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DGM for the elliptic problems

Laplace problem

Find a function v : Q — R such that

—Au=1f inQQ, (1a)
u=up on dp, (1b)
n-Vu=gy ondQy, (1)

where f, up and gy are given functions.

V. Dolejsi DGM Lecture 1 2/27



DGM for the elliptic problems

Find a function v : Q — R such that

—Au=1f inQQ, (1a)
u=up on JdSp, (1b)
n-Vu=gy ondQy, (1)

where f, up and gy are given functions.

Weak solution

/Vu‘Vvdx:/fvdx—k/ gnvdS VveV. (2)
Q Q oy

V = {v e HYQ); v|oa, = 0}.
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@ 7 triangulations

@ triangles K € Ty,
o hx = diam(K) = diameter of K, h = maxkeT; hk,
e px = radius of the largest d-dimensional ball in K
o |K| = d-dimensional Lebesgue measure of K,

@ F}, we denote the system of all faces of all elements K € T,

FP — boundary faces

FP - Dirichlet faces

F)N — Neumann faces

F} — interior faces

FIP = F} UFP - interior and Dirichlet faces

@ nr — unit normal to I € F,
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Functional spaces

Broken Sobolev spaces

HYQ, Th) = {v e 2(Q);vlk e H'(K)Y K e T}, (3)
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Functional spaces
Broken Sobolev spaces

HYQ, Th) = {v e 2(Q);vlk e H'(K)Y K e T}, (3)

<

Norm and seminorm

2 _ 2 2 _ 2
||V“Hk(Q’7’h) = ZKGT,, HV”Hk(K)v |V|Hk(Q7’7’h) = ZKeﬁ |V|Hk(K)
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Functional spaces

Broken Sobolev spaces

HX(Q, Tp) = {v € L2(Q); v|k € HX(K) V K € Ty},

(3)

Norm and seminorm

N
N
|
N
=X
=

||V“Hk Q7 ZKeTh HV”Hk(K)v ‘V|Hk(Q7’7’h) = ZKeﬁ, |V|Hk(

Jump and mean values
o (v)r = mean value of v € H}(Q,T;) on T € F/
o [vlr = jump of v € HY(Q,T;) on T € F
o v= (V) =[v]r=forveHY(QTy) onT € FE

A\
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Functional spaces
Broken Sobolev spaces

HYQ, Th) = {v e 2(Q);vlk e H'(K)Y K e T}, (3)

<

Norm and seminorm

2 _ 2 2 _ 2
||V’|Hk(Q”7’h) = ZKGT,, HV”Hk(K)v ‘V|Hk(Q77’h) = ZKeﬁ, ‘V|Hk(K)

<

Jump and mean values

o (v)r = mean value of v € H}(Q,T;) on T € F/
o [vlr = jump of v € HY(Q,T;) on T € F
o v= (V) =[v]r=forveHY(QTy) onT € FE

v

Finite dimensional subspace

Shp = {v € L2(Q); v|k € Py(K) YK € Th}, (4)

v
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° {7],},,6(0’,-,) triangulations: shape-regular: 3Cg such that
h/pk < Cr VYK €T, Vhe(0,h). (5)

o the quantity hr, [ € Fj, satisfy the equivalence condition with
hk: 3 Ct, Cg > 0 such that

Crhx < hr < Cghkx, VYK eETy VI € Fp, rC@K,VhG(O,E).
(6)
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DGM forms

(u,v) Vu-Vvdx (7)
" KeTh/
-> / (Vu)[v] +©n- (Vv) [u]) dS
rerP
where © =1 (SIPG), © = —1 (NIPG) or © = 0 (IIPG).
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DGM forms

ap(u, v) /Vu Vvdx (7)
KeETh

_ Z/ (V) [v] +©n - (Vv) [u]) dS

rerP

where © =1 (SIPG), © = —1 (NIPG) or © = 0 (IIPG).

J(uv)= > /o[u] [vldS,  u,veHY(QTh). (8)

&z’




DGM forms
(u,v) Z/Vu Vvdx (7)

KeTh

-> / (Vu) [v] +©n- (Vv)[u]) dS

rerP

where © =1 (SIPG), © = —1 (NIPG) or © = 0 (IIPG).

