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Chapter 1

Implementation of FEM and DGM

In this chapter we deal with the implementation of the finite element and the discon-
tinuous Galerkin methods which were introduced in the previous chapters. However,
the implementation of these methods is a rather complicated problem which can differ
based on the practical applications. Our aim is only to introduce some basic ideas. This
chapter is relatively autonomous, all necessary definitions and notations are recalled.

In order to render these notes more readable, we start in Section 1.1 with the
implementation of a simple problem, namely P! continuous finite element solution of
the Poisson problem with homogeneous Dirichlet boundary condition. We describe the
implementation of this problem in details including the code subroutines which are
written in Fortran 90 syntax. We suppose that the non-Fortran readers will be able
to understand this syntax too since the subroutines contain only standard ’if then’
conditions and ’do’ cycles. The subroutines are commented in the standard way, i.e.,
text behind the character ’!" is ignored by a Fortran 90 translator.

In Section 1.2, we describe a general implementation of the conforming finite ele-
ment method. We employ the concept of the reference element which seems (in the
authors’ opinion) more suitable for the implementation. Moreover, we include a de-
scription of the necessary data structures. In Section 1.3, we present a construction of
the basis functions based on two possible sets of shape functions, the Lagrangian and
the Lobatto shape functions. Section 1.4 contains an implementation of the discontin-
uous Galerkin method with emphasis on the differences with the conforming methods.
Since DG methods allow a simple treatment of hp-methods, we consider an approxi-
mation of different polynomial degrees on different elements. Finally, Sections 1.5 and
1.6 describe possible numerical quadratures and visualization techniques, respectively.

1.1 P! solution of the model problem

In order to explain the basic aspects of the implementation of FEM and DGM, we
start with a model problem represented by the Poisson equation. We recall the weak
formulation and the finite element formulation of this elliptic problem.

Let © be a bounded polygonal domain in RY, d = 2,3, with a boundary 9. We



seek a function u : 2 — R such that

—Au(z) = g(x), zel, (1.1)
u(z) = 0, x€0d, (1.2)

where g € L*(9).
Let V := HJ(Q) then the weak formulation of (1.1) reads

findueV: (Vu,Vv) = (g,v) YveV. (1.3)

Let V}, be a finite dimensional subspace of V' then the finite element approximation
(1.3) can be written as

find up € Vh : (Vuh, V?Jh> = (g,Uh) V?Jh € Vh. (14)

In the following, we describe in details the implementation of the method (1.4) with
the aid of a continuous piecewise linear approximation constructed over a triangular
grid.

1.1.1 Triangulation

Let .7, (h > 0) be a partition of the closure Q of the domain € into a finite number of
closed d-dimensional simplexes T" with mutually disjoint interiors such that

o= (1.5)

In two-dimensional problems (d = 2), the elements T € .7, are triangles and in three-
dimensional problems (d = 3) the elements T' € .7}, are tetrahedra. Figure 1.1 shows
two examples of a triangular grid constructed over a square domain.

Moreover, we use the following notation for vertices and edges (faces for d = 3) of
Tn. We denote by {v;}¥, the set of all vertices of T' € 7, lying inside of Q and by
{vi}h, the set of all vertices of T € 7, lying on 9. Finally, {e;}7, denotes the
set of all edges (faces) of all T' € .7}, lying inside of Q2 and {ei}iE: EEfl the set of all edges
(faces) of all T' € .7, lying on 0f).

1.1.2 Finite element space

Let
Vi i= {vn, va € C(Q) N Hy(Q), valr € PHT) VT € T3} (1.6)

denote the space of continuous piecewise linear functions on .7, vanishing on 0f2.
Obviously, each vj, € Vj, is uniquely defined by its values in {v;}¥ .
We denote by B := {¢;}, the set of basis functions of V}, defined by

i € Wy, SOi(Vj) =0y, 4j=1,...,N, (1.7)

where ¢;; is the Kronecker symbol. Obviously, the support of each ¢;, i =1,..., N is
small and consists of all triangles T' € .7, having v; as a vertex, see Figure 1.2.
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Figure 1.1: Examples of triangular meshes constructed over 2 = (—=1,1) x (=1,1): a
coarser grid (left) and a finer one (right)

Figure 1.2: Support of the basis function ¢; corresponding to the node v;



1.1.3 Discretization

The approximate solution u;, € V} can be expressed as

N
up(x) :Zujgoj(x), u; €R, j=1,...,N. (1.8)
j=1
Moreover, since @;, ¢ = 1,..., N form the basis of V}, it is sufficient that the relation

(1.4) is valid for each ¢;, i = 1,..., N. Then, using (1.8), the approximate problem
(1.4) is equivalent to

N
find {u;}, € RN > (Ve Vi) = (g,91) Vi=1,...,N.  (L9)

i=1

Let us define the stiffness matrix

S={5; ;?Yj:la Sij = (V;, Vi), (1.10)
the solution vector u = {u;}¥, and the right-hand side
Then problem (1.9) is equivalent to the linear algebraic system
Su =g. (1.12)

Therefore, in order to implement the conforming piecewise linear FEM for (1.3), we
have to

e evaluate S and g according to (1.10) — (1.11),
e solve the algebraic system (1.12),

e reconstruct the approximate solution u, € V3, from w using (1.8).

1.1.4 Implementation
Data structures

In order to present the algorithms, we introduce global data structures defining the
triangulation .7},. For simplicity, we restrict to d = 2.

Let N denote the number of inner vertices of .7}, and Nb denote the number of vertices
of 7, lying on 0f). Let the real arrays xp(1:N+Nb) and yp(1:N+Nb) be the z;- and
x9-coordinates of the nodes of mesh .7, indexed by i = 1,..., N+ Nb, respectively. We
assume that the first N components of xp(:) and yp(:) correspond to inner vertices
and the last Nb components of xp(:) and yp(:) to boundary vertices.

Furthermore, let the vertices of triangles T; € 7, i = 1,..., M be indexed by the
(two-dimensional) array node(1:M,1:3) of integers. Therefore, indices of vertices of
T; are stored in node(i, 1), node(i,2) and node(i,3). Obviously, if some vertex of
T; lies on 0f) then the corresponding value satisfies node (i, j)>N.

For simplicity, we assume that xp(:), yp(:), node(:,:) are global arrays so that
we have access to them from any subroutine.

8



Figure 1.3: The volume D;; = supp(yp;) N supp(y;) for nodes v; and v; connected by
an edge

Setting of the stiffness matrix — non-optimized algorithm

Here we present a non-optimized algorithm for the evaluation of the entries of the
stiffness matrix S. According to (1.10), the entries of the stiffness matrix satisfy

Q

Since the support of each ¢;, + = 1,..., N is located around the corresponding node
v;, we can distinguish three cases:

fsupp(soi) Vi |?dx ifi=j,
e fD“ Vpj-Ve;dx if v; and v; are connected by an edge, (1.14)
0 otherwise.

Here, D;; = supp(¢;) Nsupp(y;), see Figure 1.3.

For the diagonal entries of the stiffness matrix S;;, ¢ =1,..., N, we have
2
Sy = / Ve Pdx = ) / Veil?dx = Y |T||Veilr|. (1.15)
supp(:) TCsupp(;) TCsupp(:)

The last equality follows from the fact that ¢; is linear on each 7' C supp(y;) and thus
Vi, is constant on T'. Therefore, it is necessary to evaluate V; on triangles having
VvV, as an vertex.
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Figure 1.4: Triangle T and the function @

Let us consider a triangle T with vertices [z, 1], [22,y] and [z3, ys]. Let @(z,y)
be the linear function on 7" such that

o(r,y1) =1, @(r2,92) =0,  P(x3,3) =0, (1.16)
see Figure 1.4.
It is possible to derive explicit relations for the gradient of ¢. Let us put

Ty oy 1 1y 1 r; 1 1
D=det| 2o yo 1 |, Dy=det| 0 yo 1 |, Dy=det| 2o 0 1 |. (1.17)
s Ys 1 0 Ys 1 T3 0 1
Then DD ( )
_ x Y2 — Y3, T3 — X2
Veo=[=,=2) = - , 1.18
= (%73) 2/ (1)

where |T| is the area of the triangle T.

Hence, based on (1.17) — (1.18), we can define the following subroutine GRADn,
which evaluates the gradient of the linear function on the triangle with vertices [z, y1],
[z, 2] and [x3, y3] such that this function has value 1 in [z1, ;] and vanishes at [z, yo]
and [z3,ys]. We use the convention that x; = x1, y; = y1 etc.

subroutine GRADn (x1,y1l, x2, y2, x3, y3, Dx, Dy)

real, intent(in) :: x1,yl, x2, y2, x3, y3 ! input parameters
real, intent(out) :: Dx, Dy ! output parameters
real :: D ! local variable

D = x1x(y2-y3) + x2*%(y3-yl) + x3*(yl-y2)
Dx (y2 -y3) /D
Dy (x3 -x2) /D

end subroutine GRADn

10
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Figure 1.5: Notation for the evaluation of the diagonal entries (left) and off-diagonal
entries (right) of the stiff matrix

Now, let us go back to the evaluation of S;. Let TV, j = 1,...,n be triangles

having the node v; as a vertex. Obviously, supp(y;) = U?ZlTij. We assume that v;
has coordinates [zg,yo]. Moreover, the vertices of Tij , 7 = 1,...,n have coordinates
[z;,y;], 7=1,...,n, indexed counter-clock-wise, see Figure 1.5, left.

