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Jana Hromadová & Zdeněk Halas
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1 Kuželosečky (opakováńı SŠ – klasifikace, množiny bod̊u
daných vlastnost́ı)

Úloha 1.1 Určete rovnici kružnice, která procháźı body A = [1, 3] a B = [−3, 1] a jej́ı střed
lež́ı na př́ımce p : 2x− y − 8 = 0.

Úloha 1.2 Klasifikujte kuželosečky dané obecnou rovnićı, určete charakteristické prvky
a načrtněte obrázek.

a) 2x2 + 3y2 + 12x− 6y + 9 = 0
b) x2 + 4x+ 2y + 2 = 0
c) x2 − 4y2 + 4x− 4y + 2 = 0

Úloha 1.3 Napǐste rovnice tečen z bodu M k dané kuželosečce (určete souřadnice bod̊u do-
tyku).

a) M = [0, 0], x2 + 2y2 − 8x+ 4y + 12 = 0
b) M = [1,−1], y2 − 4x+ 2y + 9 = 0

Úloha 1.4 Napǐste rovnici hyperboly, v́ıte-li, že jej́ı asymptoty a1, a2 maj́ı rovnice
a1 : y = 2 (x− 3) a a2 : y = −2 (x− 3) a jedno ohnisko je E = [−2, 0].

Úloha 1.5 Napǐste rovnici elipsy, která má osy rovnoběžné s osami souřadnic, dotýká se
osy x i osy y a jej́ı střed je v bodě S = [4,−2].

Úloha 1.6 Napǐste rovnici paraboly, která procháźı bodem L = [4, 5], jej́ı osa má rovnici
x− 2 = 0 a tečna t ve vrcholu má rovnici y − 1 = 0. Určete také jej́ı ohnisko a rovnici ř́ıd́ıćı
př́ımky.

Úloha 1.7 Je dána př́ımka p a bod M , |Mp| = 6. Vyšetřete množinu všech střed̊u kružnic,
které procházej́ı bodem M a dotýkaj́ı se př́ımky p.

Úloha 1.8 Vyšetřete množinu střed̊u všech kružnic, které se dotýkaj́ı dané kružnice k (S, 5)
a procházej́ı bodem M , pro který plat́ı |SM | = 3.

Úloha 1.9 Vyšetřete množinu střed̊u všech kružnic, které se dotýkaj́ı dané kružnice k(S, 2)
a procházej́ı bodem M , pro který plat́ı |SM | = 6.
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Řešeńı.

1.1

x

y A

B O

p

oAB

S

k : (x−m)2 + (y − n)2 = r2

S = [m,n], r =?

1) Hledáme osu úsečky AB.

(B −A) = (−4,−2) ∼ (2, 1) = n⃗oAB

O =
A+B

2
= [−1, 2]

oAB : 2x+ y + c = 0

O ∈ oAB : 2 · (−1) + 2 + c = 0

c = 0

oAB : 2x+ y = 0

2) Hledáme střed S.

p : 2 x− x− 8= 0

oAB : 2 x+ y =0

)
+

4x = 8 x = 2 y = −4

S = [2,−4]

3) Hledáme poloměr kružnice.

r = |SA| = [SB]

|SA| =
√
(2− 1)2 + (−4− 3)2 =

√
50

k : (x− 2)2 + (y + 4)2 = 50

1.2 a)

Uprav́ıme na čtverec.

2x2 + 3y2 + 12x− 6y + 9 = 0

2
(
x2 + 6x

)
+ 3y2 − 2y + 9 = 0

2 (x+ 3)2 − 18 + 3 (y − 1)2 − 3 + 9 = 0

2 (x+ 3)2 + 3 (y − 1)2 = 12

(x+ 3)2

6
+

(y − 1)2

4
= 1

elipsa

o1

o2

x

y

E F

S

A B

C

D
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S = [−3, 1] E =
[
−3−

√
2, 1
]

a =
√
6 F =

[
−3 +

√
2, 1
]

b = 2 A =
[
−3−

√
6, 1
]

e2 = a2 − b2 =⇒ e =
√
2 B =

[
−3 +

√
6, 1
]

o1 : y = 1 C = [−3, 3]

o2 : x = −3 D = [−3,−1]

b)

Uprav́ıme na čtverec.

x2 + 4x+ 2y + 2 = 0

(x+ 2)2 − 4 + 2y + 2 = 0

(x+ 2)2 = −2y + 2

(x+ 2)2 = −2 (y − 1)

parabola

d

o

x

y

F

V

−2p = −2 =⇒ p = 1

V = [−2, 1] F =

[
−2,

1

2

]
o : x = −2 d : y =

3

2

c)

Uprav́ıme na čtverec.

x2 − 4y2 + 4x− 4y + 2 = 0

(x+ 2)2 − 4− 4

(
y +

1

2

)2

+ 1 + 2 = 0

(x+ 2)2 − 4

(
y +

1

2

)2

= 1

(x+ 2)2

1
−
(
y + 1

2

)2
1
4

= 1

hyperbola

o1

o2

a1

a2

x

y

E F
A B

S
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S =

[
−2,−1

2

]
E =

[
−2−

√
5

2
,−1

2

]

a = 1 F =

[
−2 +

√
5

2
,−1

2

]

b =
1

2
A =

[
−3,−1

2

]
e2 = a2 + b2 =⇒ e =

√
5

2
B =

[
−1,−1

2

]
o1 : y = −1

2
o2 : x = −2

Asymptoty:

y = ± b

a
(x−m) + n

y = ±1

2
(x+ 2)− 1

2

y +
1

2
= ±1

2
(x+ 2)

a1 : y =
1

2
x+

1

2
a2 : y = −1

2
x− 3

2

1.3 a) Uprav́ıme na čtverec.

x2 + 2y2 − 8x+ 4y + 12 = 0

(x− 4)2 − 16 + 2 (y + 1)2 − 2 + 12 = 0

(x− 4)2 + 2 (y + 1)2 = 6 / : 6

(x− 4)2

6
+

(y + 1)2

3
= 1 =⇒ elipsa

Rovnice tečny t v bodě T = [x0, y0]:
(x− 4) (x0 − 4)

6
+

(y + 1) (y0 + 1)

3
= 1

M ∈ t :
−4 (x0 − 4)

6
+

1 (y0 + 1)

3
= 1

T ∈ t :
(x0 − 4)2

6
+

(y0 + 1)2

3
= 1

M : −4x0 + 16 + 2y0 + 2 = 6 T : x20 + 2y20 − 8x0 + 4y0 + 12 = 0

−4x0 + 2y0 + 12 = 0

y0 = 2x0 − 6

x20 + 2 (2x0 − 6)2 − 8x0 + 4 (2x0 − 6) + 12 = 0

x20 + 8x20 − 48x0 + 72− 8x0 + 8x0 − 24 + 12 = 0

9x0 − 48x0 + 60 = 0 / : 3

3x0 − 16x0 + 20 = 0
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D = 256− 240 = 16

x01,2 =
16± 4

6
=

{
10
3 =⇒ y01 = 2 · 10

3 − 6 = 2
3

2 =⇒ y02 = 2 · 2− 6 = −2

T1 =

[
10

3
,
2

3

]
T2 = [2,−2]

t1 :
(x− 4)

(
10
3 − 4

)
6

+
(y + 1)

(
2
3 + 1

)
3

= 1

−2

3
(x− 4) +

10

3
(y + 1) = 6

−2

3
x+

8

3
+

10

3
y +

10

3
= 6 / · 3

−2x+ 8 + 10y + 10 = 18

t1 : x− 5y = 0

t2 :
(x− 4) (2− 4)

