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1. Introduction

The question about maximal size of independent system of word equations is one of the

most striking problems in combinatorics on words. The conjecture that such a system

cannot be infinite (known as Ehrenfeucht’s conjecture) had been open for more than

a decade, until solved in [1] by embedding the free monoid into a metabelian group,

and independently in [4] by using matrix representation (and generalizing the result to

free groups). Both these solutions indicated that, despite strongly combinatorial nature
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of words, algebraic methods may be necessary to approach problems concerning word
equations.

Since the proof of Ehrenfeucht’s conjecture, the question about the possible size of
independent systems moved to the center of investigation. The above algebraic methods,
based ultimately on Hilbert’s basis theorem, did not help to approach the problem.
The solution is simple for two unknowns because any nontrivial word equation over two
unknowns possesses only periodic solutions. However, already for three unknowns, no
upper bound is known up to date, leaving open even the possibility that arbitrarily large
independent systems of equations over three unknowns exist. This should be contrasted to
the fact that the largest known independent system over three unknowns consists of three
equations. Some partial results have been obtained in [6] and [3]. For general number n
of unknowns, independent systems of size ©(n*) have been explicitly constructed in [7].
For more details see also [5].

The research got a new impetus recently, when Aleksi Saarela, in [10], introduced an
idea how to encode word equations to the language of polynomial algebra and exploit
its linear algebraic properties. This approach allowed to obtain an upper bound for
the size of an independent system of equations over three unknowns, namely quadratic
in the length of the shortest equation. In general, the method allows to limit the size
of independent systems that have solutions with maximal possible rank. In this paper
we develop further this approach, and applying classical algebraic tools, in particular
irreducible factorization of multivariate polynomials, we are able to improve Saarela’s
bounds from quadratic to linear.

Basic facts about word equations and corresponding linear algebra are introduced in
Section 2. The properties of principal solutions (Theorem 1) and their rank are presented
here. The main goal of Section 3 is to translate Saarela’s results from less usual notation of
general monoid rings to classical terminology of multivariate rational polynomials which
allows to employ divisibility of obtained polynomials. An application of these tools gives
bounds proved in the final section of this paper. As a consequence of two observations,
elementary algebraic (Lemma 11) and finer one of geometrical nature (Theorem 14),
we get two pairs of upper bounds. The first are bounds on the number of pairwise
linearly nonequivalent solutions of rank n — 1 of two strongly independent equations in
n unknowns (Theorem 19) and the second are the bounds on the maximal size of strongly
independent system of word equations (Theorem 21).

2. Solutions of word equations

In this section we review some facts about systems of word equations and their solu-
tions.

Throughout the paper, n is a number of unknowns, i.e. an integer usually greater
then 2, and Ny denotes the set of all nonnegative integers. If = = {x1, z2,...,2,} is a set
of unknowns, then a pair (u,v) € E* x E* is an equation. A morphism h : Z* — X* is
a solution of a system of equations T = {(u;,v;) | i € I} if h(u;) = h(v;) for each i € I.
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If h(c) is the empty word for at least one c¢ in the domain alphabet, then we say that h is
erasing. The set of letters occurring in a word w is denoted by alp(w) and alp(h) denotes
Usez alp(h(z)).

The system is trivial if u; = v; for all ¢ € I. The vector
L(h) = (|h(z1)], |h(z2)], . ., [h(25)]) € N§

is called the length type of h.

For a solution & of the system T, we shall implicitly assume that the domain alphabet Z
of h is equal to alp(T") = U,c;alp(u;v;). The number of occurrences of a letter ¢ in
a word w is denoted by |w|e.

We say that the solution h' of T divides the solution h if h = 9 o h’ where ¥ is not
erasing and defined on alp(h’). The solution is called principal if it is minimal in the
divisibility ordering just defined. In other words, if h is principal and h = 9 o b’ for
a solution A/, then 9 is a renaming of letters.

For the sake of completeness we prove the following theorem. Our proof partly fol-
lows the standard reference, Proposition 9.5.2 in [9], which, however, is not formulated
precisely.

Theorem 1. Let h: =% — ¥* be a solution of a system T. Then there is a unique (up to
renaming of letters) principal solution g of T and a unique morphism 9 : alp(g)™ — X7
such that h =9 o g.

Moreover,

o |alp(g)| < |alp(T)| if T is not trivial; and
o g and L(¥) depend only on L(h) and T.