Finally, taking into account (1.15) we can evaluate S by the following subroutine:

subroutine STIFF_DIAGn(n, x(0:n), y(0:n), sii )

integer, intent(in) :: n input parameter
real, intent(in) :: x(0:n), y(0:n) ! input array

[
!
real, intent(out) :: sii | output parameter
real :: D, Dx, Dy | local variables
integer :: j, j1 I local variables
sii = 0.
do j=1,n

jl = mod(j, n) + 1

call GRADn(x(0), y(0), x(j), y(j), x(j1), y(j1), Dx, Dy)

D = x(0)*(y(j-y(G1 ) + x(H*(y(GD-y0) ) + x(FO*(y(O)-y(3) )

sii = sii + (Dx*Dx + Dy*Dy)*D/2 ! D/2 = area of triangle
end do
end subroutine STIFF_DIAGn

Comparing the subroutines GRADn and STIFF_DIAGn, we observe that the values
Dx and Dy are divided by D in GRADn, then we square this value and multiply by D in
STIFF_DIAGn. It is more efficient to avoid the division and the following multiplication
by the same value. Hence, we can modify the subroutines GRADn and STIFF_DIAGn by
their more efficient variants GRAD and STIFF_DIAG defined bellow.

subroutine GRAD (x1,yl, x2, y2, x3, y3, Dx, Dy)

11



real, intent(in) :: x1,yl, x2, y2, x3, y3
real, intent(out) :: Dx, Dy

Dx = (y2 - y3)
Dy = (x3 - x2)
end subroutine GRAD

and

subroutine STIFF_DIAG( n, x, y, sii )

integer, intent(in) :: n

real, intent(in) :: x(0:n), y(0:n)
real, intent(out) :: sii

real :: D, Dx, Dy | local variables
integer :: j, j1

sii = 0.

do j=1,n

j1 = mod(j+1, n) + 1
call GRAD(x(0), y(0), x(j), y(j), x(j1), y(j1), Dx, Dy)

D = x(O)*x(y(I-y(G1) ) + x(GP*(y(GD-y0) ) + x(GD*(y(0O)-y(G) )
sii = sii + (Dx*Dx + Dy*Dy)/D/2 ! D/2 = area of triangle
end do
end subroutine STIFF_DIAG

Moreover, we have to evaluate the off-diagonal terms of the stiffness matrix, i.e., S;;
where v; and v; are connected by an edge of .7,. We denote the coordinates of vertices
of triangles sharing the edge v;v; according to Figure 1.5, right. Then we define the
subroutine for the evaluation of the off-diagonal terms of the stiffness matrix:

subroutine STIFF_OFFDIAG(xi, yi, xj, yvj, xk, yk, x1, yl, sij )
real, intent(in) :: xi, yi, xj, yvj, xk, yk, x1, yl

real, intent(out) :: sij
real :: D, Dxi, Dyi, Dxi, Dyj ! local variables
sij = 0.

call GRAD(xi, yi, xk, yk, xj, yj, Dxi, Dyi)
call GRAD(xj, yj, xi, yi, xk, yk, Dxj, Dyj)

D = xix(yk-yj) + xkx(yj-yi) + xj*(yi-yk)
sij = sij + (DxixDxj + Dyix*Dyj)/D/2 ! D/2 = area of triangle

call GRAD(xi, yi, xj, yj, x1, yl, Dxi, Dyi)

call GRAD(xj, yj, x1, yl, xi, yi, Dxj, Dyj)

D = xix(yj-yl) + xj*x(yl-yi) + x1lx(yi-yj)

sij = sij + (DxixDxj + Dyix*Dyj)/D/2 ! D/2 = area of triangle

12



end subroutine STIFF_OFFDIAG

Finally, in order to evaluate all entries of the stiffness matrix S we should call either
subroutine STIFF_DIAG or STIFF_OFFDIAG for all S;; # 0. However, this requires the
setting of appropriate data structures, namely some link to the nodes connected by an
edge to a given node (see 1.5, left) and some link between elements sharing a face (see
1.5, right.) Since we are going to introduce a better algorithm in the following section,
we shall skip further considerations.

Setting of the stiffness matrix — optimized algorithm

We can notice that when we evaluate all non-vanishing terms of matrix S, we call
subroutine GRAD for each T € .7}, several times. It is more efficient to go over all
T € 9, only one time. This means that we compute the gradients of all possible linear
functions on 7' vanishing in two vertices of T" and equal to 1 in the remaining node.
Then we evaluate the corresponding entries of the stiffness matrix.

Here we introduce a more efficient algorithm for the evaluation of S. It evaluates
all entries of S which correspond to inner vertices of .7, given by (1.10). First, we
define a subroutine, which evaluates the gradient of three possible restrictions of the
test functions on a given triangle.

subroutine GRADIENTS( x, y, Dphi )
real, intent(in) :: x(1:3), y(1:3)
real, intent(out) :: Dphi(1:3, 1:2)
! Dphi(i,j) = derivative of i-th function with respect x_j

Dphi(1,1) = y(2) - y(3)
Dphi(1,2) = x(3) - x(2)
Dphi(2,1) = y(3) - y(1)
Dphi(2,2) = x(1) - x(3)
Dphi(3,1) = y(1) - y(2)
Dphi(3,2) = x(2) - x(1)

end subroutine GRADIENTS

Then we have the following subroutine for the evaluation of all entries of S. Let
us recall that xp(:), yp(:), node(:,:) are global arrays storing the coordinates of
vertices and the indices of vertices of triangles, cf. the beginning of Section 1.1.4.
Hence, we have access to them from the subroutines without their specification as
input parameters.

subroutine STIFF(M, N, S )

integer, intent(in) :: M ! = number of triangles of triangulation
integer, intent(in) :: N ! = number of vertices of triangulation
real, dimension(1:N, 1:N), intent(out) :: S | = stiff matrix

13



real :: Dphi(1:3, 1:2) , D ! local variables
integer :: 1i,j,ki, kj

S(1:N, 1:N) =0

do k=1,M
x(1:3) = xp(node(k, 1:3) )
y(1:3) = yp(node(k, 1:3) )

D = x(Dx*(y(2)-y(3)) + x(2)*(y(3)-y(1)) + x(3)*(y(1)-y(2))
call GRADIENTS( x(1:3), y(1:3), Dphi(1:3, 1:2) )

do ki=1,3
i = node(k,ki)
if( i <= N) then 'l inner vertex?
do kj=1,3
j = node(k,kj)
if( j <= N) then Il inner vertex?

S(i,j) = s(i,j) + (Dphi(ki,1)* Dphi(kj,1) &
+ Dphi(ki,2)* Dphi(kj,2) )/D/2
endif
enddo
endif
enddo
enddo
end subroutine STIFF

Remark 1.1. The subroutine STIFF evaluates only entries of the stiff matrix corre-
sponding to the inner vertices of 9,. This is assured by two if then conditions in
subroutine STIFF. If more general boundary conditions than (1.2) are given also the
entries corresponding to the boundary vertices of 75, have to be evaluated. In this case,
N denotes the number of all vertices including the boundary ones, see Section 1.1.5.

Setting of the right-hand side

Here we present an algorithm which evaluates the entries of the vector g given by
(1.11). Let i =1,..., N, we have

gi=(g.0)= > /QSOian (1.19)

T Csupp(4)

where supp(y;) is shown in Figure 1.2. Generally, the integrals in (1.19) are evaluated
with the aid of numerical quadratures, which are discussed in Section 1.5. Since we
considered in this section the piecewise linear approximation, we will consider only the
following simple quadrature rule

[ 600 ax % 7T S plox)gt). (1.20)
T 1=1

14



where x;, | = 1,2,3 are the vertices of a triangle T" € .%,. This quadrature rule
integrates linear functions exactly, hence it has first order accuracy.

The application of (1.20) to the evaluation of (1.19) leads to a very simple relation,
since @;(xg,yo) = 1 and @;(x;, ) =0, I =1,...,n, see Figure 1.5, left. Then we have

1
gi & gmeas(supp(gpi))g(vi), i=1,...,N (1.21)

where v;, i =1,..., N are inner vertices of .7j,.
Finally, let us note that the numerical quadrature (1.20) is generally not sufficiently
accurate.

Solution of the linear algebraic system (1.12)

Once we have evaluated the entries of matrix S and vector g, we have to solve the
linear algebraic system (1.12). In the case of the Laplace problem (1.1) the situation
is very simple. First we introduce the following term

Definition 1.1. Let 7, be a mesh on Q. Let T and T be a pair of triangles from
Ty, sharing an edge v;v;. Let v;,v;, vy and v, v;,v; be the vertices of T and T",
respectively. We denote by SumAngles(T,T") the sum of angles of T and T' adja-
cent to vertices vy and vy, respectively. We say that J}, is of the Delaunay type if
SumAngles(T,T") <« for each pair of triangles T, T" from 9}, sharing an edge.

It is possible to show that if .7}, is of Delaunay type then the corresponding stiffness
matrix S is symmetric and diagonally dominant. In this case an arbitrary direct or
iterative solver can be used with success for the solution of (1.12).

Reconstruction of the approximate solution

Once we have found the vector w which is the solution of (1.12), we will reconstruct
the piecewise linear function u;, € V}, from w using (1.8). However, in practice we need
not know an explicit relation for uy. Usually, we require a visualization of the solution
and/or an evaluation of some characteristics. Some basic visualization techniques are
mentioned in Section 1.6.

1.1.5 Treatment of general boundary conditions

In the previous sections, the homogeneous Dirichlet boundary condition was considered.
However, in practice, more general boundary conditions have to be taken into account.

Let Q be a bounded polygonal domain in R¢, d = 2,3, with a boundary 9 which
consists of two disjoint parts 0€2p and 0€2y. We seek a function u : €2 — R such that

—Au(z) = g(z), xe€q, (1.22)
u(r) = up(z), =z € dp, (1.23)
Vu(z) - n = gn(x), z€ 0y, (1.24)

where g € L?(Q2), gv € L*(09Q) and up is a trace of some u* € H'(Q).

15



Let
V:={v e H(Q),v|sa, = 0 in the sense of traces } (1.25)

then the week formulation of (1.22) — (1.24) reads

findue H'(Q): u—u*€V, (1.26)
(Vu, Vo) = (9,v) + (g, v) 12000y) Y € V.

Let 7, be a mesh reflecting that 02 consists of two disjoint parts 92p and 0€)y.
Let X}, be a finite dimensional subspace of H'(Q) constructed over the mesh .7, and
Vi, C X, its subspace such that vy, |sq, = 0 Vo, € V;,. The finite element approximation
(1.26) can be written as

find uy, € X}, : (Uh — uDaUh>L2(BQD) =0 WYy, € Xh, (127)
(Vun, Vo) = (g,vn) + (gn, vn) r2000x) V0 € Vi

The numerical implementation of (1.27) is more complicated than the implemen-
tation of (1.4). In this place we skip the evaluation of the boundary integral on the
right hand side of (1.27) and refer to Section 1.4.6. We focus on satisfying the Dirichlet
boundary condition on 0€p.