6
+

(y + 1) (−2 + 1)

3
= 1

−2 (x− 4)− 2 (y + 1) = 6

x− 4 + y + 1 = −3

t2 : x+ y = 0

M x

y

T1

T2

Druhý zp̊usob řešeńı:

Př́ımka procházej́ıćı počátkem (až na osu y, ale lze snadno ověřit, že ta nebude
tečnou) má rovnici y = k · x.
Tečna má s kuželosečkou právě jeden společný bod. Dosad́ım-li do rovnice
kuželosečky y = k · x, hledám taková k, pro něž je diskriminant nulový – na-
lezneme hodnoty k1 = −1 a k2 =

1
5 .

b) Uprav́ıme na čtverec.

y2 − 4x+ 2y + 9 = 0

(y + 1)2 − 1− 4x+ 9 = 0

(y + 1)2 = 4 (x− 2) =⇒ parabola
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V = [2,−1]

p = 2

o : y = −1

Rovnice tečny t v bodě T = [x0, y0]: (y + 1) (y0 + 1) = 2 (x− 2) + 2 (x0 − 2)

M ∈ t : (−1 + 1) (y0 + 1) = 2 (1− 2) + 2 (x0 − 2)

0 = −2 + 2 (x0 − 2)

x0 = 3

T ∈ t : y20 − 4x0 + 2y0 + 9 = 0

y20 − 12 + 2y0 + 9 = 0

y20 + 2y0 − 3 = 0

D = 4− 4 · 1 · (−3) = 16

y01,2 =
−2± 4

2
=

{
1

−3

T1 = [3, 1] T2 = [3,−3]

t1 : (y + 1) (1 + 1) = 2 (x− 2) + 2 (3− 2)

y + 1 = x− 2 + 1

t1 : y = x− 2

t2 : (y + 1) (−3 + 1) = 2 (x− 2) + 2 (3− 2)

− (y + 1) = x− 2 + 1

t2 : y = −x

M
o

x

y

T1

T2
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1.4

Obecná rovnice hyperboly:

(x−m)2

a2
− (y − n)2

b2
= 1

Obecné rovnice asymptot:

(y − n) = ± b

a
(x−m)

b

a
= 2

m = 3, n = 0 =⇒ S = [3, 0]

e = |ES| = 5

e2 = a2 + b2

a1

a2

x

y

E F

e

52 = a2 + b2 a2 + b2 = 25

b2

a2
= 22 b2 = 4a2

a2 + 4a2 = 25

b2 = 20 a2 = 5

h :
(x− 3)2

5
− y2

20
= 1

1.5

S = [4,−2]

=⇒ a = 4, b = 2

(x− 4)2

16
+

(y + 2)2

4
= 1

x
y

SE F

A B

C

D

o1

o2
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e2 = a2 − b2 =⇒ e = 2
√
3 A = [0,−2]

E =
[
4− 2

√
3,−2

]
B [8,−2]

F =
[
4 + 2

√
3
]

C [4, 0]

o1 : y = −2 D [4,−4]

o2 : x = 4

1.6

V ∈ t ∩ o =⇒ V = [2, 1]

(x−m)2 = 2p (y − n)

(x− 2)2 = 2p (y − 1)

L ∈ p : (4− 2)2 = 2p (5− 1)

p =
1

2

p : (x− 2)2 = y − 1

F =

[
2,

5

4

]
d : y =

3

4
x

y

L

t

d

o

F

1.7

x = p

y

M

Zvoĺıme: p : y = 0

M = [0, 6]
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X = [x, y]

|MX| = |Xp|√
x2 + (y − 6)2 = |y|
x2 + (y − 6)2 = y2

x2 + y2 − 12y + 36 = y2

x2 = 12 (y − 3)

parabola

V = [0, 3] ř́ıd́ıćı př́ımka: d = p

p = 6 ohnisko: F = M

1.8

x

y

M

Zvoĺıme: k : x2 + y2 = 25

M = [3, 0]
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X = [x, y]

|MX| = 5− |SX|√
(x− 3)2 + y2 = 5−

√
x2 + y2 /2

(x− 3)2 + y2 = 25− 10
√
x2 + y2 + x2 + y2

−6x+ 9− 25 = −10
√

x2 + y2 / : (−2)

3x+ 8 = 5
√

x2 + y2 /2

9x2 + 48x+ 64 = 25x2 + 25y2

16x2 − 48x+ 25y2 − 64 = 0

16

(
x− 3

2

)2

− 36 + 25y2 = 64 / : 100

(
x− 3

2

)2
25
4

+
y2

4
= 1

elipsa

|MX|+ |SX| = 5

a =
5

2
Sel. =

[
3

2
, 0

]
= SSM

b = 2 E = [0, 0] = S

e =
3

2
F = [3, 0] = M

1.9

x

y

M

S
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Zvoĺıme: k : x2 + y2 = 4

M = [6, 0]

X = [x, y]

(I) : |MX| = |SX| − 2 . . . vněǰśı dotyk

(II) : |MX| = |SX|+ 2 . . . vnitřńı dotyk√
(x− 6)2 + y2 =

√
x2 + y2 − 2 /2

(x− 6)2 + y2 = x2 + y2 − 4
√

x2 + y2 + 4

x2 − 12x+ 36 + y2 = x2 + y2 + 4− 4
√

x2 + y2

12x− 32 = 4
√

x2 + y2

3x− 8 =
√

x2 + y2 /2

9x2 − 48x+ 64 = x2 + y2

8x2 − y2 − 48x+ 64 = 0

8 (x− 3)2 − 72− y2 = −64

8 (x− 3)2 − y2 = 8 / : 8

(x− 3)2

1
− y2

8
= 1

hyperbola

||SX| − |MX|| = 2

a = 1 Shyp. = [3, 0] = SSM

b = 2
√
2 E = [0, 0] = S

e = 3 F = [6, 0] = M

Poznámka: Při výpočtu jsme prováděli neekvivalentńı úpravy. Snadno ale nahlédneme,
že každé z rovnic (I) a (II) odpov́ıdá jedna větev hyperboly.
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2 Klasifikace kuželoseček pomoćı otáčeńı soustavy souřadnic

Úloha 2.1 Klasifikujte kuželosečky dané obecnou rovnićı, určete charakteristické prvky
a načrtněte obrázek.

a) 4x2 + 4xy + y2 − 100y + 500 = 0
b) 5x2 − 6xy + 5y2 − 32 = 0
c) 16x2 − 24xy + 9y2 − 90x− 120y + 525 = 0
d) 7x2 + 18xy + 7y2 − 32x− 24y + 16 = 0
e) x2 + xy + 2y2 = 0
f) x2 − 4xy + 4y2 + 6x− 12y + 9 = 0
g) 4x2 − 4xy + y2 + 4x− 2y − 3 = 0

Úloha 2.2 Určete množinu {X ∈ E2; |XF | = 2 |Xp|}, je-li p : x+2y− 3 = 0 a F = [2,−1].

Řešeńı.

