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Model problem

@ model scalar convection-diffusion equation,

o Let Q C Rd, 00 = 0Qp UoQy, 02Qp NOQy =0,
Qr =Qx(0,T), we seek u: Qr — R such that

Scalar convection-diffusion problem

g:+v f(u)—eAu =g in Qr, (1)

u=up on dQp, t € (0, T),
V(u)-n=gn  on dQy, te(0,T),
u(x,0) =u’(x) xeQ,

where: f = (fi,...,fy), fu € C}(R),s=1,...,d, & >0.
Suitable assumptions on £ g, up, gn and u® guarantee the
existence and uniqueness of the weak solution.
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Space discretization by DGM

?:—FV-F(U)—eAu:g (Z)J

let u be a strong (regular) solution,

we multiply (2) by v € H3(Q, Tp),

integrate over each K € T,

apply Green's theorem,

sum over all K € Ty,

we include additional terms vanishing for regular solution,

we obtain the identity

(g?(t), v) +eap(u(t), v) + bp(u(t), v) +eJdg (u(t),v) = lp(v) (1)
Vv e H*(Q,Ty) Vt € (0, T), (3)
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Convective form

Convective term (“finite volume approach”):

Z /KV-F(u)vdx

KeTh

:_ZAF(U).vvdx+Z/8KF(u).nvds

KeTh KeTh

) - nle ~ H (o, ol nc), T e,

bp(u, v)=— Z /K f(u) - Vvdx

KeTh

+ Y /rH<u](rL),u](rR),nr> [V]r dS

rer,

V

T = = —
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Definition of forms

ap(u,v) = Z / Vu-Vvdx— Z /(Vu)-n[v]dS
K r

KETh rerp

0 Y /r (VV) - [u]dS,

rerpP

A

e § =—1 SIPG formulation,
@ =1 NIPG formulation,
e =0 IIPG formulation.
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Definition of forms, cont.

Interior and boundary penalty

Bwv=Y /ro[u][v]dS, or =52,

rerpP

Right-hand-side

(0= [ e@vics ¥ [en(vas

rerl

+3 /F(OVv-nuD(t)-l-GUD(t) v) dS

rerp
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Semi-discrete variant

o Let u(t,x) € CL(0, T; H?(Q)) be the weak solution (1), then

(%(t)’ "> +ean(u(t), v) + ba(u(t), v) + e Jf (u(t), v)
=Ulp(v)(t), ve H2(Q,’77,), tc(0,7), (4)

o (4) makes sense also for u(t) € H*(Q,7p), t € (0, T).
e since Sp, C H?(2, Tp), identity (4) makes sense for u, v € Sp,
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Semi-discrete solution

Definition
We say that up, is a DGFE solution iff

a) upe CHO, T; Shp)s

b) (aigt@, Vh) + bp(un(t), va) + € an(un(t), va) (5)

+e Jpy (un(t), va) = n(va) (t)  Vvh € Spp, t € (0, T)
c) up(0) = ﬂhpuo,

where I_Ihpu0 is a projection of IC in Sp,

@ system of ODEs,
@ number of equations = dim S,

@ (semi)-implicit ODE solver advantageous,
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Error estimate

Let

e Ju/dt € L%(0, T; H5(Q)) be the exact regular weak solution,
o up € CYO, T; Spp) be the approximate solution given by (5)
@ assumptions on meshes, numerical flux, problem data,
@ ey, = up— U,

Then

)
£)[|2 9)|[1? dv
i llen(®)y +< [ lles@l ©)

<GhH2 (|ulfz(,,Hu(Q)) + ‘8“/8”%2(-,HH(9))>’

w=min(p+1,s).

.
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Auxiliarly results 'y = () I (No Neumann BC)

1/2
|bn(u, v) = ba(d, v)| < Cl|v| (IIu — blloy + Y hrllu— ﬁlliz(ax)> ;
KeTh

u, € HYQ,Tp) N L>(Q), v € H(Q,Ts), he (0,h) (7)

v

|br(un, Vi) — ba(@n, vi)| < Cll|valll lun — Tnlle2(), tn, Ty Vi € Shps

Let Mgy, : H5(Q) — Skp and 1 = u — MMypu, then
|bn(u, vi) = ba(Mapu, vi)] < CRo(M)IIvalll, v € Sk, h € (0,h), (8)

V,

Let & = v — Nypu, then under the above assumptions,
|bn(u, vir) = ba(un, vin)| < Clllvall (Re(n) + 1€l 2()) s Vh € Shp- (9))