Proof. If h =1 o g where ¥ is not a renaming of letters, then

Y. @l> Y lg(@)l or lalp(h)] > [alp(g)].

x€alp(T) ze€alp(T)

Consequently, by induction, there is at least one principal solution g such that h =Jog
for some 9.

In order to show that ¥ is given uniquely and that g and L(¥) are given by L(h), we
again proceed by induction. Clearly, h(z) is empty if and only if g(z) is empty. We can
therefore suppose that h is not erasing.

If T is trivial, then the only principal solution is identity, ¥ = h and L(¢) = L(h).

Let u # v for some (u,v) € T, and let rz be a prefix of u and ry a prefix of v, where
x # y are letters, and r € Z*.

Let us first assume that |h(x)| < |h(y)|. Then h(z) is a prefix of h(y). Moreover, also
lg(z)| < |g(y)| and g(z) is a prefix of g(y). Define ¢ : =+ — ET by
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zy, if z = Y,
p(z) = .
z, ifz#y,

, h(z)~th(y) if z =y, , g(x)tg(y) if 2=y,
h'(z) = z) =
) {M@ if 2 #y, < {ﬂ@ if 2 £y

Then ¢’ and b/ = ¥ o ¢’ are solutions of the system T' = {(p(u;),p(v;)) | @ € I}. If
g =19 og”, where g” is a solution of T”, then g"” o ¢ is a solution of T and g = 9" 0 g” o,
which implies that ¢ is a renaming of letters. Therefore ¢’ is a principal solution of
(u/,v"). By induction assumption, ¢ and ¢’ are unique, and ¢’ and L(¥) are uniquely
given by L(h') which is in turn determined by L(h). Since g = ¢’ o ¢, we obtain that
also g is unique and determined by L(h). Since ¢ is invertible (in the free group), we
have «’ # v" and the induction yields

lalp(g)| = lalp(g’)| < [alp(T")] = [alp(T)].

The proof is symmetric for |h(x)| < |h(y)|. If |h(z)| = |h(y)|, then the proof is analo-
gous if we define

o(y) =z, and @(z) = z otherwise,

and h' and ¢’ are restrictions of h and g respectively on the alphabet of 7" which is
alp(T) \ {y}. In this case, the system T” can be trivial but we have alp(T”) < alp(T). O

Let h: {x1,2a,...,2,}* = {a1,a2,...,am}* be a morphism. In order to employ linear
and polynomial algebra we define non-negative rational vectors g(h);, i = 1,2,...,m, by

g(h)i = ([h(z1)

h(x2)

aps - |P(Tn)

a;s ai)-

The set of vectors {g(h)1,9(h)2,...,8(h)m} is denoted by Gy, T'j, is the rational vector
space generated by Gy, and the dimension of I'j, will be called the rank of h. Note that the
space I', will turn out to be an important linear-algebraic characteristic of a solution h
of rank n — 1, that is when I'j, is a hyperplane.

Since rational vectors will serve as one of the main tools in this paper, let us introduce
corresponding notation; by - we denote the standard dot product on Q™, for every vector
a € Q", the i-th coordinate of « is denoted by («); and ag,, ag represent the uniquely
determined nonnegative vectors for which o = ag — ag and ag - ag = 0. If M C Q7,
then MQ is the subspace of the vector space Q™ generated by M.

If o € N, then the endomorphism ¥, of {a1,as,...,an}* will be defined by the
(@)

condition a; — a; *. Rank of principal solutions has the following property.
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Lemma 2. Let g be a principal solution of a system T. Then the rank of g is equal to the
cardinality of alp(g). If h = ¥ o g, then the rank of h is at most the rank of g.

Proof. We want to show that the set G is linearly independent. Suppose it is not. Then
there are two distinct vectors aq, ap € NI2PWI such that L(da, 0 g) = L(¥a, © g). Since
both ¥,, o g and ¥4, o g are solutions of T, we obtain a contradiction with Theorem 1.

It is easy to see that G,Q is a subspace of G4Q, which implies the second state-
ment. O

Remark 1. There are several kinds of a rank defined in the literature, see for example [2].
The “combinatorial rank” is the smallest cardinality of a set A such that h(z) € A* for
each x € E. The combinatorial rank is used in [10].

From the algebraic point of view, most natural is probably the “free rank”: the size
of the basis of the smallest free monoid containing each h(x), x € E.