2.1 a) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 4

2b = 4 =⇒ b = 2

c = 1

b · tg2 α+ (a− c) · tgα− b = 0

2 · tg2 α− 3 · tgα− 2 = 0

D = 9− 4 · 2 · (−2) = 25

tgα1,2 =
−3± 5

4
=

{
1
2

−2 α /∈
(
0, π2

)
tgα =

1

2
=⇒ sinα

cosα
=

1

2
=⇒ sin2 α

cos2 α
=

1

4

sin2 α =
1

4
cos2 α cos2 α =

4

5

sin2 α =
1

4

(
1− sin2 α

)
cosα =

2√
5
=

2
√
5

5

5 sin2 α = 1

sin2 α =
1

5

sinα =
1√
5
=

√
5

5

Dosad́ıme do vzorce.

x = x′ cosα− y′ sinα

y = x′ sinα+ y′ cosα
(2.1)

x = x′ · 2
√
5

5
− y′ ·

√
5

5
=

√
5

5
·
(
2x′ − y′

)
y = x′ ·

√
5

5
+ y′ · 2

√
5

5
=

√
5

5
·
(
x′ + 2y′

) (2.2)
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Dosad́ıme do p̊uvodńı rovnice.

4 · 5

25

(
2x′ − y

)2
+ 4 · 5

25

(
2x′ − y′

) (
x′ + 2y′

)
+

5

25

(
x′ + 2y′

)2
−100 ·

√
5

5

(
x′ + 2y′

)
+ 500 = 0

4

5

(
4x′2 − 4x′y′ + y′2

)
+

4

5

(
2x′2 + 3x′y′ − 2y′2

)
+

1

5

(
x′2 + 4x′y′ + 4y′2

)
−20

√
5x′ − 40

√
5y′ + 500 = 0 / · 5

16x′2 − 16x′y′ + 4y′2 + 8x′2 + 12x′y′ − 8y′2 + x′2 + 4x′y′ + 4y′2

−100
√
5x′ − 200

√
5y′ + 2500 = 0

25x′2 − 100
√
5x′ − 200

√
5y′ + 2500 = 0 / : 25

x′2 − 4
√
5x′ − 8

√
y′ + 100 = 0

(
x′ − 2

√
5
)2

− 20− 8
√
5y′ + 100 = 0(

x′ − 2
√
5
)2

= −80 + 8
√
5y′

(
x′ − 2

√
5
)2

= 8
√
5
(
y′ − 2

√
5
)

parabola

V ′ =
[
2
√
5; 2

√
5
]

F ′ =
[
2
√
5; 4

√
5
]

2p = 8
√
5 =⇒ p = 4

√
5 d′ : y′ = 0

o′ ∥ y′ o′ : x′ = 2
√
5

Urč́ıme prvky p̊uvodńı paraboly.

F ′ =
[
2
√
5; 4

√
5
]

(2.2)
=⇒

x =

√
5

5

(
2 · 2

√
5− 4

√
5
)
= 0

y =

√
5

5

(
2
√
5 + 2 · 4

√
5
)
= 10

=⇒ F = [0; 10]

V ′ =
[
2
√
5; 2

√
5
]

(2.2)
=⇒

x =

√
5

5

(
2 · 2

√
5− 2

√
5
)
= 2

y =

√
5

5

(
2
√
5 + 2 · 2

√
5
)
= 6

=⇒ V = [2; 6]

x′ =

√
5

5
· (2x+ y)

y′ =

√
5

5
· (−x+ 2y)

(2.3)
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d′ : y′ = 0
(2.3)
=⇒ 0 =

√
5

5
(−x+ 2y) =⇒ d : −x+ 2y = 0

o′ : x′ = 2
√
5

(2.3)
=⇒ 2

√
5 =

√
5

5
(2x+ y) =⇒ o : 2x+ y − 10 = 0

Poznámka 2.3 Rovnice (2.3) dostanu tak, že z (2.2) vyjádř́ım x′, y′ nebo si
uvědomı́me, že se jedná o otočeńı o úhel −α.

x′

y′

d′ o′

F ′

V ′

x

y

d o

F

V

b) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 5

2b = −6 =⇒ b = −3

c = 5

b · tg2 α+ (a− c) · tgα− b = 0

−3 · tg2 α+ 0 · tgα+ 3 = 0

tg2 α = 1

tgα =

{
1

−1 α /∈
(
0, π2

)
tgα = 1 =⇒ α =

π

4
=⇒ sinα =

√
2

2
∧ cosα =

√
2

2

Dosad́ıme do vzorce (2.1).

x =

√
2

2
·
(
x′ − y′

)
y =

√
2

2
·
(
x′ + y′

) (2.4)
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Doad́ıme do p̊uvodńı rovnice.

5 · 1
2

(
x′ − y′

)2 − 6 · 1
2

(
x′ − y′

) (
x′ + y′

)
+ 5 · 1

2

(
x′ + y′

)2 − 32 = 0 / · 2
5
(
x′2 − 2x′y′ + y′2

)
− 6

(
x′2 − y′2

)
+ 5

(
x′2 + 2x′y′ + y′2

)
− 64 = 0

4x′2 + 16y′2 − 64 = 0 / : 4

x′2 + 4y′2 − 16 = 0

x′2 + 4y′2 = 16 / : 16

x′2

16
+

y′2

4
= 1

elipsa

S′ = [0; 0] A′ = [−4; 0]

a = 4 B′ = [4; 0]

b = 2 C ′ = [0;−2]

e =
√

a2 − b2 = 2
√
3 D′ = [0; 2]

o′1 : y′ = 0 E′ =
[
−2

√
3; 0
]

o′2 : x′ = 0 F ′ =
[
2
√
3; 0
]

Urč́ıme prvky p̊uvodńı elipsy.

S′ = [0; 0]
(2.4)
=⇒ S = [0; 0]

A′ = [−4; 0]
(2.4)
=⇒ A =

[
−2

√
2;−2

√
2
]

B′ = [4; 0]
(2.4)
=⇒ B =

[
2
√
2; 2

√
2
]

C ′ = [0;−2]
(2.4)
=⇒ C =

[√
2;−

√
2
]

D′ = [0; 2]
(2.4)
=⇒ D =

[
−
√
2;
√
2
]

E′ =
[
−2

√
3; 0
]

(2.4)
=⇒ E =

[
−
√
6;−

√
6
]

F ′ =
[
2
√
3; 0
]

(2.4)
=⇒ F =

[√
6;
√
6
]

x′ =

√
2

2
· (x+ y)

y′ =

√
2

2
· (−x+ y)

(2.5)

o′1 : y′ = 0
(2.5)
=⇒ 0 =

√
2

2
(−x+ y) =⇒ o1 : x− y = 0

o′2 : x′ = 0
(2.5)
=⇒ 0 =

√
2

2
(x+ y) =⇒ o2 : x+ y = 0

17



x′o′1

y′

o′2

S ′

E ′ F ′A′ B′

C ′

D′

x

y

o1 o2

S

E

F

A

B

C

D

c) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 16

2b = −24 =⇒ b = −12

c = 9

b · tg2 α+ (a− c) · tgα− b = 0

−12 · tg2 α− 7 · tgα+ 12 = 0

D = 49− 4 · (−12) · 12 = 625 = 252

tgα1,2 =
−7± 25

−24
=

{
−18

24 = −3
4 α /∈

(
0, π2

)
32
24 = 4

3

tgα =
4

3
=⇒ sin2 α

cos2 α
=

16

9

sin2 α =
16

9

(
1− sin2 α

)
cos2 α =

9

25

25 · sin2 α = 16 cosα =
3

5

sin2 α =
16

25

sinα =
4

5

Dosad́ıme do vzorce (2.1).

x =
1

5
·
(
3x′ − 4y′

)
y =

1

5
·
(
4x′ + 3y′

) (2.6)

18



Dosad́ıme do p̊uvodńı rovnice.