We use the following notation for vertices of .7}, which differs from the notation
introduced in the previous sections. We denote by {v;}¥, the set of all vertices of
T € 9, lying inside of 2 or on 9y and by {Vl}fi J;V]\jfl a set of all vertices of T' € .7,
lying on 0€2p.

Similarly as in the previous, we restrict to the piecewise linear approximations.

Therefore, each function from X}, is uniquely given by its values in {v;}-1"* and each

function from V}, is uniquely given by its values at {v;}X, . We denote by ¢; € X}, the
basis functions corresponding to v;, i =1,..., N + N, given by

i € Xh, @i(vj) :(5”‘, Z,j = 1,...,N—|—Nb. (128)

First, we introduce a piecewise linear approximation of up from the boundary
condition. We define a function upp € Xp \ V3 by

(upn — up, V)20, =0 Yop, € Xp \ Vi (1.29)

Such up, can be simply constructed since X, is a finite dimensional spaces and then
(1.29) represents a system of linear algebraic equations. Namely, we have

upn(x) = Y upp;(x), (1.30)

J=N+1
therefore, we have from (1.29) — (1.30) the following system of linear algebraic equations

Ny

Z up,j (¢, ¢i)r20p) = (Up, ¥i)r200p), = N+1,...,N;. (1.31)
J=N+1

16



The evaluation of terms (¢;, ¥i)r200,), %5 = N +1,..., N, is simple since these terms
are non-vanishing only if v; and v; are connected by an edge on d€)p. Moreover, the
evaluation of (up,¥i)r2@a,), ¢ = N +1,..., N, reduces to an integration over two
edges on 0fp having v; as an end-point.

The solution of (1.27) can be written in the form

up(x) = Z’%‘%(X) + Y uppi(x) = Z%’%(X) + upp, (1.32)

j=N+1

where the coefficients up;, 7 = N +1,..., N, are known and the coefficients u;, j =
1,..., N are unknown. Inserting (1.32) into (1.27) and putting vy, := ¢;, we have

N
Z U](VQO], Vgpl) = (97 901) + (gN7 %)LZ’(@QN) - (VUDJL’ VQOJ, 1= 17 ceey MB?))

=1

which is very close to the problem (1.9), where the right-hand-side contains additional
terms arising from the Dirichlet and the Neumann boundary conditions. Moreover,
the symbol N has a slightly different meanings in (1.10) and (1.33), in the former
case it denotes the number of interior vertices, in the latter case the number of inner
and “Neumann” nodes. However, all subroutines presented in Section 1.1.4 can be
employed with these minor changes.

1.2 (General FE solution of the model problem

In Section 1.1 we described the implementation of the conforming piecewise linear finite
element approximation of problem (1.1) — (1.2). Here we consider a higher degree of
polynomial approximation. The implementation is more complicated since the gradient
of test function is not constant over 7' € .7,.

It is more comfortable to employ the concept of the reference element. This ap-
proach allows us to deal with more general elements than triangles, e.g., quadrilaterals,
curvilinear elements, etc.

1.2.1 Definition of reference elements

In these lecture notes, we consider

e the reference simplex (triangle for d = 2 and tetrahedron for d = 3)

d
T, = {f(: (21,...,2q)), ; >0, i=1,....d, Zaj < 1} (1.34)

i=1
e the reference parallelogram (square for d = 2 and cube for d = 3)
T, ={x=(21,...,29)), 0<a; <1, i=1,....d}. (1.35)
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vy = [0;1] é3 vy = [1;1]
© ©
T,
é4 é2
(¢} 19}
‘A/vl = [070] é1 ‘72 = [17 0}

Figure 1.6: Two-dimensional reference elements: quadrilateral T, (left) and triangle 7,
(right) with the vertices v; and the edges é;

For simplicity, T denotes either the reference simplex or the reference hexagon based
on the context. We call T the reference element.
_ Moreover, we denote by vi,..., V41 the vertices and by é1,..., €441 the edges of
T, similarly by Vi, ..., vqa the vertices and by €1, . .., €4 the edges of T;. For d = 2, we
assume that the numbering is oriented counterclockwise, see Figure 1.6, which shows
the two-dimensional reference triangle and the reference quadrilateral.

We assume that for each element T' € .7}, there exist a mapping

Fr=Fp(X) = (Fra(X),..., Frqa(%)): T — R? such that Fp(T)=T.  (1.36)

If Fr is an affine (linear) mapping then T is either a triangle or a parallelogram based
on the type of T. Generally, the construction of the mappings F7r is simple for several
types of elements:

o Triangles: Let T be a triangle defined by its vertices x;, xo and x3. Then the
linear mapping

FT()A() = FT({]Afl,i'Q) = X1 + i’l(Xg — Xl) + i’Q(Xg — Xl) (137)
maps ﬁ on T" and moreover, Fr(0,0) = x;, Fr(1,0) = x5 and Fr(0,1) = x3.

e Tetrahedron: Let T be a tetrahedron defined by its vertices xi, Xo, X3 and x4
Then the linear mapping

FT<)A() = FT(ilAﬁ'l, i’g,i’g) = X1 + i’l(Xg — Xl) + ilAZ'Q(Xg — Xl) + ii’g(X4 — Xl) (138)

maps fq on T and moreover, Fr(0,0,0) = xy, Fr(1,0,0) = xo, Fr(0,1,0) = x3
and Fr(0,0,1) = x4.

e Quadrilaterals: Let T be a quadrilateral defined by its vertices x;, X, x3 and x4.
Then the mapping

FT()A() = FT(.%l,Z%Q) = X1+JA31(Xg—X1)+JAZ2(X3—X1>+11}1§32(X4—X2—X3+X1) (139)
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X923

Figure 1.7: One-edge P2-curvilinear triangles

maps T\q on T and moreover, Frr(0,0) = xy, Fr(1,0) = xo, Fr(0,1) = x5 and
Fr(1,1) = x4. Let us note that if 7" is a parallelogram then x4 —xs —x3+x; =0
and (1.39) is identical with (1.37).

e One-edge P%-curvilinear triangles: This types of elements are often used for an
approximation of non-polygonal boundaries. Let T be a one-edge P2-curvilinear
triangle, which is defined by its vertices x;, X2, X3 and the node x2 3 lying “not
far” from (x5 +x3)/2. Element T is bounded by two straight lines x;x, and x;x3
and one quadratic curve passing Xs, Xs 3, X3, see Figure 1.7. Then the quadratic

mapping
FT<.’IAZ’1, §72) = X1 + ii‘l(Xg - Xl) + .C%Q(Xg - Xl) + 45;313?’2(X273 - (Xg + X3)/2) (140)

maps fq on T. Moreover, Fr(0,0) = x;, Fr(1,0) = x5, Fr(0,1) = x3 and
Fr(1/2,1/2) = x23. Let us note that if x93 = (x2 + x3)/2 then T is a triangle
and (1.40) is identical with (1.37).

It is possible to define mappings Fx for more general elements. Let us note that in
the following sections we require that Fi is invertible and continuously differentiable
on T. The existence of F}' follows from the assumption that the Jacobi matriz

R D
JFT (X) :

= = Fr(%) (1.41)

does not change its sign on T. Very often, only polynomial mappings are considered
for practical reasons.

1.2.2 Evaluation of integrals on the reference element

The concept of the reference elements is based in the Theorem of integration by sub-
stitution, which we present in the following form.
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Theorem 1.1. Let T be the image of FT(A) where T is the reference element and Fr
is a continuously differentiable mappzng Let f(x) : T"— R be an integrable function
defined on T. We define the function f : T R by f( ) = f(x) where x = Fr(x).
Then

/ F(x) dx = /A )| det i, (%)] d%, (1.42)
T T
where Jp, is the Jacobi matriz of Fr.

Let us note that if Fr is a linear mapping (i.e., T is a simplex or a parallelogram)
then Jp is a constant matrix and | det Jg,.| = 2|T|, where |T'| denotes the d-dimensional
Lebesgue measure of 7.

Theorem 1.1 gives us a tool for the evaluation of the various type of integrals in
the implementation of finite element and discontinuous Galerkin methods. Instead of
integration over T" we integrate over 1" which is generally easier. This is demonstrated
in the following paragraphs.

Let T € 9, and ¢ be a function defined on 7. Our aim is to compute

dp(x) dx.

r O

(1.43)

Let ¢ : T — R be defined as usual by P(X) = ¢(x) where x = Fr(x),
Fr=(Fra,...,Fra)

and T = Fp(T). Moreover, we have X = F;'(x) where
Fp'' = (Fry,-- -, Fry)

is the inverse mapping of Fr. With the aid of Theorem 1.1 and the chain rule, we have

0 A
[ 5ov dx—/a %)) det Jp, (%)] d% (1.44)

(%k
/Z 5. |dtJFT )| dx /TZ 8mk

Therefore, we have to evaluate the partial derivative of F . It is possible to use the
following formulas. Let i,k =1,...,d, then

(x)[ dx.

_ 0
o = Fru(Fr'(x), 50

o 0 .
8[Eixk - axF7 (FT (X))7

= 0Fp OFp
O = Z or; Ox;
d

O, = Z(JFT)kl (JF;1)li, (1.45)

=1
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where (Jp. )k, k0 =1,...,d and (JF;)“, [,i =1,...,d denote entries of the Jacobi
matrices Jp, and J fosl respectively. Relation (1.45) implies

I=JppJp — Tpr = (Jre) 7, (1.46)

where I is the identity matrix. Therefore, instead of evaluation of the Jacobi matrix
of F;! it is sufficient to evaluate (Jp.)~! = the inversion of Jp.. This is simple, since
JE; is (usually) 2 x 2 or 3 x 3 matrix.

Therefore, from (1.44) and (1.46) we have

/Tai‘p(x) dx = /fzag(k)(t]w(*)‘l)mldet Ty (%)| dx (1.47)

-/ > 22 iy (R) )l det Iy ()]
_ / (75 (0 T9R(%) ) |det T (%))

where JI;TT is the transposed matrix to JETI, (JgTTﬁgb)i denotes the i-th component

of vector J gf@@ arising from the matrix-vector product of J ;TT by @tﬁ and V is the
reference gradient operator given by

= 0 0

In the same manner it is possible to derive, e.g.,

Opa(x) Dpn(x) | _ / (V2 (307" V(3)) (JFT(;z)Tﬁgéb(fc))jmet T, (%)] d%

r Or, Oz, 7 i

or more simply

a%% a@b . TS A TS .
7 Ox; Ox; dx = /f (JFT Wa)i (JFT V%)j | det Jp, | dx, (1.49)

which is type of integral appearing in the evaluation of the stiffness matrix.