We remark without proof that all the ranks, including the “linear rank” we use in
this paper, coincide for principal solutions. It is therefore convenient and recommended,
whenever possible, to consider, instead of a general solution h = ¥ o g, the principal
solution ¢ that divides it, see also Lemma 2. The morphism ¥ typically destroys some
properties of the rank. For example, if it maps two different letters to the same one.
As another example, consider a principal solution of rank three and ¢ : a — abe, b +—
bca, ¢ — cab. Then ¥ preserves both combinatorial and free rank but lowers the linear
rank to one. Also, the linear rank and the combinatorial rank are not preserved by the
usual binary encoding a; — ab’.

Note that Theorem 1 implies that a principal solution of a nontrivial system in n
unknowns has rank at most n — 1, which is known in the combinatorics on words as the
defect effect.

Put Ly = {L(Y4 0 g) { o € Ni}. In order to point out the property of sets L, which
will play an important role in linking word equations and linear algebra, let us define the
notion of rank of a subset M of the rational vector space Q™ as such an integer r that
dim MQ = r and M is not covered by any finite union of (r — 1)-dimensional subspaces
of MQ. Moreover for M C Q" let MN denote the set {Zl a;o; ’ a; €N, o; € M} and
formulate a lemma describing ranks of some subsets of lattice points of r-dimensional
Euclidean space

Lemma 3. If G C Q" and N C Z" are such that GN C N C GQ, then N 1is of rank
dim GQ.

Proof. Let r denote dim GQ. Since dim NQ = r by hypotheses, it remains to show
that N is not covered by a finite number of spaces with the dimension less than r. It is
enough to prove that GN is not covered so.

Consider the set M = {(k,k?,...,k") | k € N} C N” and a linearly independent
subset {71,...,7-} of the set G. Each r distinct elements of M are linearly independent
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in Q" since they form a Vandermonde matrix. Therefore also each r distinct elements of
the set

Mg = {Zlm | keN}

i=1

are linearly independent. The claim follows since Mg C GN and since any subspace
of Q™ with the dimension less than r contains at most » — 1 elements of Mg. O

The following consequence of the previous lemma relates the rank of a subset of Z™
to the rank of a morphism.

Lemma 4. If h : 2% — {a1,a2,...,am}* is a morphism of rank r, then the set Ly, is of
rank r.

Proof. Since GyN C L;, C G;,Q, the claim follows from Lemma 3. O

The last two lemmas of this section investigate several properties of rank, which will
serve as a useful tool in the next section devoted to polynomial description of word
equations.

Lemma 5. If £ = Uigk L; CQ" is a set of rank r such that L;N C L; for each i, then
there exists i such that L; is of rank r.

Proof. Since £ C ;- £:Q, there exists i such that dim £;Q = r. Thus £; contains
a linearly independent set 71, ...,7,. By the hypothesis £L;N C £;, hence L; is of rank r
by Lemma 3. O

If A € Z™\ {0}, let N'(\) denote the set {a € Z™ | A - a = 0} and put N(\)* =
N(A) NN™.

Lemma 6. Let A € Z™ \ {0}.

(1) N(N) is of rankn — 1,
(2) N(A\)T is of rank n — 1 whenever A\g # 0 # A\

Proof. (1) Since N'()\) contains the set GN for every base G C Z" of the (n — 1)-dimen-
sional vector space {u € Q" | A - u = 0}, the assertion follows from Lemma 3.

(2) As A\g # 0 # Ag, there exists a positive v such that A - v = 0. Hence for every
base Y1, ..., Yn—1 € Z™ of the vector space {u € Q™ | A-u = 0} there is ¢ € N such that
G={y1+cv,...,vn_1+cv} C N"is a linearly independent set. Since GN C N(\)™T, it
remains to apply Lemma 3. O
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3. Word equations and polynomials

We review the crucial idea of A. Saarela from [10] that allows to employ linear algebra.
As it is based on expressing word equations by polynomials, we recall needed notions
from polynomial algebra. Q(z) denotes the field of fractions of the polynomial ring Z[z],
and Q(X) the field of fractions of the polynomial ring Z[X] = Z[X1, Xs,...,X,]. Let
~v € NI We denote by X the monomial [, X\** € Z[X] and by Q. : Z[X] — Z[x]
the evaluation homomorphism defined by €., : X; — i that is,

Q’Y (p(Xh ce 7Xn)) = p(x(”l, ceey ,7:(7)") .

In order to simplify the notation, we shall write p(v) instead of Q. (p).

If we choose (a subset of) Z as the alphabet, then there is a natural representation of
a word w = apay - - - aj by the polynomial P(w) = Zf:o a;x" € Z[z]. In this representa-
tion, there is an ambiguity caused by trailing zeros. This can be avoided by using only
nonzero digits, or by specifying the length of the word.