16 · 1

25

(
3x′ − 4y′

)2 − 24 · 1

25

(
3x′ − 4y′

) (
4x′ + 3y′

)
+9 · 1

25

(
4x′ + 3y′

)2 − 90 · 1
5

(
3x′ − 4y′

)
− 120 · 1

5

(
4x′ + 3y′

)
+ 525 = 0 / · 25

16
(
9x′2 − 24x′y′ + 16y′2

)
− 24

(
12x′2 − 7x′y′ − 12y′2

)
+9
(
16x′2 + 24x′y′ + 9y′2

)2 − 450
(
3x′ − 4y′

)
− 600

(
4x′ + 3y′

)
+ 13 125 = 0

144x′2 − 384x′y′ + 256y′2 − 288x′2 + 168x′y′ + 288y′2

+144x′2 + 216x′y′ + 81y′2 − 1 350x′ + 1 800y′ − 2 400x′ − 1 800y′ + 13 125 = 0

625y′2 − 3 750x′ + 13 125 = 0 / : 625

y′2 − 6x′ + 21 = 0

y′2 = 6

(
x′ − 21

6

)

y′2 = 6

(
x′ − 7

2

)

parabola

V ′ =

[
7

2
; 0

]
F ′ = [5; 0]

2p = 6 =⇒ p = 3 d′ : x′ = 2

o′ ∥ x′ o′ : y′ = 0

x′o′

y′

d′

F ′
x

y

d

o

F
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Urč́ıme prvky p̊uvodńı paraboly.

F ′ = [5; 5]
(2.6)
=⇒ F = [3; 4]

V ′ =

[
7

2

]
(2.6)
=⇒ V =

[
21

10
;
14

5

]
x′ =

1

5
· (3x+ 4y)

y′ =
1

5
· (−4x+ 3y)

(2.7)

d′ : x′ = 2
(2.7)
=⇒ d : 3x+ 4y − 10 = 0

o′ : y′ = 0
(2.7)
=⇒ o : −4x+ 3y = 0

d) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 7

2b = 18 =⇒ b = 9

c = 7

b · tg2 α+ (a− c) · tgα− b = 0

9 · tg2 α+ 0 · tgα− 9 = 0

tg2 α = 1

tgα =

{
1

−1 α /∈
(
0, π2

)
tgα = 1 =⇒ α =

π

4
=⇒ sinα =

√
2

2
∧ cosα =

√
2

2
Dosad́ıme do vzorce (2.1).

x =

√
2

2
·
(
x′ − y′

)
y =

√
2

2
·
(
x′ + y′

) (2.8)

Dosad́ıme do p̊uvodńı rovnice.

7 · 1
2

(
x′ − y′

)2
+ 18 · 1

2

(
x′ − y′

) (
x′ + y′

)
+ 7 · 1

2

(
x′ + y′

)2
−32 ·

√
2

2

(
x′ − y′

)
− 24 ·

√
2

2

(
x′ + y′

)
+ 16 = 0 / · 2

7
(
x′2 − 2x′y′ + y′2

)2
+ 18

(
x′2 − y′2

)
+ 7

(
x′2 + 2x′y′ + y′2

)2
−32

√
2
(
x′ − y′

)
− 24

√
2
(
x′ + y′

)
+ 32 = 0

7x′2 − 14x′y′ + 7y′2 + 18x′2 − 18y′2 + 7x′2 + 14x′y′ + 7y′2

−32
√
2x′ + 32

√
2y′ − 24

√
2x′ − 24

√
2y′ + 32 = 0

32x′2 − 4y′2 − 56
√
2x′ + 8

√
2y′ + 32 = 0 / : 4

8x′2 − y′2 − 14
√
2x′ + 2

√
2y′ + 8 = 0
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8

(
x′2 − 7

4

√
2x′
)
−
(
y′2 − 2

√
2y′
)
+ 8 = 0

8

(
x′ − 7

8

√
2

)2

− 49 · 2
8

−
(
y′ −

√
2
)2

+ 2 + 8 = 0

8

(
x′ − 7

8

√
2

)2

−
(
y′ −

√
2
)2

=
9

4

(
x′ − 7

8

√
2
)2

9
32

−
(
y′ −

√
2
)2

9
4

= 1

hyperbola

S′ =

[
7
√
2

8
;
√
2

]
A′ =

[√
2

2
;
√
2

]

a =
3
√
2

8
B′ =

[
5
√
2

4
;
√
2

]

b =
3

2
E′ =

[
−
√
2

4
;
√
2

]

e2 = a2 + b2 =
81

32
=⇒ e =

9
√
2

8
F ′ =

[
2
√
2;
√
2
]

o′1 : y′ =
√
2 o′2 : x′ =

7
√
2

8

asymptoty: y′ − n = ± b

a
(x−m)

y′ −
√
2 = ±

3
2

3
√
2

8

(
x− 7

8

√
2

)
u′1,2 : y′ −

√
2 = ±2

√
2

(
x′ − 7

8

√
2

)
Urč́ıme prvky p̊uvodńı hyperboly.

S′ =

[
7
√
2

8
;
√
2

]
(2.8)
=⇒ S =

[
−1

8
;
15

8

]

E′ =

[
−
√
2

4
;
√
2

]
(2.8)
=⇒ E =

[
−5

4
;
3

4

]
F ′ =

[
2
√
2;
√
2
]

(2.8)
=⇒ F = [1; 3]

A′ =

[
5
√
2

4
;
√
2

]
(2.8)
=⇒ A =

[
1

4
;
9

4

]

B′ =

[√
2

2
;
√
2

]
(2.8)
=⇒ B =

[
−1

2
;
3

2

]
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x′ =

√
2

2
· (x+ y)

y′ =

√
2

2
· (−x+ y)

(2.9)

o′1 : y′ =
√
2

(2.9)
=⇒

√
2

2
(−x+ y) =

√
2 =⇒ o1 : x− y + 2 = 0

o′2 : x′ =
7
√
2

8

(2.9)
=⇒

√
2

2
(x+ y) =

7
√
2

8
=⇒ o2 : 4x+ 4y − 7 = 0

u′1,2 : y′ −
√
2 = ±2

√
2

(
x′ − 7

√
2

8

)
⇓ (2.9)

√
2

2
(−x+ y)−

√
2 = ±2

√
2

(√
2

2
(x+ y)− 7

√
2

8

)
/ · 2

√
2 (−x+ y)− 2

√
2 = 4 (x+ y)− 7

u1 :
(
4 +

√
2
)
x+

(
4−

√
2
)
y +

(
−7 + 2

√
2
)
= 0

√
2 (−x+ y)− 2

√
2 = −4 (x+ y) + 7

u2 :
(
−4 +

√
2
)
x+

(
−4−

√
2
)
y +

(
7 + 2

√
2
)
= 0

x′

y′

o′1

o′2

E′ F ′

S′

A′ B′

x

y

o1

o2

E

F

S

A

B

e) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 1

2b = 2 =⇒ b =
1

2
c = 2
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b · tg2 α+ (a− c) · tgα− b = 0

1

2
· tg2 α− 1 · tgα− 1

2
= 0 / · 2

tg2 α− 2 · tgα− 1 = 0

D = 4− 4 · 1 · (−1) = 8

tgα1,2 =
2± 2

√
2

2
=

{
1 +

√
2

1−
√
2 α /∈

(
0, π2

)
tgα = 1 +

√
2 =⇒ sin2 α

cos2 α
=
(
1 +

√
2
)2

sin2 α =
(
1 +

√
2
)2 (

1− sin2 α
)

cos2 α =
2−

√
2

4(
4 + 2

√
2
)
· sin2 α = 3 + 2

√
2 cosα =

√
2−

√
2

4

sin2 α =
3 + 2

√
2

4 + 2
√
2
=

2 +
√
2

4

sinα =

√
2 +

√
2

4

Dosad́ıme do vzorce (2.1).