(uv)= > /a[u] [v]dS,  u,ve HYQ,T). (8)

&z’

4

Eh(v):/fvdx—i—/ gnvdS — Z/@n Vv +ov)updS.
Q Iom

rerp
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DGM forms

(u,v) Vu-Vvdx (7)
o KeTh/
-> / (Vu) [v] +©n- (Vv)[u]) dS
rerP

where © =1 (SIPG), © = —1 (NIPG) or © = 0 (IIPG).

(uv)= > /U[u] [v]dS,  u,ve HYQ,T). (8)

&z’

4

Z/@n Vv +ov)updS.

rerp

Eh(v):/fvdx—i—/ gnvdS —
Q Iom

v

Ah(”? V) :ah(uv V)+79JI(1T(U7 V)a J
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Approximate solution by DGM

Definition

up € Spp is approximate solution by DGM if

Ah(uh, Vh) = Eh(vh) Vv, € Shp. (9)
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Approximate solution by DGM

up € Spp is approximate solution by DGM if

Ah(uh, Vh) = Eh(vh) Vv, € Shp. (9)

V.

Consistency

if u € H2(Q) is the weak solution of the Laplace problem then
Ap(u,v) = €y(v) Vv e H(Q,Th), (10)

y
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Approximate solution by DGM

up € Spp is approximate solution by DGM if

Ah(uh, Vh) = Eh(vh) Vv, € Shp. (9)

V.

Consistency

if u € H2(Q) is the weak solution of the Laplace problem then
Ap(u,v) = €y(v) Vv e H(Q,Th), (10)

y

Galerkin orthogonality of the error

let e, = up — u be the error then

Ah(eh, V) =0 Vve Shp. (11)
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Practical realization

Ah(uh, Vh) = gh(Vh) Vv, € Shp. J

o let {¢j, i=1,...,Np} be a basis of the space Sy,
® up(x) = Zsz”l Woi(x), W eR, j=1,..., N, unknowns

@ (9) is equivalent to

Np,
> An(pi o) = (), J=1,..., Np. (12)
=1

@ matrix form
AU =1L,
where A = (a,-j),-l\,lf’zl = (An(wj, SOi)),{\,If:y U= (”j),'vhl and

J:
N
L= (Cn(e)));21,
@ existence and uniqueness of the solution?
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Tools of numerical analysis

Multiplicative trace inequality

There exists a constant Cy; > 0 such that

IvIIZ2gaxy <Cm (||V||L2(K) VI + hE1HV||i2(K)) , veHY(K).
(13)
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Tools of numerical analysis
Multiplicative trace inequality

There exists a constant Cpy > 0 such that

IvIIZ2(ok) <Cm (||V||L2(K) VI + h}1HV||%2(K)) , veHY(K).
(13)

<

Inverse inequality

There exists a constant C; > 0 such that
V) < Chgt vl Vv € Po(K). (14)

v
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Tools of numerical analysis
Multiplicative trace inequality

There exists a constant Cpy > 0 such that

IvIIZ2(ok) <Cm (||V||L2(K) VI + h}1HV||%2(K)) , veHY(K).

(13)
Inverse inequality
There exists a constant C; > 0 such that
V) < Chgt vl Vv € Po(K). (14)

v

Approximation properties: My, : H*(2, Th) = Shp

There exists a constant C4 > 0 such that

Mapv — Vigaarny < CaP IVl v € HAQTh), (15)

where = min(p + 1, s).
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Energy norms

1/2
lulll = (lufs oy + J5 (0 0)) (16)
where J7(u,v) = Eref,’f’ Jrolul[v]dS,
hr
and Cy > 0 is the penalization constant.
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Energy norms

1/2
el = (JelZngamy + 7 ) (16)
where J7(u,v) = Zref,’,’) Jrolul[v]dS,
Cw

olr =or = 2%, rerP, (17)

and Cy > 0 is the penalization constant.

IVIEo =lIvil® + > /ra_l(n- (Vv))?ds (18)

rerpP

By + )+ S /rg—l(n.<v\/>)zd5.

rerpP

v
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Continuity of diffusion bilinear forms

Continuity of ap

|an(u, V)| < lullio vl Vu,veHX(Q,Th), (19)

U7 (u, V)| < J7(u, )20 (v, v)Y2 Yu,ve HY(Q,Th), (20)

v

Continuity of Ap

An(u, V)| < 2l|ulliolvile Yu,ve HA(QTh).  (21)

<
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An(vhs vi) = Clllvalll® ¥ vh € Sp, (22)

with

Cc =1 for A, = AE’U if Cyw >0,
Cc = 1/2 for A, = Ai’o if Cyy > 4CGCM(1 -+ C/),
Cc =1/2 for A=A if Cw > CeCu(1+ G)).