1.2.3 Grids and functional spaces

Again, we consider the model Poisson problem (1.1) — (1.2), the weak formulation
(1.3) and the finite element discretization (1.4). In contrast to Section 1.1, we consider
more general partitions of €2 and finite element spaces. Let a grid 7}, be a set of
non-overlapping elements T € .7, such that

a=yr (1.50)

TeI,

We consider two following type of grids.
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Triangular grid

Each element T' € .7, is an image of the reference triangle (for d = 2) or the reference
tetrahedron (for d = 3) given by a polynomial mapping F : T, — R, T € 9, If Fris
a linear mapping then 7 is a triangle (for d = 2) or a tetrahedron (for d = 3). If Fr
has the form (1.40) then T is an one-edge P?-curvilinear triangle. The approximate
solution is sought in the functional space

Vht’p = {Uh, Vp € C(ﬁ) N Hl( ), Uh’T ofFr e Pt’p(T) VT € %} (151)
11+ +ig<p '
PPw) = {f:w— R, &(#,... 80 = D an., 40 3 6, €RY,
i1,00,ig=0

where w C R? is an arbitrary domain. Let us note that the notation vy,|ro Frr € Pt’p(ﬁ)
means that there exists a function o, € P*P(T;) such that

un(x) = o (Fr(X)) = 0p(%) VR e T, (1.52)
Obviously, if Fr is a linear mapping then vy|r € P"P(T). Otherwise, (e.g., T is a
curvilinear triangle), v,|r & P"?(T).
The spaces P*P(T;), p=1,2,3 can be expressed (for d = 2) as
PYY(T,) = span{1, &1, 4}, (1.53)
PY2(T,) = span{l, &1, &0, &2, 8180, 22},
Pt3(T) = span{1l, &1, 2o, 22, 2129, 23, 27, 2100, £143, T3},

where span{S} is the lincar hull of the set {S}. Obviously, Nt? := dim P"»(T,) =
(p+1)(p+2)/2 for d = 2 and N*? := dim P*(T}) = (p+1)(p+2)(p+3) /6 for d = 3.

Quadrilateral grids

Each element T € .7}, is an image of the reference square (for d = 2) or the reference
cube (for d = 3) given by a polynomial mapping Fr : fq - R, T e Z,. If Frisa
linear mapping then 7' is a parallelogram. The approximate solution is sought in the
functional space

ViIP = oy, v, € C(Q) N Hy(Q), vplro Fre Pq’p( W) VT € T}, (1.54)
p
PP (w) = {Z2:w—=R, Z(z1,...,2q) = Z a,-l,m,idxlf .. .led, ai, . i, € R},
i1y0yig=0

where w C R? is an arbitrary domain.
The spaces P9P(1,), p=1,2,3 can be expressed (for d = 2) as
Pq’l(j—\‘q) = span{l i’l, Zi‘g,[i’li’Q} (155)
Pq’Q(fq) = span{l, &1, 2o, 129, 23, 109, 2203, 2143, 23},
PQ’S(fq) = span{l, @1, 2o, 109, 23, 109, 2243, #1432, 23,

3 235 5322 £33 2.3
23 238y, 2323, 2325, 2148, 243 23},
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Obviously, N4 := dim Pq’p(fq) =(p+1)tford=2,3.

Since most of the following considerations are valid for triangular as well as quadri-
lateral grids we call .7, a triangulation in both cases. Moreover, the corresponding
reference element is denoted by f, pr (’f) the corresponding space of polynomial func-
tions on 7' with the dimension N and the corresponding finite element space is denoted

by Vh.

1.2.4 Implementation
Basis of V},

Let N denote the dimension of the space Vj, and By, := {@;(x)}¥, be its basis. The
construction of By, will be discussed in Section 1.3. Here we only note that we construct
the set of reference shape functions B := {¢;, ¢; : T — R}, such that

~

e $;(x) e P/(T), j=1,...,N, N is the dimension of Pp(’f).
e 0i(x), j=1,..., N are linearly independent,

e span(B) = PP(T).

We call B the reference basis.
Moreover, in virtue of (1.51) or (1.54), the basis functions ¢; € By, satisfy: for each
T € F,, T C supp(y;) there exists a function ¢; 7 € B such that

pi(®)|r = oi(Fr(®)lr = dir(x)  VxeT, i=1,... N (1.56)

More details are given in Section 1.3.

Use of the concept of the reference elements

Our aim is to evaluate integrals of the type

Opi 0¢;
T 8:1:k 8331 ’

i,j=1,....,N, kl=1,....d, T € F, (1.57)

which appears, e.g., in the definition of the stiffness matrix.

The use of the approach from Section 1.1 requires an evaluation (and storing) of
Vi|lr foralli =1,...,N and all T' € 9},. Let us note, that V;|r = 0 for a lot of
T € 9, since supports of test functions contain only a few elements from .7,.

It is more efficient to employ the concept of the reference elements, namely relation
(1.49), where the integration is carried out on the reference element T.

Therefore, using (1.49), we can evaluate (1.57) with the aid of

(‘9%%(1}{_/

7 0xR 01 7

(J;TT%i,T)k (J;TT%J-,T)Z | det Jp, | dx. (1.58)
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Data structures

In order to evaluate the right-hand side of (1.58) for all 7,57 = 1,...,N, k,l =
1,...,d, T € 7, it is enough to evaluate and store the following data.

(S1) for each T' € ,, the determinant of the Jacobi matrix det Jg,. and the transposed
matrix of the inversion of the Jacobi matrix J;TT,

(S2) for each ¢;, i =1,... N, the gradient Ve, on T,

(S3) for each pair (¢;,T), T € F, T C supp(ypi), @ = 1,...,N, an index j €
{]., Ce ,N} such that QOZ<FT<}A{))’T = (ﬁj(f()

Let us note that (S1) is given by the geometry of the mesh, (S2) by the reference shape
functions and (S3) by a combination of both. However, in (S3) we have to store only
one integer index for any acceptable pair (¢;, T').

1.3 Basis and shape functions

In this section, we describe two possible ways (among others) of the construction of the
basis of spaces V,"? and V,"" given by (1.51) and (1.54), respectively. In Section 1.3.1,
we describe the construction of Lagrangian basis, which is easy for determination and
also for implementation. However, in the case when we use, e.g., different degrees of
polynomial approximations at different elements (hp-methods), the efficiency of this
approach is low. Therefore, in Section 1.3.2 we present the construction of the Lobatto
basis, which is generally more efficient.

We have already mentioned in Section 1.2.4 that we define the reference shape
functions B = {@;}7, defined on the reference element T. Then the basis of V}, is
generated by B. We present the construction of the shape functions for d = 2. For
d = 3, it is possible to use a similar (but technically more complicated) approach.

1.3.1 The reference Lagrangian shape functions

The reference Lagrangian shape functions are defined with the aid of a set of the
reference Lagrangian nodes z; = (21, 2;2), 1 = 1,..., N within the reference element.
Then we simply put ¢;(z;) = 65, 4,5 = 1,... ,N. In the following, we introduce
the reference Lagrangian nodes and the reference Lagrangian shape function for the
reference triangle and the reference square separately.

The reference Lagrangian shape functions on the square

Definition 1.2. (Lagrangian nodes) Let p > 1, then the Lagrangian nodes on the
reference square T, corresponding to the polynomial degree p are the set of nodes

{Z" 2, 2 = (0 25) (1.59)
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Figure 1.8: The reference Lagrangian nodes on the reference square fq, p = 1 (left),
p = 2 (center) and p = 3 (right)

where

~

it =P Ep e = J/P, i,7=0,...,p. (1.60)
Obviously, N*P = (p 4 1)2.

Figure 1.8 shows the Lagrangian nodes for p = 1,2,3. We define the reference
Lagrangian shape functions {@} }N 7" for p > 1 on the reference square T, by the

relation
@qp € P‘”’(T) gbf’p( Py =0y, lLk=1,. N P (1.61)

It is possible to derive the following explicit relations for the Lagmngmn shape functions
on the reference square T,

p=1 = (1—)\1)(1—/\2) PP = M\ (1— Ag), (1.62)

PP = N1 = N\y), ¢¥! = >\1>\2
1 1

p=2 @I =4(1- M)(5 =~ >\1)(1 = A)(5 — M),
¢ = 8\ (1 — \)(1 — AQ)(— — ),
e LRI A2><1 ),
202 — (1 — Al)(l ~ (1 = Aa),
¢P? = 16>\1(1 — M)A (1 = \y),
pe? = —8)\1(5 — A)A2(1 = Ag),
P = 41— M) (5~ Al M),
pE% = =8\ (1— /\1)>\2(% — Aa),
BF = (5 — Ahalz — )

where \; = 2, and Ay = %5 are the barycentric coordinates on 7.
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Figure 1.9: Lagrangian nodes on the reference triangle 7}, p = 1 (left), p = 2 (center)
and p = 3 (right)

The reference Lagrangian shape functions on the triangle

Definition 1.3. (Lagrangian nodes) Let p > 1, then the reference Lagrangian nodes on
the reference triangle T, corresponding to the polynomaial degree p are the set of nodes

{0 2 = (30, 40) (1.63)

generated by the following algorithm

k=0

fori=0,....p

forj=0,...,p—1
e (160
2;}’ﬁ=j/p,
2k’g:i/p.

Obviously, N*? = (p +1)(p + 2) /2.