x =

√
2−

√
2

4
x′ −

√
2 +

√
2

4
y′

y =

√
2 +

√
2

4
x′ +

√
2−

√
2

4
y′

(2.10)
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Dosad́ıme do p̊uvodńı rovnice. √2−
√
2

4
x′ −

√
2 +

√
2

4
y′

2

+

√2−
√
2

4
x′ −

√
2 +

√
2

4
y′

 ·

√2 +
√
2

4
x′ +

√
2−

√
2

4
y′


+2 ·

√2 +
√
2

4
x′ +

√
2−

√
2

4
y′

2

= 0

2−
√
2

4
x′2 − 2 ·

√
4− 2

16
x′y′ +

2 +
√
2

4
y′2

+

√
2−

√
2

4
· 2 +

√
2

4
x′2 − 2

√
2

4
−

√
2 +

√
2

4
· 2−

√
2

4
y′2

+2 · 2−
√
2

4
x′2 + 4 ·

√
4− 2

16
x′y′ + 2 · 2 +

√
2

4
y′2 = 0

6 +
√
2

4
x′2 +

6−
√
2

4
y′2 +

√
4− 2

16
x′2 +

√
4− 2

16
y′2 = 0 / · 4(

3 +
√
2
)
x′2 +

(
3−

√
2
)
y′2 = 0

A2 +B2 = (A+ iB) · (A− iB)

(
x′
√

3 +
√
2 + iy′

√
3−

√
2

)
·
(
x′
√
3 +

√
2− iy′

√
3−

√
2

)
= 0

dvě imaginárńı př́ımky s reálným pr̊useč́ıkem

p′1 : x′
√
3 +

√
2 + iy′

√
3−

√
2 = 0 S′ = [0; 0]

p′2 : x′
√
3 +

√
2− iy′

√
3−

√
2 = 0

Urč́ıme p̊uvodńı př́ımky a jejich pr̊useč́ık.

S′ = [0; 0]
(2.10)
=⇒ S = [0; 0]

x′ =

√
2−

√
2

4
x+

√
2 +

√
2

4
y

y′ = −

√
2 +

√
2

4
x+

√
2−

√
2

4
y

(2.11)
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p′1 : x′
√

3 +
√
2 + iy′

√
3−

√
2 = 0

⇓ (2.11)

p1 : x

(√
4−

√
2− i

√
4 +

√
2

)
+ y

(√
8 + 5

√
2 + i

√
8− 5

√
2

)
= 0

p′2 : x′
√

3 +
√
2− iy′

√
3−

√
2 = 0

⇓ (2.11)

p2 : x

(√
4−

√
2 + i

√
4 +

√
2

)
+ y

(√
8 + 5

√
2− i

√
8− 5

√
2

)
= 0

f) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 1

2b = −4 =⇒ b = −2

c = 4

b · tg2 α+ (a− c) · tgα− b = 0

−2 · tg2 α− 3 · tgα+ 2 = 0

D = 9− 4 · (−2) · 2 = 25

tgα1,2 =
3± 5

−4
=

{
−2 α /∈

(
0, π2

)
1
2

tg2 α =
1

2
=⇒ sin2 α

cos2 α
=

1

4

sin2 α =
1

4

(
1− sin2 α

)
cos2 α =

4

5

5

4
· sin2 α =

1

4
cosα =

2
√
5

5

sin2 α =
1

5

sinα =

√
5

5

Dosad́ıme do vzorce (2.1).

x =

√
5

5

(
2x′ − y′

)
y =

√
5

5

(
x′ + 2y′

) (2.12)
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Dosad́ıme do p̊uvodńı rovnice.

1

5

(
2x′ − y′

)2 − 4 · 1
5

(
2x′ − y′

) (
x′ + 2y′

)
+ 4 · 1

5

(
x′ + 2y′

)2
+6 ·

√
5

5

(
2x′ − y′

)
− 12 ·

√
5

5

(
x′ + 2y′

)
+ 9 = 0 / · 5(

4x′2 − 4x′y′ + y′2
)
− 4

(
2x′2 + 3x′y′ − 2y′2

)
+ 4

(
x′2 + 4x′y′ + 4y′2

)
+6

√
5
(
2x′ − y′

)
− 12

√
5
(
x′ + 2y′

)
+ 45 = 0

4x′2 − 4x′y′ + y′2 − 8x′2 − 12x′y′ + 8y′2 + 4x′2 + 16x′y′ + 16y′2

+12
√
5x′ − 6

√
5y′ − 12

√
5x′ − 24

√
5y′ + 45 = 0

25y′2 − 30
√
5y′ + 45 = 0 / · 5

5y′2 − 6
√
5y′ + 9 = 0

D = 36 · 5− 4 · 5 · 9 = 180− 180 = 0

y′1,2 =
6
√
5

10
=

3
√
5

5

5

(
y′ − 3

√
5

5

)2

= 0

dvojnásob poč́ıtaná př́ımka

p′ : y′ =
3
√
5

5

Urč́ıme p̊uvodńı př́ımku.

x′ =

√
5

5
· (2x+ y)

y′ =

√
5

5
· (−x+ 2y)

(2.13)

p′ : y′ =
3
√
5

5

(2.13)
=⇒ 3

√
5

5
=

√
5

5
· (−x+ 2y) =⇒ p : x− 2y + 3 = 0

p̊uvodńı rovnice: (x− 2y + 3)2 = 0

x′

y′

p′

x

y p
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g) Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly
rovnoběžné se souřadnicovými osami.

a = 4

2b = −4 =⇒ b = −2

c = 1

b · tg2 α+ (a− c) · tgα− b = 0

−2 · tg2 α+ 3 · tgα+ 2 = 0

D = 9− 4 · (−2) · 2 = 25

tgα1,2 =
−3± 5

−4
=

{
−1

2 α /∈
(
0, π2

)
2

tg2 α = 2 =⇒ sin2 α

cos2 α
= 4

sin2 α = 4
(
1− sin2 α

)
cos2 α =

1

5

5 · sin2 α = 4 cosα =

√
5

5

sin2 α =
4

5

sinα =
2
√
5

5

Dosad́ıme do vzorce (2.1).

x =

√
5

5

(
x′ − 2y′

)
y =

√
5

5

(
2x′ + y′

) (2.14)

Dosad́ıme do p̊uvodńı rovnice.