Representation of an equation is less obvious. Let

E = (xyxiy ... 2, 5, X, ... T5,) (%)
be an equation in n unknowns = = {x1,za,...,2,}. Then we define
a—1 a—1
SE,zj = E H Xit - E H th € Z[X}
atg=j7 t=1 a:jo=j t=1

(where the empty product is equal to 1). Comparing this definition with the one given
in [10], note that, in order to exploit properties of multivariate polynomials, we work in
the usual polynomial ring Z[X] instead of the (isomorphic) monoid ring Z[X; M].

If £ and E’ are two equations, we will be interested in determinants

BB = 5y, S Spra S
jk — OE,x;OF x, — OE ;P Ex) -

Given a length type 3 € Nij, we obtain the polynomial Sg ., (8) = Q5(SE.s,) € Z[z].
We define

SE = (SE,xl,SE,xQ, ey SEJC”) S Z[X]n,
SE(B) = (SE,z1 (ﬂ)7 SE,:L’z (5)7 AR SE,zn (ﬁ)) € Z[x]n .

If h: ¥ — Z* is a word homomorphism (that is, Z* is understood as a free monoid over
the alphabet Z), then denote

P(h) = (P(h(z1)), P(h(z2)), ..., P(h(zn))) € Z[z]".
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The point of these definitions is that h, with the length type L = L(h), is a solution
of F if and only if

that is, if P(h) is a solution of the homogeneous linear equation Sg(L). The claim is
verified by a straightforward check of definitions.
Trivial cases are described in the following lemma.

Lemma 7.

(1) Sg =0 if and only if E is trivial.
(2) If S #0 and Sg(B) =0, then (B); =0 for at least two coordinates i.

Proof. We shall use the notation of (x). The proof consists in verifying the following
claims directly from definitions.

If F is trivial, then S = 0. Let now E be nontrivial and suppose w.l.o.g. that r < s.
Let £ > 1 be the smallest integer such that iy # ji or, if the left side of F is a prefix of
the right side, k = r + 1. Then Sg; # 0.

It k = r+1, then also Sga,, (8) # 0 for any B. If iy, # jr and (5);, # 0, then
SE,z;, (8) # 0. Similarly, Sg ., (8) #01if (8);, #0. O

The following lemma is based on the observation that a solution of rank n — 1 in fact
represents n — 1 linearly independent solutions.

Lemma 8. Let h : E* — {aj,a9,...,an}* be a solution of rank n — 1 of equations E
and E', and let « € N™. Then Sp(L(940h)) and Sg/(L(94 o h)) are linearly dependent
over Q(z).

Proof. Let h; = 1,004 0h, i = 1,2,...,m, where 7; : alp(h)* — {0,1}* is defined
by 7;(a;) = &;;. Clearly, each h; is a solution of both E and E’. Observe that the
evaluation x — 1 applied to P(h;) yields («);g(h);. Since such an evaluation yields n — 1
linearly independent vectors, we deduce that also among P(h1), P(hz), ..., P(hy,) there
are (at least) n — 1 linearly independent vectors from Q(z)™. Since

Se(L(¥q 0 h)) - P(h;) =Sp/(L(9q 0 h))-P(h;)) =0
for each i =1,2,...,n — 1, the proof is completed. 0O

As we need to know more about polynomials tf,éE/ we formulate several straightfor-
ward observations on multivariate polynomials.
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Lemma 9. Let o, 5 € N§, c € N and v € Njj. Then:

(1) X*(y) = a7,

(2) [X* =X |(7) = 2?7 (277 —1) in Q(a),
(3) [X*—X)(y) =0 if and only if (a — ) -y =0,
(4) Xeo Xcﬂ _ (Xa o X,B) Zf;é Xiod—(c—l—i)ﬂ'

Proof. (1) It follows immediately from definitions.
(2) The equality is a result of a direct computation:

(X — Xﬁ}('y) = 2% — B = B (xavv—ﬂ-v _ 1) - xﬂ‘v(z(a—ﬁ)w —1).

(3) As Q(z) is a field, 277 (x(@=A — 1) = 0 if and only if (*=#) = 1, which is
equivalent to (o — ) - v = 0. Now, it remains to apply (2).