Figure 1.9 shows the Lagrangian nodes for p = 1,2,3. We define the reference
Lagrangian shape functions {gbf’p W " by the relation

G e PP(T)), GrP(2P) = oy, Lk =1,... NP, (1.65)

It is possible to derive the following explicit relation for the Lagrangian shape functions
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on the reference triangle ﬁ

p=1 & =X, @5 =N, @5 =N, (1.66)

p=2 P =M2M\ — 1), 5 =4y, P8P = M\a(20 — 1),
954’2 =4\ A3, 95272 = A3(2A3 — 1), ‘;5672 = 4A3A1,

p=3 &P =XM0BM —1)BAN —2)/2, 5% = 9NN (3M —1)/2,
@”’ I (B2 — 1)/2, §5° = Xa(Bha — 1)(3)2 — 2)/2,
GEY = 9N A (BN — 2)/2, @0F° = 2TA Ao,
G5% = 9N A3 (3N — 1)/2, @5° = 9AsA(3Xy — 1)/2,
G50 = 9N As(3Xg — 2)/2, &2 = X\g(3XA3 — 1)(3X3 — 2),

p=4 ¢yt =6M (4N — 1)(4N —2)(4\ - 3),
QL = 8A\ Ao (4N — 1)(4N; — 2)/3,
Ght = AN A (4N — 1)(4Xg — 1),

P =8\ Aa(4hy — 1)(4Xy — 2)/3,
GEY = 6Xg(4dg — 1)(4Xg — 2)(4Xy — 3),
Pt = 8Ashi(dhy — 1)(4Xs — 2)/3,
Ght = 320 Ao Asg (4N — 1),

Ght = 320 Ao (4Xg — 1),

@5t = 8hadz(4h — 1)(4Ny — 2)/3,
Gl = ANg A (4 — 1) (4N — 1),

Qi = 320 A (4)s — 1),

Gl = AN A5 (4Xg — 1)(4Ng — 1),

@Gy = 8 A1 (4 — 1)(4)s — 2)/3,

Pr = 8ads(4)s — 1)(4X3 — 2)/3,

G5 = 6A3(4h; — 1)(4\s — 2)(4Xs — 3).

Here \; = 21, A\ = 23 and A\3 = 1 — &1 — 25 are the barycentric coordinates on T;.

1.3.2 The reference Lobatto shape functions

The disadvantage of the Lagrangian shape functions is that they are not hierarchical,
which means that

(UMW) @ (™ and {@PP WY ¢ L@, p=12,.... (167)

This causes no trouble in the case when our aim is to implement FEM for one given
degree of polynomial approximation only. In the case, when we need to implement
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several degrees of polynomial approximation (e.g., hp-FEM), then the use of the La-
grangian shape functions requires an evaluation and storing data structure (S2) for a

lot of test functions.
Therefore, it is more efficient to use, e.g., Lobatto shape functions, which are hier-
archical, since they satisfy the conditions

N g, N \q,p+1 N vt N vt,p+1
(GRS c{e" ™ HET and {@p" N0 C{e" HLD . =12, (1.68)

for quadrilaterals and triangles, respectively.
Now, we recall two well-known sets of functions.

Definition 1.4. (Legendre polynomials) Legendre polynomials L, (x), n=0,1,... are
eigenvectors of the Legendre operator,

4
dx

(1— xQ)%Ln(x) =n(n+1)L,, =z¢c(-1,1). (1.69)

Legendre polynomaials can be evaluated using the recursive formula

L(](l‘) = 1,
Li(z) = =,
2k —1 k—1
Li(z) = xLy—1(z) — Lys(z), k=2,3,....

k k

Legendre polynomials form an orthogonal basis of the space L?(—1, 1), namely

1 2
== for k=m
— 2k+1 )
/1 Li(@) L) de { 0 otherwise. (1.70)
Definition 1.5. (Lobatto functions on (—1,1)) Let us define functions
. 1—
bfz) = — - (1.71)
~ x+1
€1<x> = 9
_ 1 x
h(w) = —— / Lea(€)de, k=23, ...
[kll2 S

From (1.70) we have || Li_1||2 = \/2/(2k — 1). Obviously £,(—1) = 0 and £;(1) = 0
for k > 2 since Lj_1, k > 2 are orthogonal to Ly =1, i.e.,

/_l Ly(x) de = /_l Li(x)Lo(z) de =0, k=2,3,.... (1.72)

1 1

Therefore, the Lobatto functions ¢, k = 0,...,p form a basis of the space P,(—1,1).
For the purposes of our reference elements, we have to transform the Lobatto func-
tions from the interval (—1,1) onto (0,1).
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Definition 1.6. (Lobatto functions on (0,1)) Let us define the functions

_ 1
lo(z) = ek(x’g ) k=0,1,..., (1.73)

where Uy, k=0,1,..., are given by (1.71).

Obviously £;(0) = 0, £x(1) = 0 for £ > 2 and the Lobatto functions ¢, k=0,...,p
form a basis of the space P,(0,1).

For the definition of the shape function on triangles, it is convenient to decompose
the higher-order Lobatto functions ¢, k > 2 from Definition 1.6 into products of the
form

le(x) = bo(x)ly(2)pr—a(x), k=2,3,..., (1.74)
where ¢ _o € P¥2([0,1]), k =2,3,... are the kernel functions.
Let us recall that we denote by {v;} the vertices and by {é;} the edges of the
reference element 7.

The reference Lobatto shape functions on the square

The Lobatto shape functions on the quadrilateral T, q are constructed as tensor products
of the one dimensional Lobatto functions. They are grouped into 3 subsets according
to which node they belong.

The Lobatto vertex functions ¢F TP 1 =1,...,4 assigned to vertices v;, [ =1,...,4
are equal to one at v; and vanishing at all remaming vertices. They are chosen bilinear,
defined via products of Lobatto functions as follows

Qo (&1,82) = Lo(21)lo(Z2), (1.75)
Py (E1,32) = £i(21)lo(22),
Por(Z1,82) = £(21)li(22),
Por (21, 22) lo(21)01(22),

for (&1, 29) € Ty,

For p > 2, the Lobatto edge functions @ka, k=2 ...,p, j=1,...,4 are associated
with the corresponding edge é;. Their trace on ¢; coincides with the Lobatto functions
/;, and their trace vanishes on all remaining edges:

Qil (@1, 29) = Le(31)0o(22), 2 <k <p, (1.76)
QP (1, @2) = Oi(31)0(F2), 2<k<p,
2 k(iﬂl,ﬂfz) = Lp(21)0(22), 2<k<p,
il (@1, 29) = Lo(21)lk(Z2), 2 <k <p,

for (Z1,29) € f Therefore, p — 2 shape functions correspond to each edge of f
For p > 3, the shape functions are completed by Lobatto bubble functions ¢f* nyns,
which vanish everywhere on the boundary of Tq
o ng (T1,82) = Ly (21)ny (22), 2<n; <p, 2<ny <p, (1.77)
for (21,22) € fq. The total number of the Lobatto shape functions on fq is summarized
in Table 1.1.
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Node type Pol. degree +# of shape functions # of objects

Vertex p>1 1 4
Edge p>2 p—1 4
Bubble p>3 (p—1)? 1

Table 1.1: Lobatto shape functions on fq

The reference Lobatto shape functions on the triangle

The Lobatto basis of the space V, consists again of vertex, edge and bubble shape
functions defined on T;.

The Lobatto vertex functions 4,52”1’ , gbi,’f , gbgf: , are assigned to vertices v, Vo, v3. Each
function is equal to one at the corresponding vertex and vanishes at the remaining two
vertices. Vertex functions are linear, defined by following formulas

GF (21, 82) = A, k=1,2,3, (1.78)

where \; = 21, Ay = T and \3 = 1 — Ty — 25 are the barycentric coordinates on IA}

For p > 2, the Lobatto edge functions g&té’?pk, k=2, ...,p, j =1,2,3 coincide with
one-dimensional Lobatto functions on corresgonding edges and vanish on all remaining
edges. They can be written using the kernel functions ¢y_», defined by (1.74), in the
form

Pel(@1,82) = Mok oA = M), 2<k <p, (1.79)
Sagf,k(i"la T9) = MAspr—a(A3 — A2), 2<k<p,
Sagf,k(il’ Tg) = Aghpr—2(A1 — A3), 2<k<p.

For p > 3, the Lobatto bubble shape functions gbele complete the basis on IA}

These functions vanish on the whole element boundary. They will be defined using
affine coordinates and kernel functions as follows

Byl ny = MA2 s, 1(As—A2)Pny—1(Ao—A1), 1< ny, 1 <my, ni+ny < p—1, (1.80)

where @, 1, ¢n,—1 are the kernel functions defined by (1.74). The total number of
Lobatto shape functions on a triangular reference element is summarized in Table 1.2.

Remark 1.2. On both reference domains fq, j\} shape functions coincide on edges with
Lobatto functions ly, k= 0,1,.... Moreover, the bubble shape functions do not affect
a possible compatibility between quadrilateral and triangular meshes. This allows us to
combine triangular and quadrilateral elements in one hybrid mesh, see [1], [3].
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Node type Pol. degree # of shape functions # of objects

Vertex p>1 1 3
Edge p>2 p—1 3
Bubble p>3 (p—1p—2)/2 1

Table 1.2: Lobatto shape functions on ﬁ

1.3.3 Global basis functions on V},

In Sections 1.3.1 — 1.3.2 we introduced two possible sets of shape functions defined on
the reference element 7.

Here we describe the construction of a global basis of the finite-dimensional space
Vi, which is carried out by gluing together reference shape functions (transformed to
the physical element by the mapping Fr). This is done in such a way, that the resulting
basis functions satisfy conformity requirements of the space Vj, C H*(Q).

Remark 1.3. In order to fulfill the conformity requirement of global continuity of
basis functions, the orientation of physical mesh edges has to be taken into account.
For two-dimensional problems, it is possible to index edges of the reference element
as well as physical elements counterclockwise. Then the orientation of the reference
element edge € = v;v; C 0T coincides with the orientation of the edge e = v;v; C 0T
such that v; = Fp(v;) and v; = Fr(v;). In other case, when the orientations differ, all
reference edge functions have to be transformed by a suitable mapping, which inverts
the parameterization of the edge é.

In order to avoid a complication with a notation, we assume that .7, is a triangular
grid. All statements are valid also for quadrilateral grid, only the superscript ¢ has to
be replaced by the superscript ¢ and the number of vertices and edges of T' € .7}, has
to be increased from 3 to 4.