4 · 1
5

(
x′ − 2y′

)2 − 4 · 1
5

(
x′ − 2y′

) (
2x′ + y′

)
+

1

5

(
2x′ + y′

)2
+4 ·

√
5

5

(
x′ − 2y′

)
− 2 ·

√
5

5

(
2x′ + y′

)
− 3 = 0 / · 5

4
(
x′2 − 4x′y′ + 4y′2

)
− 4

(
2x′2 − 3x′y′ − 2y′2

)
+
(
4x′2 + 4x′y′ + y′2

)
+4

√
5
(
x′ − 2y′

)
− 2

√
5
(
2x′ + y′

)
− 15 = 0

4x′2 − 16x′y′ + 16y′2 − 8x′2 + 12x′y′ + 8y′2 + 4x′2 + 4x′y′ + y′2

+4
√
5x′ − 8

√
5y′ − 4

√
5x′ − 2

√
5y′ − 15 = 0

25y′2 − 10
√
5y′ − 15 = 0

5y′2 − 2
√
5y′ − 3 = 0
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D = 4 · 5− 4 · 5 · (−3) = 80

y′1,2 =
2
√
5± 4

√
5

10
=

{
3
√
5

5

−
√
5
5

5

(
y′ − 3

√
5

5

)(
y′ +

√
5

5

)
= 0

dvě rovnoběžné př́ımky

p′1 : y′ =
3
√
5

5
p′2 : y′ = −

√
5

5

Urč́ıme rovnice p̊uvodńıch př́ımek.

x′ =

√
5

5
· (x+ 2y)

y′ =

√
5

5
· (−2x+ y)

(2.15)

p′1 : y′ =
3
√
5

5

(2.15)
=⇒ 3

√
5

5
=

√
5

5
· (−2x+ y) =⇒ p1 : 2x− y + 3 = 0

p′2 : y′ = −
√
5

5

(2.15)
=⇒ −

√
5

5
=

√
5

5
· (−2x+ y) =⇒ p2 : 2x− y − 1 = 0

p̊uvodńı rovnice: (2x− y + 3) (2x− y − 1) = 0

x′

y′

p′1

p′2

x

y

p1 p2

2.2 Urč́ıme obecnou rovnici.
X = [x; y]

|XF | = 2 · |Xp|√
(x− 2)2 + (y + 1)2 = 2 · |x+ 2y − 3|√

1 + 4

(x− 2)2 + (y + 1)2 = 22 · (x+ 2y − 3)2

5
5
(
x2 + 4x+ 4 + y2 + 2y + 1

)
= 4

(
x2 + 4y2 + 9 + 4xy − 6x− 12y

)
5x2 − 20x+ 20 + 5y2 + 10y + 5 = 4x2 + 16y2 + 36 + 16xy − 24x− 48y

x2 − 16xy − 11y2 + 4x+ 58y − 11 = 0
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Urč́ıme, o jaký úhel je třeba otočit soustavu souřadnic, aby osy kuželosečky byly rov-
noběžné se souřadnicovými osami.

a = 1

2b = −16 =⇒ b = −8

c = −11

b · tg2 α+ (a− c) · tgα− b = 0

−8 · tg2 α+ 12 · tgα+ 8 = 0 / : (−4)

2 · tg2 α− 3 · tgα− 2 = 0

tgα = 2 =⇒ sinα =
2
√
5

5
∧ cosα =

√
5

5

Dosad́ıme do vzorce (2.1).

x =

√
5

5

(
x′ − 2y′

)
y =

√
5

5

(
2x′ + y′

) (2.16)

Dosad́ıme do obecné rovnice.

1

5

(
x′ − 2y′

)2 − 16 · 1
5

(
x′ − 2y′

) (
2x′ + y′

)
− 11 · 1

5

(
2x′ + y′

)2
+4 ·

√
5

5

(
x′ − 2y′

)
+ 58 ·

√
5

5

(
2x′ + y′

)
− 11 = 0 / · 5(

x′2 − 4x′y′ + 4y′2
)
− 16

(
2x′2 − 3x′y′ − 2y′2

)
− 11

(
4x′2 + 4x′y′ + y′2

)
+4

√
5
(
x′ − 2y′

)
+ 58

√
5
(
2x′ + y′

)
− 55 = 0

x′2 − 4x′y′ + 4y′2 − 32x′2 + 48x′y′ + 32y′2 − 44x′2 − 44x′y′ − 11y′2

+4
√
5x′ − 8

√
5y′ + 116

√
5x′ + 58

√
5y′ − 55 = 0

−75x′2 + 25y′2 + 120
√
5x′ + 50

√
5y′ − 55 = 0 / : 5

−15x′2 + 5y′2 + 24
√
5x′ + 10

√
5y′ − 11 = 0

−15

(
x′ − 4

√
5

5

)2

+ 15 · 16 · 5
25

+ 5
(
y′ +

√
5
)2

− 25− 11 = 0

−15

(
x′ − 4

√
5

5

)2

+ 5
(
y′ +

√
5
)2

= −12 / : (−12)

(
x′ − 4

√
5

5

)2
4
5

−
(
y′ +

√
5
)2

12
5

= 1

hyperbola
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S′ =

[
4
√
5

5
;−

√
5

]
A′ =

[
2
√
5

5
;−

√
5

]

a =
2√
5
=

2
√
5

5
B′ =

[
6
√
5

5
;−

√
5

]

b =
2
√
3√
5

=
2
√
15

5
E′ =

[
0;−

√
5
]

e =
√

a2 + b2 =
4
√
5

5
F ′ =

[
8
√
5

5
;−

√
5

]

o′1 : y′ = −
√
5 o′2 : x′ =

4
√
5

5

Urč́ıme prvky p̊uvodńı hyperboly.

S′ =

[
4
√
5

5
;−

√
5

]
(2.16)
=⇒ S =

[
14

5
;
3

5

]

A′ =

[
2
√
5

5
;−

√
5

]
(2.16)
=⇒ A =

[
12

5
;−1

5

]

B′ =

[
6
√
5

5
;−

√
5

]
(2.16)
=⇒ B =

[
16

5
;
7

5

]
E′ =

[
0;−

√
5
]

(2.16)
=⇒ E = [2;−1]

F ′ =

[
8
√
5

5
;−

√
5

]
(2.16)
=⇒ F =

[
18

5
;
11

5

]

x′ =

√
5

5
· (x+ 2y)

y′ =

√
5

5
· (−2x+ y)

(2.17)

o′1 : y′ = −
√
5

(2.17)
=⇒ o1 : 2x− y − 5 = 0

o′2 : x′ =
4
√
5

5

(2.17)
=⇒ o1 : x+ 2y − 4 = 0
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x′

y′

o′1

o′2

E′
F ′

S′

A′ B′

x

y

o1

o2

E

F

S

A

B
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3 Klasifikace kuželoseček metodou invariant̊u

Úloha 3.1 Metodou invariant̊u určete osy elipsy 9x2 − 4xy + 6y2 + 6x− 8y + 2 = 0.

Úloha 3.2 Určete asymptoty hyperboly 5x2 + 12xy − 22x− 12y − 19 = 0.

Úloha 3.3 Nalezněte vrchol a osu paraboly 12x2 − 12xy + 3y2 − 26x+ 8y −
√
5 = 0.

Úloha 3.4 Metodou invariant̊u klasifikujte kuželosečku zadanou obecnou rovnićı a určete jej́ı
charakteristické prvky.

a) 13x2 + 13y2 + 10xy + 42x− 6y − 27 = 0
b) 11x2 + 4y2 + 24xy + 46x+ 32y + 19 = 0
c) 9x2 + y2 + 6xy + 6x+ 22y − 20 = 0

Řešeńı.

3.1

K =

 9 −2 3
−2 6 −4
3 −4 2

 detK = −50 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
9 −2

−2 6

)
detA = 50 > 0 =⇒ elipsa

Střed je řešeńım soustavy rovnic sestavené z prvńıch dvou řádk̊u matice K.1

9x− 2y+3= 0 / · 3
−2x+6y− 4= 0

)
+ =⇒ 25x+ 5 = 0 =⇒

x = −1

5

y =
3

5

S =

[
−1

5
;
3

5

]
Osy elipsy procházej́ı středem, jejich směry určuj́ı vlastńı vektory.