(4) An easy computation. 0O

We say that A\ € Z" has coprime coefficients whenever ged, ., ((A);) = 1.
Lemma 10. Let A € Z" \ {0} have coprime coefficients and {~1,..., -1} S N(N)
be linearly independent in Q™. If a, 3 € Np such that [X* — X?](v;) = 0 for each
i=1,...,n—1, then (X*¢ —X*e) | (X* — XF).
Proof. By Lemma 9(3), the equality (o — ) - ; = 0 holds for each i < n. Hence there
exists a nonzero rational number ¢ such that o — 8 = ¢A. Note that ¢ € Z because A has

coprime coefficients and a — § € Z". By symmetry, we may suppose without loss of
generality that ¢ € N. Put

= (min((@)1, (B)1); - - min((@)n, (8)n)).
It is easy to see that cAg = a — p and cAg = 5 — p, thus

X* - XP = (Xo7H - XPmM)XHI = (XPe — XPe)XH,
Finally, note that (X*¢ — X*e) | (X®*¢ — XA¢) by Lemma 9(4). O

The following lemma is a core observation allowing to employ properties of the unique
factorization domain Z[X].

Lemma 11. Let A € Z" \ {0} have coprime coefficients and let N C N(X) be of rank
n — 1. Then

e p € Z[X] satisfies p(y) = 0 for all v € N if and only if (X*e — X*e) ‘ D,
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and
o X*e — X*e s jrreducible.

Proof. In the proof we shall often implicitly use the well known fact that the evaluation
mapping (. is a homomorphism.

By Lemma 9(3), we have [X*¢ — X*¢](y) = 0 for each v € N()), hence
(X)‘® — X)‘e) | p implies p(y) = 0 for each v € N.

To prove the other implication, assume to the contrary that there is a polynomial p
such that p(y) = 0 for each v € N and p is not divisible by (X*® —X*¢). Fix such
a p with minimal possible number of monomials. More precisely, since every nonzero
coefficient of an arbitrary polynomial in Z[X] is a sum of copies of either 1 or —1, there
exist s,7 € N and two sequences (o; | i < 's), (8; | i <) of elements of Nj such that

p= Zxai _me’
i<s i<r

and we suppose that s+ r is minimal among all polynomials contradicting the assertion.
In p(y), we focus on X* (v). If p(y) = 0, then there is some j < r such that X! (y) =

X7 (7). Since p(7) = 0 for each v € N, we deduce that N = J,, N; where
Nj={ye N |[X* = X¥](y) =0}.
By Lemma 5, there exists a linearly independent set {vi,...,v,—1} in N; for some j.

Therefore N; = N. Lemma 10 yields that (X)‘EB — X)‘e) | (X”‘l — Xﬁj), which implies
that p’ = p— (X — X#%) is not divisible by (X*¢ — X*¢). On the other hand, p/(7) =
p(y) — [X* — XFi](y) = 0 for every v € N = N;, a contradiction to the minimality of
T+ s.

It remains to prove irreducibility of X*® — X*e. Suppose that X*¢ — X*¢ = gh and
let

Ng={v]g(v)=0}, Ny={v|h(y)=0}.

Clearly, for each v € N(\) either g(y) = 0 or h(y) = 0. Hence N'(\) = N, U N}, and
at least one of the two sets is of rank n — 1 by Lemma 5. By the first part of the proof,
we have that X*® — X*¢ divides either g or h, which we wanted to show. O

An immediate consequence of the last result and Lemma 9(4) is that the polynomial
XA — XA g irreducible if and only if Ag - A\; = 0 and A\g — A\; has coprime coefficients.

Combining the previous results on multivariate polynomials with Lemma 4, we obtain
the following observation.

Lemma 12. Let h : Z* — {a1,aq9,...,a,m}* be a solution of rank n — 1 of equations FE
and E'. Then, for each j,k = 1,2,...,n, the determinant tfk’E is divisible by X e —X*e
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where X\ has coprime coefficients and N'(X\) = T'y,. In particular, Sg(8) and Sg/(B) are
linearly dependent over Q(z) for each 8 € I'y N Nj.

Proof. Let t;;, = tfk’El. By Lemma 8,
ti(L(Waoh)) =0

for each 5,k =1,2,...,n and each a € N™*. By Lemma 4, the set Lj, is a subset of I'}, of
rank n —1, and Lemma 11 implies that ¢;;, € Z[X] is divisible by X*e¢ — X*e . Therefore
tir(B8) = 0 for each 8 € I';, N Nj. This concludes the proof. O

Let p be a polynomial in Z[X] such that

b= Z T
icl
where r; = £X% with a; € N and r; # —r; for ¢ # j. We say that the monomial r;,
J € 1, is minimal in p, if it has no divisor r;, ¢ € I with 7 # j, that is, if o; is a minimal
element of {«; | i € I} with respect to the usual product order on Nj.
We shall need the following little combinatorial fact.