Global Lagrangian shape functions

Let p > 1 be a given degree of polynomial approximation and z,*, i =1, ... , N be the
reference Lagrangian nodes defined by (1.64). For each T' € .7}, we define the nodes

2yl = Fr(z"), i=1,...,N, (1.81)

where Fr maps IA} onto T'. Let us note that some of these nodes coincide, namely
th’f’i =z}, for T # T’ sharing a vertex or an edge.
Moreover, we define the set of Lagrangian nodes

L= {z € Q such that 3(T,i) € F, x {1,..., N} satisfying z = thpl} . (1.82)
This means that #*? contains all th’f’i, 1 =1,..., N, T € 9, lying inside of Q (we
exclude nodes lying on 092) and each node appears in .£*? only one time. We index

the set £ by LW = {zé’p, j=1,...,Np}.
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The global Lagrangian basis functions gof’p , t=1,..., Ny are defined by
0i?(x) € Vi, ©P(257) =65, i,j=1,...,Ny. (1.83)

Let us note that each global Lagrangian basis function gof’p , 1 =1,..., Ny can be,
due to (1.83), classified as

e vertex basis function if the corresponding Lagrangian node is a vertex of .7, its
support is formed by a patch of elements T' € .7}, having this vertex in common,

e edge basis function if the corresponding Lagrangian node lies on an edge of .7,
its support is formed by a patch of two elements T" € .7, sharing this edge,

e bubble basis function if the corresponding Lagrangian node lies in the interior of
T € Z,, which is also its support.

The global Lagrangian basis functions are defined in the following way.

Definition 1.7. (Vertex basis function) Let zﬁ’p be a Lagrangian node which is identified
with the vertex v, of Z,. Then the corresponding vertex Lagrangian basis function gof’p
15 a continuous function defined on ) which equals to one at v; and vanishes outside
of the patch S; formed by all elements T € 7}, sharing the vertex v;. For each element
j} S Sl;

PPl = PR, x= Fr(X), (1.84)

where 4,5',;”’ 1s the reference Lagrangian shape function such that zy = FT_l(zz’p).

Definition 1.8. (Edge basis function) Let z;‘f’p be a Lagrangian node which lies on
an edge e; of F,. Then the corresponding edge Lagrangian basis function cp:f’p s a
continuous function defined on €2 which vanishes outside of the patch S; formed by all
elements sharing the edge e;. For each element T; € S,

@E’p(X”Tj = @?p(f()v X = FT<§()a (185)

where @',;’p is the reference Lagrangian shape function such that z = FT_l(zﬁ’p).

Definition 1.9. (Bubble basis function) Let Zf’p be a Lagrangian node which lies in
the interior of an element T € 9},. Then the corresponding bubble Lagrangian basis
function gpﬁ’p 1 a continuous function defined on €2 which vanishes outside of T and

sOf”’(X)IT = @Z’p(f{)? X = FT()AC)v (1~86)

where $}7 is the reference Lagrangian shape function such that 2 = Fp'(z)").

Global Lobatto shape functions

Let p > 1 be a given degree of polynomial approximation and the global basis B of V},
consists of three types of basis functions:
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o Vertex basis functions gof;f’, [l =1,...,N, which are associated to each inner

vertex v;, | = 1,...,N of 9,. The support of goﬁ;f is formed by a patch of
elements T € .7}, having v, as a vertex.

e Fdge basis functions goi’fk, 2<k<p, l=1,...,FE, which are associated to each
inner edge ¢;, [ = 1,...,FE of .Z,. The support of gpi’fk, 2 < k < pis formed by
the patch of two elements from T' € .7, sharing the face ;.

e Bubble basis functions gotT’f)an, 1<ny, 1<ng, ni+ne<p-—1, T € F,, which
are associated to each element T' € .%,. Their support consists only of the one
element 7.

The global Lobatto basis functions are defined in the following way.

Definition 1.10. (Vertex basis function) The vertex basis function @iP associated with
a mesh vertex v;, | = 1,..., N is a continuous function defined on ) which equals to
one at v; and vanishes outside of the patch S; formed by all elements T € 7, sharing
the vertex v;. For each element T; € S,

PP = @h(%),  x = Fr(%), (1.87)
where @if 18 the reference vertex shape function associated to the verter vy offf such
that Vi = Fr''(v).

Definition 1.11. (Edge basis function) The edge basis function gpilk associated with a
mesh edge e; and k = 2,...,p, is a continuous function defined on ), which vanishes

outside of the patch S; formed by all elements sharing the edge e;. For each element
T e Sl,

oo @) = 9 (%),  x=Fr(x), (1.88)

where gbgﬁk is the reference edge shape function associated to the edge é; ofﬁ such that
& = Fr'(e).

Definition 1.12. (Bubble basis function) The bubble basis function gotT’f)nhm associated
with T € , and 1 < ny, 1 < mng, ny+neg < p-—1, k= 2,...,p, is a continuous
function defined on ) which vanishes outside of T,

SO%%)TLLTLQ (X) |T = (ﬁzzz’r)bl,ng (5\()7 X = FT (5\(>7 (189)

p

where @Z:mm is the reference bubble shape function associated to T,.

Remark 1.4. We already mentioned that the use of hierarchical finite elements is
advantageous in the case where different degrees of polynomial approzimation are used
on different elements. However, in the case of conforming finite element methods,
the basis functions have to be continuous. Therefore, it is necessary to construct a
transition from one degree of polynomial approximation to the another, see [1].

33



1.4 Discontinuous finite elements

In the previous sections of this chapter, we discussed implementations of conforming
finite elements methods, where the finite element spaces consist of continuous functions.
In this section we focus on an implementation of methods based on discontinuous
approximations, namely the discontinuous Galerkin (DG) method.

Although the DG formulation is more complicated than for the conforming FEM
since additional terms appear there, its implementation is usually simpler since the
test functions are chosen separately for each T € 7,.

1.4.1 DG discretization of the model problem

In the following we recall the DG discretization of the model problem (1.1) — (1.2). We
consider here the I[IPG variant of the DG method since it has the simplest formulation.
Let 7, (h > 0) be a partition of the closure Q of the domain (2 into a finite number
of closed d-dimensional elements, where we admit a combination of triangular and
quadrilateral elements including hanging nodes. For simplicity, we write again,

o= (1.90)

Moreover, .%;, denotes the set of all edges (faces) of .7,.
We assume that for each element T' € .7, there exists a mapping

Fr=Fr(X) = (Fri(X),..., Frqa(%)) : T = R? suchthat Fp(T)=T, (1.91)

where T is either the reference triangle YA} or the reference quadrilateral T, q given by
(1.34) or (1.35), respectively.
We define the space of discontinuous piecewise polynomial functions Sy, by

Shp = {vn, vn € L*(Q), vplr o Fr € Pp(f) VT € T}, (1.92)

where T denotes either YA} or fq depending on the type of T'. Furthermore, PP is the
space of polynomials of degree < p on T defined by (1.51) and/or (1.54).
Since DG methods use a discontinuous approximation, it is possible to define the

~

space PP(T) in (1.92) in several manners, namely

o P.r(T)) for triangles and P*(T,) for quadrilaterals,

A~ A~

o P9P(T;) for triangles and P%P(T,) for quadrilaterals,
o P.r(T)) for triangles and P%(T,) for quadrilaterals,

In this text we consider the first variant, the others can be obtain with only a small
modification.

Moreover, n, denotes a unit normal vector to e € .%},, its orientation is arbitrary
but fixed. Furthermore, the symbols (vs). and [Jvy|]z, denote the mean value and the
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jump in direction of n. of v, € Sp, on inner face e € %, (e C Q). For e C 01,
we put [|[vp|]lp, = (Un)e = vnle. Finally, if m. or [|-|]p, or (). are arguments of
.- do, e € F, we omit very often the subscript e and write simply n or [| - [| 5 or
(-), respectively.
Now, we are ready to introduce the DG approximation of the model problem.

Definition 1.13. We say that u, € Sy, is the approximate DG solution of (1.1) -

(1.2) if
Z /Vuh Vo, de — Z/Vuh n||vp||pd (1.93)
Te, e€F
+ Z/ [lunl] g |vh\]Eda:/gvhdx Yy, € Shp,
eEFy Q

where p denotes the penalty parameter.

1.4.2 The hp-discontinuous Galerkin method

Let us assume that the elements of .7}, are indexed by
I =A{T,, n=1,...,M}. (1.94)

DGM allows the use of different polynomial degrees over different elements without
the necessity to construct a cross-edge transition from one degree of polynomial ap-
proximation to the another. In this section, we will consider this general case since
its treatment is relatively simple. We assign a positive integer p, (local polynomial
degree) to each T, € 7;,. In the case when one uses the same degree of polynomial
approximation in the whole €2, we have p, = p VT, € 9},. We define the set

Pp=1{pw 1. € T} (1.95)

Over the triangulation .7,, we define the finite dimensional space of discontinuous
piecewise polynomial functions associated with the vector p by

e = {v; v e LXQ), v|y, 0 Fx € P, (T) Vu=1,..., M}, (1.96)

where PPr (T\ ) denotes the space of all polynomials on T of degree < p,.
Now we can simply formulate the hp-approximation of the model problem.

Definition 1.14. We say that uy € Shp is the hp-approximate DG solution of (1.1) -

(1.2) if
Z /Vuh Vop,de — Z/Vuh n||vp|| g d (1.97)
Te, e€Fp,
+ Z/ [|un|] & \vh\]Edozfgvhd:v Yoy, € Shp,
eEFy Q

where p denotes the penalty parameter.
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by |1 2 3 4 5
d=2[3 6 10 15 21
d=3[4 10 20 35 56

Table 1.3: Values of dof, for p, =1,...,5and d = 2,3

In comparison with (1.4), the face integrals have to be implemented. On the other
hand, the implementation of DGM is easier since a discontinuous approximation is
used. Therefore, it is possible to construct basis functions with a support consisting of
one T' € 7,

In the following we describe the construction of basis functions of Sy,. First, we in-
troduce a (global) basis of the space S, as a composition of local shapes constructed for
each T' € .7}, separately. Then, we introduce the construction of local shape functions.
Finally, we explain the evaluation of the face integrals.