Vlastńı č́ısla:

|A− λE| = 0∣∣∣∣9− λ −2
−2 6− λ

∣∣∣∣ = (9− λ) (6− λ)− 4 = λ2 − 15λ+ 50

= (λ− 5) (λ− 10) = 0

λ1 = 5

λ2 = 10

Vlastńı vektory:

λ1 = 5 :

(
4 −2

−2 1

)
·
(
vx
vy

)
=

(
0
0

)
v⃗1 = (vx; vy) = (1; 2)

λ2 = 10 :

(
−1 −2
−2 −4

)
∼
(
−1 −2
0 0

)
v⃗2 = (2;−1)

1Poznámka pro studenty deskriptivńı geometrie: Střed S je vlastńı pól nevlastńı př́ımky, tj. je polárně
sdružen s každým nevlastńım bodem, tedy např́ıklad i s body (1; 0; 0) = X a (0; 1; 0) = Y .
Plat́ı STKX = 0, STKY = 0, kde S = (x, y, 1).
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Osy:

v⃗1 = (1; 2) =⇒ n⃗1 = (2;−1) =⇒ 2

(
x−

(
−1

5

))
− 1

(
y − 3

5

)
= 0

o1 : 2x− y + 1 = 0

v⃗2 = (2;−1) =⇒ n⃗2 = (1; 2) =⇒ 1

(
x−

(
−1

5

))
+ 2

(
y − 3

5

)
= 0

o2 : x+ 2y − 1 = 0

3.2

K =

 5 6 −11
6 0 −6

−11 −6 −19

 detK = 1296 = 362 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
5 6
6 0

)
detA = −36 < 0 =⇒ hyperbola

Asymptoty jsou tečny v nevlastńıch bodech, muśıme tedy naj́ıt nevlastńı body hy-
perboly. V homogenńıch souřadnićıch jsouto body X = (x0; y0; 0) (přičemž (x0; y0)
je vektor ukazuj́ıćı do daného nevlastńıho bodu). Jsou to body hyperboly, tj. splňuj́ı
následuj́ıćı rovnici.

XT ·K ·X = 0(
x0 y0

)
·A ·

(
x0
y0

)
= 0

5x20 + 12x0y0 = 0

x0 (5x0 + 12y0) = 0

x0 = 0 ∧ y0 ∈ R \ {0} tj. např. bod M1 = (0; 1; 0) =⇒ s⃗1 = (0; 1)

x0 = −12

5
y0 tj. např. bod M2 = (−12; 5; 0) =⇒ s⃗2 = (−12; 5)

Vektory s⃗1 a s⃗2 jsou vektory směřuj́ıćı do nevlastńıch bod̊u, tj. směrové vektory prvńı
a druhé asymptoty.

Dva zp̊usoby hledáńı asymptot:

i) Najdeme střed, známe směrové vektory, asymptoty procháźı středem.(
5 6 11
6 0 6

)
=⇒ x = 1

y = 1
=⇒ S = [1; 1]

s⃗1 = (0; 1) =⇒ u1 : x = 1

s⃗2 = (−12; 5) =⇒ n⃗2 = (5; 12) =⇒ 5 (x− 1) + 12 (y − 1) = 0

=⇒ u2 : 5x+ 12y − 17 = 0
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ii) Hledáme asymptoty jako tečny v nevlastńıch bodech.

Rovnice tečny kuželosečky v bodě M :

XT ·K ·M = 0

(nebo MT ·K ·X = 0)

XT ·K ·M1 = 0

(
x y 1

)
·

 5 6 −11
6 0 −6

−11 −6 −19

 ·

0
1
0

 = 0

6x− 6 = 0 / : 6

u1 : x = 1

MT
2 ·K ·X = 0

(
−12 5 0

)
·

 5 6 −11
6 0 −6

−11 −6 −19

 ·

x
y
1

 = 0

−30x− 72y + 102 = 0 / : (−6)

u2 : 5x+ 12y − 17 = 0

3.3

K =

 12 −6 −13
−6 3 4

−13 4 −
√
5

 detK = −75 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
12 −6
−6 3

)
detA = 0 =⇒ parabola

Směry osy paraboly a jej́ı vrcholové tečny jsou určeny vlastńımi vektory.

Vlastńı č́ısla:

|A− λE| = 0∣∣∣∣12− λ −6
−6 3− λ

∣∣∣∣ = (12− λ) (3− λ)− 36 = λ2 − 15λ

= λ (λ− 15) = 0

λ1 = 15

λ2 = 0

Nulové vlastńı č́ıslo určuje směr osy paraboly.

Vlastńı vektory:

λ1 = 15 :

(
−3 −6
−6 −12

)
∼
(
1 2
0 0

)
v⃗1 = (2;−1) (směr vrcholové tečny)

λ2 = 0 :

(
12 −6
−6 3

)
∼
(
2 −1
0 0

)
v⃗2 = (1; 2) (směr osy)

Dva zp̊usoby hledáńı osy a vrcholu:
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i) Přes rovnici (
x y 1

)
·K ·

u1
u2
0

 = 0,

kde (u1;u2) je směr vrcholové tečny.

(
x y 1

)
·

 12 −6 −13
−6 3 4

−13 4 −
√
5

 ·

 2
−1
0

 = 0

o : 2x− y − 2 = 0

Vrchol je pr̊useč́ık osy s parabolou.

y = 2x− 2

12x2 − 12x (2x− 2) + 3 (2x− 2)2 − 26x+ 8 (2x− 2)−
√
5 = 0

x2 (12− 24 + 12) + x (24− 24− 26 + 16) +
(
12− 16−

√
5
)
= 0

−10x− 4−
√
5 = 0

x = −4 +
√
5

10

y = −4 +
√
5

5
− 2

V =

[
−4 +

√
5

10
;−14 +

√
5

5

]

ii) Najdeme vrcholovou tečnu tV jako př́ımku směru v⃗1, která má s parabolou jediný
společný bod — vrchol. Osa pak procháźı vrcholem ve směru v⃗2.

v⃗1 = (2;−1) =⇒ n⃗1 = (1; 2) =⇒ tV : x+ 2y + c = 0

Hledáme jednobodový pr̊unik tečny a paraboly:

x = −2y − c

12 (−2y − c)2 − 12 (−2y − c) y + 3y2 − 26 (−2y − c) + 8y −
√
5 = 0

(48 + 24 + 3) y2 + (48c+ 12c+ 52 + 8) y +
(
12c2 + 26c−

√
5
)
= 0

75y2 + (60 + 60c) y +
(
12c2 + 26c−

√
5
)
= 0

D = (60 (1 + c))2 − 4 · 75 ·
(
12c2 + 26c−

√
5
)

= −600c+ 3600 + 300
√
5

= 300
(
−2c+ 12 +

√
5
)
= 0 ⇐⇒ c =

12 +
√
5

2

35



y =
−60

(
1 + 12+

√
5

2

)
2 · 75 = −14 +

√
5

5

x = −2y − c = −−4 +
√
5

10

V =

[
−4 +

√
5

10
;−14 +

√
5

5

]

Vrcholová tečna tV :

x+ 2y +
12 +

√
5

2
= 0

tV : 2x+ 4y + 12 +
√
5 = 0

Osa paraboly o:
n⃗o = (2;−1) ∧ V ∈ o

2x− y + c = 0

2

(
−4 +

√
5

10

)
−
(
−14 +

√
5

5

)
+ c = 0 / · 5

−4−
√
5 + 14 +

√
5 + 5c = 0

5c = −10

c = −2

o : 2x− y − 2 = 0

3.4 a)

