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Richards’ Equation

IV — 2)

5~ V- (KW - 2) V) =0 )

° VY=1+72Z
e ¥ — hydraulic head
® ¢ — pressure head

I(w) = 0(v)+ 32 [V 0(s

® ¢ — active pure volume

e z-geodetic head ® ¢ —water content

e K - hydraulic conductivity

0s — saturated water content
Ss — specific aquific storage
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Degeneracy of Parabolic PDE

W — V- (K(V-2)V¥) =0 @
where
¥
I(W) = () + g—; / 0(s)ds. @)
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Degeneracy of Parabolic PDE

W — V- (K(V-2)V¥) =0 @
where
¥
I(W) = () + g—; / 0(s)ds. @)

e fast-diffusion type of degeneracy

Ss=0 & o >0(= ¢(v)=0)
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Degeneracy of Parabolic PDE

W — V- (K(V-2)V¥) =0 @
where
¥
I(W) = () + g—; / 0(s)ds. @)

e fast-diffusion type of degeneracy

Ss=0 & o >0(= ¢(v)=0)

e slow-diffusion type of degeneracy

° ¥(¢p) 200 when ¢ —0
* K(v) -0 when ¢ — —o0
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Initial Boundary Value Problem

Find W = W(x, 1) : Q x (0, T) — R such that

% VKW -2)VW) =0  inQx(0,1), (4q)
V=V, onlpx (O, T), (4b)
KW)VV.-n=qy onTyx(0,T), (4c)
YV.n=0if w<0
V=0ifV¥.-n<0

V(x,t=0)= Vg in Q. (4e)

onTlgx (0,7), (4d)
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Higher order STDG solution (Dolejsi et. al. 2019)

hp-STDG scheme

/ (@Y = 2),0) + Apm(V, ¢)) df + ({I(V — 2)}m_1. ¢l ) =0

Im
®
forall ¢ € S;’g’, m=1,....rwithw, |5 = Vg
o Y, ¢ S;:g an approximate solution of (4)
° S,T,:g space-time polynomials with varying degree p in space
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A priori Analysis

GOAL

Derive an a priori error estimate — an estimate in terms of
degrees of freedom

IV —Wh || < CW)(h* +77).

e we obtain the convergence as a consequence
(limgofsoo W = Wp, | =0, dof = dim(S}2))

¢ [Dolejsi, Feistauer 2015] a priori error estimates for STIDG
method in case of a convection-diffusion equation with

nonlinear convection and nonlinear nonvanishing bounded
from above diffusion
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Space Semi-Discrete Analysis

Space semi-discrete scheme

(09(W), p)a + Anm(V,9) =0, Vo € Shp )

Anm(W.9) = Y (KW =2)VV, V) — > (KW =2)V¥)-n,fe]), + > (alel. [V]),

KeThm yer® 'yel'gm

e Standard assumptions for Richards’ equation
® ¢ monotone nondecreasing, Lipschitz continuous with
possibly ¢'(V) — 0
e K uniformly bounded, SPD & Lipschitz continuous
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Space Semi-Discrete Analysis - Solution Strategy

e Extend FEM approach from [Woodward, Dawson 2000;
Arbogast 1990] to DG method allowing ¢ — 0

e Assume (dy1) o ¥~ Holder continuous with order 3
¢ Two test functions from Sy

° v = f,'ge@Tdr (mimics Gronwall argument) & ¢, = ¢

e Continuous induction approach

* Estimates in ferms of |J(V) — d(Vh)ll o2y 1V = Whll2¢any &
fO (V(V) —I(Vp), ¥ — W) dt

e However, presence of interior and penalty terms in elliptic
part of (6) aggravates the analysis

* Modify "K(VW)¥” by "K(W, VW)" [Dolejsi 2008] or
"K(6(V)), V)"

e Estimates in terms of DG-norm
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Outlook

e Complete analysis of the semidiscrete DG scheme &
perform numerical experiments

e Analysis of fully discrete STDG scheme
e Analysis of the hp variant of STDG method
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