DG solution

up € Shp such that Ah(uh, Vh) = Eh(vh) Vv, € Shp. (23)

4

Existence of the solution

If Cyy is sufficiently large then there exists unique DG solution.
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A priori error estimates

Let v € H°(Q2), > 2, Cw sufficiently large and 7}, satisfies the
assumptions then

e — uplll < Cob*Hulpugey, b€ (0, ), (24)

where p1 = min(p + 1, s)
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A priori error estimates

Let u € H°(Q), > 2, Cy sufficiently large and T}, satisfies the
assumptions then

e — uplll < Cob*Hulpugey, b€ (0, ), (24)

where p1 = min(p + 1, s)

Broken Poincaré inequality

lvalliz@y < Clllvalll - Yvn € HH(Q,Th) (25)

v
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A priori error estimates

DG norm
Let u € H°(Q), > 2, Cy sufficiently large and T}, satisfies the
assumptions then

llu = uplll < CLA* Y ulpui), b€ (0,h), (24)

where p1 = min(p + 1, s)

Broken Poincaré inequality

lvalliz@y < Clllvalll - Yvn € HH(Q,Th) (25)

v

L2-error estimate — only SIPG!

Let the dual problem has regular solution (z € H?(R))
lu = unlli2@) < GH|ulpna (26)

where = min{p + 1, s}.
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Numerical experiment (1)

Problem with regular solution

Find a function v : Q = (0,1) x (0,1) — R such that
— Au = 87%sin(27mx1) sin(27x2) in Q, (27
u=0 on 0f2.
u=sin(2rxy)sin(2mx2), (x1,x2) € Q, (28)
obviously, u € C>®(Q).
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Evaluation of experimental order of convergence (EOC)

lenll = CHEO, (29)

where C > 0 is a constant, h = maxkeT; hk, EOC € R is the
experimental order of convergence.

Setting of EOC

@ computation on two triangulations with h; < hy

@ the corresponding errors ey, ep,

o from (29) we derive

_ |og(Heh1H/“eh2H)
EOC = log(h1/h2) (30)

v
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Sequence of triangulations
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Convergence, regular solution SIPG
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Convergence, regular solution NIPG
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Convergence, regular solution IIPG
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Numerical experiment (2)
Problem with singular solution

Find a function v: Q = (0,1) x (0,1) — R such that

—Au=g in Q, (31
u=0 on 09,
u(x1,x2) =2r"x1x(1 — x1)(1 — x2) (32)

where r is the polar coordinate and o € R.

\

Solution regularity

ue H(Q) VBe(0,a+3), (33)

where H?(Q) is the Sobolev—Slobodetskii space.

4
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Singular solution, a = 0.5, u € H'/?(Q), SIPG
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Singular solution, & = 0.5, u € H7/2(Q), NIPG
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Singular solution, a = 0.5, u € H/?(Q), IIPG
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Singular solution, a = —1.5, u € H¥?(Q), SIPG
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Singular solution, & = —1.5, u € H3?(Q), NIPG

0.1 T 1
0.01
0.001
o(n®?) X
oy < B
0.0001 : /,/;" [ —
o) w7 e o
e P4 8
P5 —a—
1e-05 EG -
0.01 0.1
[?-norm
“ehHB — O(hmin(p+l,3/2)71) H|eh|H — O(hmin(p+l,3/2)71)

V. Dolejsi DGM Lecture 1 25 /27



Singular solution, a = —1.5, u € H¥?(Q), IIPG
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Summary of numerical experiments

u e H(Q), up € Spp
SIPG
o |len||;2 = O(hmin(PFL:9))
o lenlll = O(hmn(pF1.5)=1)

o full agreement with theory, optimal orders of convergence

NIPG and IIPG

. ||e ” - O(hmin(p+1,s)) p odd
Al = O(hMin(p:s)) p even

o [lenll = O(hmin(PFL.2)1)

@ agreement with theory in || - |||, optimal orders of convergence

@ optimal order in || - ||;2 only for p odd (not true in general)
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