1.4.3 Definition of the DG basis

Since Sy is the space of discontinuous piecewise polynomial functions, it is possible to
consider a set of linearly independent polynomial functions on 7}, for each T, € 7,

B, = {SOM,J'; Puj € Shps SUPP(ps) € 1, (1.98)
©u,; are linearly independent for j = 1,..., dof u}a

where ) .
%szl(pu +j) ford=2
dof,, = C ou=1,...,M, (1.99)
%H?:l(pu +7) ford=3
denotes the number of local degrees of freedom for each element T}, € .;,. The values
of dof,, are shown in Table 1.3 for p, = 1,...,5 and d = 2,3. We call B,, the local basis

on 7T,. For the construction of the basis B,, n=1,..., M, see Section 1.4.4.
A composition of the local bases B, u=1,..., M defines a basis of Sy, i.e.,

B ={pj; j € Shp, j=1,...,dof}. (1.100)

By dof (i.e. degrees of freedom), we denote the dimension of S, (=number of elements
of the basis B) which is equal to

M
dof = " dof,,, (1.101)

pn=1

where dof , is given by (1.99).
Therefore, a function uy, € Sp, can be written in the form

M dof,

up(x) = ZZuwgow(x), x €, (1.102)

p=1 j=1
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where u,; € R, j =1,...,dof,, u=1,..., M. Moreover, for u; € Sip, we define the
vector of its basis coefficients by

=1,.,M
u = {uu,j}5:1,...,dofH e R, (1.103)

Therefore, using (1.102) — (1.103) we have an isomorphism

up € Spp ¢ u € R%\ (1.104)

1.4.4 Construction of the DG basis functions

In order to achieve reasonable efficiency, hierarchical basis functions should be em-
ployed. We put
P 1, b
Let Pﬁ(f) denote the space of all polynomials on T of degree < p;. Let 5}3 be a
hierarchical basis of PP(T") which will be specified later. We call S; the reference basis
and its elements the reference shape functions.
Furthermore, let F,, := Fr,, p = 1,..., M, be the mapping introduced by (1.91)

-~

such that F,(T) = T,,. We put

BM = {90%]'; @#,j(x) = (puvj<Fu(§()) = ¢j<§<)7 xeT, j=1,... 7d0fu}7 (1'1O5>

which defines a basis B, introduced in (1.98) for each element 7, € .7}, separately.
Finally, (1.100) defines the global basis of Sh,.

Reference shape functions

It is possible to use an arbitrary set of (hierarchical or non-hierarchical) shape functions
for the definition of S};. An example are the Lagrangian and Lobatto shape functions
introduced in Sections 1.3.1 and 1.3.2, respectively. However, since Sy, is the space
of discontinuous functions, it is not necessary to construct vertex, edge and bubble
functions in order to fulfil the continuity of the basis functions.

Therefore, it is possible to use the Taylor shape functions given by

d
{¢i1,~~~,id(‘%lv s 7§:d) = H?:l(‘i‘j - j;j)lj’ 7;1? o 7id > 07 ZZ] < ﬁ} ) (1106>
j=1

where (Z{,...,29) is the barycentre of T. (It is possible to use also 2¢ = - - - = 5 =0).
The advantage of Taylor shape functions is a simpler implementation since we need not
distinguish among the vertex, edge and bubble functions, one subroutine is sufficient.

However, a direct use of the Taylor shape functions is not too practical, since
these functions are not normalized which can cause problems in the solution of the
corresponding linear algebraic systems. Moreover, in many application, namely in
evolution problems, it is advantageous to employ an L?-orthonormal basis because the
corresponding linear systems have favorable computational properties. Let us note that
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a suitable preconditioning can reduce many drawbacks following from the possible use
of non-normalized shape functions.

Therefore, we employ the local character of the shape functions and construct a
basis of S*ﬁ which is orthonormal with respect to the L2-scalar product. The simplest
way how to obtain a L?-orthonormal basis is the performance of the Gram-Schmidt
orthogonalization process applied to the functions from (1.106). Then we obtain the
orthonormal set of the reference shape functions

315 = {9537 j = 17 B adOfﬂ}v (1107)

where dof; is given by (1.99) with p; := p.

It is a well known fact that the Gram-Schmidt orthogonalization is an unstable
algorithm. However, in practice, this approach works, since dof; is usually not too
large a number (between 10 and 200) and moreover, the instability of the Gram-
Schmidt process causes a small violation of the L?-orthogonality of the reference shape
functions which do not affect good computational properties of the corresponding linear
algebraic systems.

The Gram-Schmidt orthogonalization on the reference element can be carried out
symbolically by some suitable software (e.g., Maple) or numerically. Our numerical
experiments based on the numerical realization of the Gram-Schmidt orthogonalization
work with success for p =10 = dof; =45 (for d = 2).

Finally, let us note that the global basis of Sy, obtained from (1.100), (1.105) and
(1.107) is orthonormal if the mappings F), := Fr,, p=1,..., M are linear. Otherwise,
some violations of the L?-orthogonality are present. However, the mappings F},, u =
1,..., M are close to linear mappings, hence these violations are small and (again) do
not affect good computational properties of the corresponding linear algebraic systems.

1.4.5 Evaluation of volume integrals

The evaluation of the volume integrals in (1.97) is very simple. Similarly as in the
conforming FEM, we have to compute the terms

> /vgpw-vgoy,jdx, i=1,...,dof,, j=1,...,dof,, u,v=1,..., M, (1.108)
T

TeT,

where ¢, ¢, ; € B (= basis of Sj,p). Since each ¢,,; vanishes outside of 7),, we have

S | Veoui-Veuido,=0, | Voui- Ve, d, (1.109)
TeT, T

T

foralli=1,...,dof,, j=1,...,dof,, u,v=1,..., M. Therefore, the stiffness matrix
S is block diagonal with blocks S, p=1,..., M given by

dof, . .o
Su=A{Suistijzr,  Suig = / Vui Veujdr, i,j=1,... dof,. (1.110)
Tl"
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These integrals can be simply evaluated wit the aid of (1.58), namely

d
/ Vi Vi, do = [2 (J;f@@)l (J;TT%j)lmet Je |d%,  (1.111)
T, T W 7 5

where ¢;, ¢; are the reference shape functions from Sﬁ given by (1.107). In comparison
to the conforming FEM, the situation is simpler, since we know that ¢,,; corresponds
to ¢, i =1,...,dof,, compare with (1.56).

1.4.6 Evaluation of face integrals

In this section we deal with the evaluation of the face integrals in (1.97). Let us note
that the necessity to evaluate face integrals appears also in the conforming finite element
method, e.g., for the implementation of general boundary conditions, see Section 1.1.5.
For simplicity, we restrict only to the case d = 2.

Let e € %), be an edge of T' € .7},. We call e a physical edge. Our aim is to evaluate
the integrals

/ef(x) do, /ef(x) ‘ndo, (1.112)

where m is the normal vector to e and f : e — R, f : ¢ — R? are given functions.
Let us recall the definition of the face integral. Let ¢» = (¢1,12) : [0,1] — e be a
parameterization of the edge e. Then

/ f(x)do = / FREN (0a(t))? + (a(t)) dt, (1.113)

where v;(t)’, i = 1,2 denotes the derivative of v;(t) with respect to t.
In order to evaluate the integrals (1.112), we use the approach based on the reference

~

element. Let é be an edge of the reference element 7' such that T = Fp(T) and
e = Fr(é). We call é the reference edge. Let

%o(t) = (e (1), Zea(t) : [0,1] — ¢ (1.114)

be a parameterization of the reference edge € preserving the counterclockwise orienta-
tion of the element. Namely, using the notation from Figure 1.6, we have

if T =T, then % (t):=(t,0), te(0,1), (1.115)
Xe, () := (1 —t,t), te(0,1),

if T =T, then X (t):= (t,0), te(0,1),
Xe, () = (1,t), te€(0,1),
%e,(t) = (1—1,1), te(0,1),
%6,(1) = (0,1— 1), te(0,1).



Moreover, we define the infinitesimal increase of X by

d

d)A(é(t) = E

%.(t) € R?, (1.116)
namely

if T =T, then  dxe :=(1,0), te(0,1), (1.117)
dxe, == (—1,1), te€(0,1),
d%e, == (0,—1), te(0,1),

if T =T, then  d&e, :=(1,0), te(0,1),
d%e, := (0,1), te(0,1),
d%e, := (—1,0), te€(0,1),
dxs, :=(0,—-1), te€(0,1).

Therefore, the physical edge e is parameterized by

e X = FT()A(é(t)) = (FTyl(}/\(é(t)), FTyQ()/\(é(t))) (1118)
= (Fra(Zea(t), 2e2(1)), Fro(Zen(t), 2es(1))), ¢ €[0,1].

The first integral from (1.112) is given by

1 9 d 1/2
/f(x)da = /Of(FT(fcé(t))) (Z&Fm(xé(m) dt (1.119)

2

. (% 1/2
= [ st (Z W%xm) ar

_ / F(Fr(%e(8))) | Tr, (%o (1)) d%e | dt,

where Jp, is the Jacobian matrix of the mapping Fr multiplied by the vector dx. given
by (1.116) and | - | is the Euclidean norm of the vector. Let us note that if Fr is a
linear mapping then e is a straight edge and |Jg,(Xs(t))dxs(t)| is equal to its length.

Now, we focus on the second integral from (1.112). Let 7. be the tangential vector
to e (if e is a straight line then . = e). Using (1.118) and (1.119), we evaluate 7. at
x(t) = Fr(x(t)), t € [0,1] by

re(x(t) = (rea (<), rea(x(1)) (1.120
= SR (Re(1) = (T (5e0) ke, Try (%)) %)

Now, by rotation we obtain the normal vector n. pointing outside of 7', namely

ne(x(t)) = (nea(x(t)), ne2(x())) : (1.121)
Ne1(X(t) = re2(x(t)), nea(x(t)) = —re1(x(1)),
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where (7. 1,7 2) is the tangential vector to e given by (1.120). Here it is important that
the counterclockwise orientation of the elements is considered. Therefore, from (1.120)
and (1.121), we have

ne(x(t)) = (JFTYZ(Xé(t))d}A(é,_JFTyl(}/\(é(t))d}/\(é). (1122)

Let us note that n.(x(t)) is not normalized, it is necessary to divide it by |n.(x(t))| =
| Jp (X6(t))dXs|. Finally, similarly as in (1.119), we obtain

ndo = [ (1) - X e 0)axe
/ef(x) d /Of(FT( (1)) |ne(x(t))||JFT( J(1))d%e| dt,  (1.123)

_ / FFr(%e(1))) - no(x(2)) dt,

where n.(x(t)) is given by (1.122). Let us note that if Fr is a linear mapping then e
is a straight edge and |n.(x(t))| is equal to its length.