K =

13 5 21
5 13 −3
21 −3 −27

 detK = −10 368 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
13 5
5 13

)
detA = 144 > 0 =⇒ elipsa

Vlastńı č́ısla:

|A− λE| = 0∣∣∣∣13− λ 5
5 13− λ

∣∣∣∣ = (13− λ)2 − 52

= (13− λ− 5) (13− λ+ 5)

= (8− λ) (18− λ) = 0

λ1 = 8

λ2 = 18
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Vlastńı směry:

λ1 = 8 :

(
13− 8 5

5 13− 8

)
∼
(
5 5
5 5

)
v⃗1 = (1;−1)

λ2 = 18 :

(
13− 18 5

5 13− 18

)
∼
(
−5 5
5 −5

)
v⃗2 = (1; 1)

Střed elipsy:(
13 5 −21
5 13 3

)
∼
(
13 5 −21
0 144 144

)
=⇒ x = −2

y = 1
=⇒ S = [−2; 1]

Rovnice elipsy:

λ1x
2 + λ2y

2 +
detK

detA
= 0

8x2 + 18y2 − 72 = 0

x2

72
8

+
y2

72
18

= 1

x2

32
+

y2

22
= 1

Prvky elipsy:

a = 3

b = 2

e =
√
9− 4 =

√
5

A,B : S ± a · v⃗1
||v⃗1||

= [−2; 1]±
(

3√
2
;− 3√

2

)
A =

[
−2− 3

√
2

2
; 1 +

3
√
2

2

]

B =

[
−2 +

3
√
2

2
; 1− 3

√
2

2

]

C,D : S ± b · v⃗2
||v⃗2||

= [−2; 1]±
(

2√
2
;
2√
2

)
C =

[
−2− 2√

2
; 1− 2√

2

]
D =

[
−2 +

2√
2
; 1 +

2√
2

]

E,F : S ± e · v⃗1
||v⃗1||

= [−2; 1]±
(√

5√
2
;−

√
5√
2

)

E =

[
−2−

√
5

2
; 1 +

√
5

2

]

F =

[
−2 +

√
5

2
; 1−

√
5

2

]
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x

y
o1

o2

S

E

F

A

B
C

D

b)

K =

11 12 23
12 4 16
23 16 19

 detK = 2000 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
11 12
12 4

)
detA = −100 < 0 =⇒ hyperbola

Vlastńı č́ısla:

|A− λE| = 0∣∣∣∣11− λ 12
12 4− λ

∣∣∣∣ = (11− λ) (4− λ)− 122

= λ2 − 15λ− 100

= (λ− 20) (λ+ 5) = 0

λ1 = 20

λ2 = −5

Vlastńı směry:

λ1 = 20 :

(
11− 20 12

12 4− 20

)
∼
(
−9 12
12 −16

)
v⃗1 = (4; 3)

λ2 = −5 :

(
11 + 5 12
12 4 + 5

)
∼
(
16 12
12 9

)
v⃗2 = (3;−4)

Střed hyperboly:(
11 12 −23
12 4 −16

)
∼
(

11 12 −23
−25 0 25

)
=⇒ x = −1

y = −1
=⇒ S = [−1;−1]
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Rovnice hyperboly:

λ1x
2 + λ2y

2 +
detK

detA
= 0

20x2 − 5y2 − 20 = 0

x2

12
− y2

22
= 1

Prvky hyperboly:

a = 1

b = 2

e =
√
1 + 4 =

√
5

A,B : S ± a · v⃗1
||v⃗1||

= [−1;−1]±
(
4

5
;
3

5

)
A =

[
−1

5
;−2

5

]
B =

[
−9

5
;−8

5

]

E,F : S ± a · v⃗1
||v⃗1||

= [−1;−1]±
(
4
√
5

5
;
3
√
5

5

)

E =

[
−1 +

4
√
5

5
;−1 +

3
√
5

5

]

F =

[
−1− 4

√
5

5
;−1− 3

√
5

5

]
Asymptoty:

Nevlastńı body (směry): (
x0 y0

)
·A ·

(
x0
y0

)
= 0

(
x0 y0

)
·
(
11 12
12 4

)
·
(
x0
y0

)
= 0

11x20 + 4y20 + 24x0y0 = 0

Zvolme x0 = 1, pak:

y0 =
−24±

√
242 − 4 · 4 · 11
2 · 4 =

{
−1

2 => s⃗1 = (2;−1)

−11
2 => s⃗2 = (2;−11)

Asymptoty procháźı středem:

S = [−1;−1]

n⃗1 = (1; 2)

n⃗2 = (11; 2)

a1 : (x+ 1) + 2 (y + 1) = 0 =⇒ a1 : x+ 2y + 3 = 0

a2 : 11 (x+ 1) + 2 (y + 1) = 0 =⇒ a2 : 11x+ 2y + 13 = 0
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x

y

o1

o2 a1

a2

S

E

F

A

B

c)

K =

9 3 3
3 1 11
3 11 −20

 detK = −900 ̸= 0 =⇒ regulárńı kuželosečka

A =

(
9 3
3 1

)
detA = 0 =⇒ parabola

Vlastńı č́ısla:

|A− λE| = 0∣∣∣∣9− λ 3
3 1− λ

∣∣∣∣ = (9− λ) (1− λ)− 9

= λ− 10λ

= λ (λ− 10) = 0

λ1 = 10

λ2 = 0

Vlastńı směry:

λ1 = 10 :

(
9− 10 3

3 1− 10

)
∼
(
−1 3
3 −9

)
v⃗1 = (3; 1)

λ2 = 0 :

(
9 3
3 1

)
v⃗2 = (1;−3) (směr osy)
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Vrchol:
Vrcholová tečna:

s⃗tV = v⃗1 = (3; 1) n⃗tV = (1;−3) tV : x− 3y + c = 0

Hledáme jednobodový pr̊unik tečny a paraboly:

x = 3y − c

9 (3y − c)2 + y2 + 6 (3y − c) y + 6 (3y − c) + 22y − 20 = 0

100y2 + (−60c+ 40) y +
(
9c2 − 6c− 20

)
= 0

D = 100 (4− 6c)2 − 4 · 100 ·
(
9c2 − 6c− 20

)
= 4 · 100 · (−6c+ 24)

= 402 (4− c)

D = 0 ⇐⇒ c = 4

v : x− 3y + 4 = 0

y =
60 · 4− 40

2 · 100 = 1

x = 3 · 1− 4 = −1

V = [−1; 1]

Orientace paraboly:

D > 0 (2 kořeny) ⇐⇒ c < 4

parabola lež́ı
”
pod“ tečnou tV

Rovnice paraboly:

λ1y
2 = 2p′x

p′ =

√
−detK

λ1
=

√
−900

10
= 3

√
10

10y2 = 2 · 3
√
10x

y2 = 2 · 3√
10

x

p =
3√
10

Osa paraboly:

n⃗o = (3; 1) ∧ V ∈ o

o : 3x+ y + 2 = 0
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Ohnisko paraboly:

F = V +
p

2
· v⃗2
||v⃗2||

= [−1; 1] +
3

2
√
10

· (1;−3)√
1 + 9

=

[
−17

20
;
11

20

]
Ř́ıd́ıćı př́ımka:

d ∥ tV

d : x− 3y + c = 0

Procháźı bodem D:

D = V − p

2
· v⃗2
||v⃗2||

=

[
−23

20
;
29

20

]

−23

20
− 3 · 29

20
+ c = 0

c =
110

20
=

11

2

d : x− 3y +
11

2

x

y

o

V

F

d
tV
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