1/2
where Ro() = (L yer, (1120, + Wi lnfZnge) )
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Sketch of the proof of (7)

We assume Lipschitz continuity of f and H:
|f(u) — f(@)| < Lflu— ] Vu, i eR,
|H(u1, up, n) — H(Vl, V2, n)\ < LH(|U1 — V1| + |U2 — V2|) Vul, uz, vi, o € R

by(u, v) — by(d,v) (10)
:—K;Th/K(f(u)—f(U)) - Vvdx =: 01
+ r;,, /r (H(u#), u® n) — H@E®, 5P, n)) [V]dS = oo.

ov _
ax‘ dX S \/HL{HU — u||L2(Q)|V|H1(Q,Th)'

d
KSR
Ks=1

KeTh J

o2l < L S / (\uﬁ“ - n}“‘ + ]uﬁ*” - nﬁR)D IVIds...
r

rer,
V.

T = = =
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Sketch of the proof of error estimates

Approximate solution

(6“55”7 ) + bp(un(t), va) + € an(un(t), vi) + € JZ (un(t), va) = Ca(vn)

—~
=
~

( B¢ ,v,,)+b,,(u( ), Vi) + € an(u(t), vn) + € J7 (u(t), vi) = Ln(va)

&= up—Mppu € Spp,
n = Mppu—u € H(Q, Tp): available info from u = aim: "¢ <7n"

Putting Ay := e(an + Jg), subtracting the above relations, vy := ¢ gives

<3t7§> +eAn(§, &) = bn(u, &) — ba(un, §) — (%,5) — An(n, &)

3 €020 + & Cll€N® < [bn(u, &) — ba(un, €)] +

(&, ))+|Ahn, )l

)

™7 = =
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Sketch of the proof of error estimates (2)

3 i €0y 2 Cell€l® < 16n(u ) = bu(un. 1+ | (52:) [+ 1401

Particular error estimates

& lEN: + 2eCcllé)?
< C((Ro(n) + lI€ll2) €N+ eRa( €N + NlOenll 2 11€]]2)

1/2
where Ro(n) = (X gers (11122) + Helngiey)) 2 = O(h),
1/2 _
Ra(n) = (Z ke (1 + Mgy + hi2llnZzey) ™ = O(h)

V

e €z +2eCellell’®
< C(Ro(n) +eRa(n) + [I€ll2) €N + CllOenl| 2 [I€]] 2

2
1 €lZ + 2= Cclligll

< £ (Ro(n) + eRa(n) + [1€ll:2)* + e Cclli€lI* + Cllenl3: + ClIENE
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Sketch of the proof of error estimates (3)

0

d
3 léllzz +ell€ll* < = (Ro(m) + eRa(m) + [I€]]12)* + ClldenllF2 + C |I€IIZ:

IA
o | 0ym

C
(Ro(n) + £Ra(m))* +— €122 +Clloenllz + ClIEN

1
€ (142 ) el + CRa(n)

IA

integration over fot dv gives (we have £(0) = uj(0) — Mpou® = 0)

(O oy + € / @) o

< (142) [ 1o+ [ Rotu(o)) o

Gronwall's Lemma

1E() 120 +8Cc/0 @9 < R(n, )er(exp(1/e)), (11)

i = =

v
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Sketch of the proof of error estimates (4)

1E(®) 120 +6Cc/0 IE@)IPa0 < R(n, e)ei(exp(1/z)), J

since ey =&+

len(t)l1Z2(a +6Cc/0 llen(9)II*d? < R(n, e)er(exp(L/e)),

4
@ p=min(p+1,s), ueC([0,T],H(Q)), un€ Sk
® Ry(n) = O(h"™"), Ro(n) = O(h") = R(n,) = O(h*™")

A

Finally,

len(e) sy +Ce [ Nlent@)Ia0 < ex(exp(a/e)O() J
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Summary of the IPG methods

@ optimal order of convergence — duality arguments,

@ Cyy chosen carefully.

@ sub-optimal order of convergence,

o Cyy arbitrary.

@ sub-optimal order of convergence,

@ Cy chosen carefully,

@ simpler implementation.
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Numerical examples

Linear convection-diffusion equation

ﬁ — EAU :1 in Q = (0, 1) X (Oa 1)? (12)
8X1

u=0 on 09,

where ¢ > 0

steep boundary layer

Numerical methods

@ conforming FEM
@ |IPG variant of DGM
=101 1072 1073, 107%, 107® and 10°°
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Numerical results: cases ¢ = 103 and ¢ = 10~*

=103
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