1.4.7 Data structures

In order to evaluate the integrals (1.111), (1.119) and (1.123), it is enough to evaluate
and store the following data.

(S1) for each T' € 9}, the determinant of the Jacobi matrix det Jp,. and the transposed
matrix of the inversion of the Jacobi matrix Jg,,

(S2) the shape functions ¢;, i = 1,... N with the gradients &g&,, i=1,...NonT.

Comparison with the data structures of the FEM implementation, we see that (S1)
and (S2) are in fact the same, but (S3) is missing. This is caused by the fact that we
have a direct connection between basis functions and corresponding shape functions,
see relation (1.105).

1.5 Numerical quadratures

In the previous sections we assumed that we are able to evaluate all integrals (over the
reference element or the reference edge) exactly. This is true for the model problem
which is linear and therefore all integrands are polynomial functions. However, when a
problem is nonlinear, it is necessary to use an approximation, namely suitable numerical
quadratures. Even in the case when the problem is linear, the implementation with
numerical quadratures is simpler.

There exist many numerical quadrature rules with many advantages and disadvan-
tages. In the following we exhibit some basic quadrature rules for edge integrals and
volume integrals over the reference square and over the reference triangle, which exhibit
a reasonable compromise between accuracy and implementational complexity.
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1.5.1 Edge quadratures

We consider the Gauss quadrature rules given by

| 1@ e~ Gt = Y wis e (1.121)

where w;, 1 = 1,...,k and x;, i = 1,...,k are the Gauss weights and Gauss nodes,
respectively. Their values can be found in many textbooks, e.g., in [3]. Table 1.4 gives
these values for Gy, k=1,...,12.

1.5.2 Quadratures on quadrilaterals

In order to integrate over the reference square T\q, we employ the bi-Gauss quadrature

rules given by
k

f)Ax R GR() =D wiw f(xi), (1.125)
Ty i=1 j=1
where w;, i =1,...,k are the Gauss weights introduced in (1.124) and

where z;, i = 1,...,k are the Gauss nodes introduced in (1.124). Obviously, the bi-
Gauss quadrature rules are derived by integration with respect to the first variable and
then with respect to the second one. Similarly, it is possible to derive a quadrature
rule for the reference cube for d = 3.

1.5.3 Quadratures on triangles

In order to integrate over the reference triangle ﬁ, we employ the Dunavant quadrature
rules given by

J(x)dx = Dy(f) := Zwif(xi)a (1.127)
Ty i=1
where my, is the number of integration nodes, w;, ¢ = 1,..., k are the Dunavant weights
and x; = (A1, N2, Nig), ¢ = 1,...,my, are the Dunavant integration nodes. Their
values can be found, e.g., in [2], Table 1.5 shows these values for Dy, k=1,...,7.

1.5.4 Data structure

If the integrals appearing in FEM and/or DGM are evaluated with the aid of numerical
quadratures, we should revise the data structures (S1), (S2), (S3) introduced in Sections
1.2.4 and 1.4.7. Therefore, instead of (S1) and (S2), it is enough to evaluate and store
the following data.

(D1) for each T' € 7, the determinant of the Jacobi matrix det Jg,. and the transposed
matrix of the inversion of the Jacobi matrix Jp, in the edge and volume quadrature
nodes used,
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Table 1.4: Gauss quadratures Gy, k= 1,...,12 with weights w; and nodes x;
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Table 1.5: Dunavant quadratures Dy, k =
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1,...,7 with weights w; and nodes z;
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Figure 1.10: Basic graphical output: isolines, coarse grid (left) and fine grid (right)

(D2) the shape functions @;, i = 1,... N with the gradients Vg, i=1,...NonT in
the edge and volume quadrature nodes used.

However, there is a natural question which quadrature rules should be employed.
For linear or nearly linear problem, it is sufficient to use quadrature rules such that
integrate exactly polynomials of the degrees which appear in the volume and edge
integrals. For strongly nonlinear problems, more accurate quadrature rule should be
used, their degrees can be found empirically.

1.6 Basic visualization techniques

The result of a finite element computation is a (continuous or discontinuous) piecewise
polynomial function u;, € Vj,. Usually, we are not interested of its analytical expression
but we need its visualization. In this section, we discuss these aspects.

1.6.1 Types of visualization

There are several usual graphical outputs, which can be required based on the consid-
ered problem. Namely

e isolines/isosurfaces of the solutions are the lines (for d = 2) or surfaces (for
d = 3) consisting of points of the computational domains where the approximate
solution is equal to a given value, i.e., the set {x € Q; wu,(x) = g} is the isoline
(isosurface) corresponding to the value g. Figure 1.10 shows the isolines of the
piecewise linear approximation of the function

u(wy, 2) = 223 422) "V ey (1—21)(1—22),  (x1,22) € (0,1)x(0,1) (1.128)
for the values ¢ = 0.01ln, n=20,1,...,18.
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Figure 1.11: Basic graphical output: color maps, coarse grid (left) and fine grid (right)

e color maps of the solution is the visualization technique where each element of
the mesh is drawn by a color which corresponds to a given value. Figure 1.11
shows the color maps of the function (1.128). Let us note that color maps very
ofter smear details of approximate solution.

e 3D plot of the solution (only for d = 2) is the graph of the surface
{(z1, 29, 23); 23 = up(x1,22), (71, 72) € Q.

Figure 1.12 shows the 3D plots of the function (1.128). This graphical output
contains the whole information of the approximate solution. On the other hand
if the approximate solution is very complex this type of output is hard to see.

e visualization on boundaries is important, e.g., in aerodynamics, when we need to
know a pressure distribution on the airplane surface.

e cuts of the solution help to see the solution inside of the computational domain,
Figure 1.13 shows the diagonal cuts from the lower-left to upper-right corner of
the function (1.128).

1.6.2 Software for visualization

Within this section we briefly describe types of software which can be used for the
visualization of finite element solutions. Our aim is not to give a complete list of all
available software but give to the readers an overview of some possibilities.

We suppose that the software for the visualization can be split into the following
groups.

o Commercial graphical software usually represent a complete tool for visualization.
Let us mention as an example the code Techplot which is able to draw a continuous
piecewise linear or piecewise constant approximate solution for d = 2 as well as
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Figure 1.12: Basic graphical output: 3D plots, coarse grid (left) and fine grid (right)
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Figure 1.13: Basic graphical output: diagonal cuts, coarse grid (left) and fine grid
(right)

47



d = 3. It allows a wide range of graphical tools, e.g., slices, isosurfaces, cuts,
animations etc. However, Techplot uses some postprocessing procedures which
smooths the given approximate solution. This is advantageous for the effect of
visualization but it introduces some additional perturbations and/or “errors”.
The use of commercial software does not require any pre-computing, in generally.
However, most of the commercial software does not allow a visualization of higher
order approximations. In this case, some additional technique has to be used, see
Section 1.6.3.

e Free graphical libraries represented, e.g., by PGPLOT, which is a set of Fortran
77 subroutines which are able to draw a given line, to fill a given polygon by a
given color, etc. Therefore, the use of this library requires the creation of code
calling the PGPLOT subroutines. This represents additional work but you can
draw exactly what you want, no postprocessing perturbs the results. Figure 1.10,
right, was obtained by PGPLOT.

e Basic graphical code as, e.g., gnuplot, is able to carried out basic graphical tasks as
connecting a given set of nodes. This type of software can be used with success
for wall distribution, cuts and isolines. However, a visualization of isolines on
unstructured grids requires their pre-computing by some additional code. Figures
1.10, left, and 1.12 were created by gnuplot.

1.6.3 Visualization of higher order polynomial functions

In this section we discuss some possibilities how to visualize a higher order piecewise
polynomial solution wu, of an abstract problem. These visualization techniques are in
fact independent of whether u;, € V}, is continuous or u, € Sy, is discontinuous.

In order to visualize a piecewise polynomial function, we need to evaluate its value
in given nodes from (). If we use the data structure introduced in Section 1.5.4, we can
simply evaluate the solution in integrations nodes. However, it is not usually enough,
since the Gauss and Dunavant quadrature nodes do not lay at end points of (0,1) or
at the boundary of the reference triangle. Therefore, for the purposes of visualization
it is suitable to evaluate the solution at the Lagrangian nodes introduced in Section
1.3.1. This means that we have to evaluate and store also

(D2a) the shape functions ¢;, i =1,... N on T in the nodes used for a visualization.

All graphical codes are able to draw a line between two nodes. Therefore, it is
possible to visualize without problems a piecewise linear approximate solution. A
visualization of higher order approximation is more complicated. It is possible to
calculate exactly the corresponding solution dot per dot, but it is usually very time
consuming.

A more efficient and sufficiently accurate approach is the following. Let T' € 9}, be
an element and wuy|r a polynomial function of degree p. Then we split T into several
sub-elements by connecting the Lagrangian nodes Fr(z%), i = 1,..., Np, see Figure
1.14. We evaluate u,|7 at each of the Lagrangian nodes Fp(z'), i = 1,..., N? and
carry out a piecewise linear visualization over this sub-grid.

48



A B

Figure 1.14: The sub-grids for the visualization on a triangle T for p = 2 (left), p = 3
(center) and p = 4 (right)
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Figure 1.15: The visualization of the given function, isolines (left) and 3D plot (right)

Figure 1.15 shows the exact solution of a given problem which is visualized by
isolines and a 3D plot. This problem was solved on a mesh consisting of four triangles
(arising by splitting the square by its diagonals) using Py, k = 1,...,7 approximations.
Figures 1.16 — 1.22 show these approximate solutions using the visualization on the
corresponding subgrids.
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Figure 1.17: Visualization of the P, approximation, isolines (left) and 3D plot (right)
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Figure 1.18: Visualization of the Py approximation, isolines (left) and 3D plot (right)
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Figure 1.19: Visualization of the P, approximation, isolines (left) and 3D plot (right)
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Figure 1.20: Visualization of the Ps approximation, isolines (left) and 3D plot (right)
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Figure 1.21: Visualization of the Ps approximation, isolines (left) and 3D plot (right)
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Figure 1.22: Visualization of the P; approximation, isolines (left) and 3D plot (right)
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