∗
)
, if ρ(L)

i ≥ ρ∗
fout
(
ρ

(R)
j

)
=

{
Qe
(
ρ∗
)
, if ρ(R)

j ≤ ρ∗
Qe
(
ρ

(R)
j

)
, if ρ(R)

j > ρ∗
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Right of way

Example: 2 incoming, 2 outgoing roads. Road 1 is main road,
Road 2 is side road. Road 3 and Road 4 are outgoing roads.

H1,3 = min{α3,1fin
(
ρ

(L)
1

)
, fout

(
ρ

(R)
3

)
}

H1,4 = min{α4,1fin
(
ρ

(L)
1

)
, fout

(
ρ

(R)
4

)
}

H2,3 = min{α3,2fin
(
ρ

(L)
2

)
,max{0, fout

(
ρ

(R)
3

)
− α3,1fin

(
ρ

(L)
1

)
}}

H2,4 = min{α4,2fin
(
ρ

(L)
2

)
,max{0, fout

(
ρ

(R)
4

)
− α4,1fin

(
ρ

(L)
1

)
}}
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Pseudo 2D junction
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First Progress Meeting - Traffic flow



Basic theory Numerical flux at the junction Fututre plans Publications

Publications

L. VACEK, V. KUČERA: Discontinuous Galerkin method for
macroscopic traffic flow models on networks, Communications
on Applied Mathematics and Computation (submitted)
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Thank you
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