Lemma 13. Let A be a set and let S be a subset of A* such that for each j < k there are
vectors s1,s2 € S satisfying (s1); # (s2); and (s1);1 = (s2);+ for each j' # j. Then S
has cardinality at least k + 1.

Proof. Proceed by induction. For £ = 1, the claim is obvious. Let now k£ > 1 and
consider the set S’ C A*~1 resulting from S by projection on first k — 1 coordinates.
By assumption, the projection is not injective, hence |S’| < |S|. It is easy to see that S’
satisfies the hypothesis, which implies |S’| > k, and the proof is complete. O

Theorem 14. Let

b (X)\él) B X}\gl)) (XAgm B X}\gz)) o (XAgk) _ X)\(lk>> Zejxaj7 (**)
jeJ

where (X’\g) — X’\gw) are distinct irreducible polynomials, all )\;()i) are non-zero elements
of Ni, e; = £1 and o # ajr for any j,j' € J such that e; # €.
Then p contains at least k + 1 minimal monomials.

Proof. Lett € Q. Ift~)\(()i) #* t~)\gi) foralli =1,2,...,k, then we say that t is a separating
type. The profile of a separating type t is the k-tuple Z(t) := (z1,...,2x) € {1,—1}F,
where

z; 1= sgn (t . /\(()i) —t- )\gi)) .
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For a separating type t we define b;, € {0,1},i=1,2,...,k, j, € J, and

Pt = Z )‘1(;7;), + Qj,

so that t~)\l(,j)t < t-)\gilbi , foreach i, and ¢- o, < ¢- o forall j € J. Clearly, t-py <t-f3
for any monomial £X7? resulting from the expansion of (+*). Moreover, if t - p; =t - j3,
then

=Y e

for a suitable k € J and ¢ - oj, = t - a. Therefore, either o, = i, or oy, and oy, are
incomparable. We conclude that for a separating type ¢, the monomial Xt is minimal.
Also p, # pi, if t1 and to are separating types with different profiles, since then t1 - p;, <
11 Piy-

For every i < k put \() = )\g) — )\gi) and note that A has coprime coefficients,
)\gi) = /\g), and /\gi) = )\g) . It remains to show that there exist at least k + 1 separating
types with distinct profiles.

First, we show for each j < k that there exists a vector ¢ € N™ such that ¢ - )\(()j) =
t- A(lj), while ¢ - )\éi) #t- /\(f) for every i # j. Assume to the contrary that for every
teN (/\(j))+ there exists ¢ # j such that t-)\gi) = t~/\§i). Thus N(AD))+ C Ui, Vi where
Vi= (/\/'()\(i)) N N()\(j))) Q, i # j. Since both A; and \;, ¢ # j, have coprime coeflicients
and \; # Aj, each Vj, ¢ # j, is an (n — 2)-dimensional subspace. By Lemma 6(2),
N ()\(-7))+ is of rank n — 1, a contradiction.

Therefore there is a neighborhood of ¢ in Q7 such that ¢’ - /\(()i) #t - )\gi), i # j, for
each t' from the neighborhood. This implies that (Z(¢t4)); = 1, (Z(t-)); = —1, and
(Z(t4))i = (Z(t2));, © # j, for suitable ¢t and t_ from the neighborhood. The proof is
completed by Lemma 13. O

4. Independent systems of word equations

In this section, we apply our findings to the question of independence of word equa-
tions.

Two systems of equations are equivalent if they have the same set of solutions (of all
ranks). A system is independent if it is not equivalent to any of its proper subsystems. The
compactness property, proved in [1] and [4], states that each system of word equations
over n unknowns contains an equivalent finite subsystem. However, very little is known
about the possible size of independent systems. There is a lower bound Q(n*) by a direct
construction in [8], but a nearly complete lack of upper bounds. In fact, results from [10]
discussed here are the only upper bounds known. Note that they depend on the length
of equations and apply only to solutions of rank n — 1. We therefore say that a system
of equations T over n variables is strongly independent if any proper subsystem of 7" has
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a solution of rank n — 1 that is not a solution of 7. We can now formulate our goal as
to find an upper bound for the size of a strongly independent system.

Let us recall that 'y, = G, Q for each morphism h. We say that morphisms h and h’
satisfying I', = 'y are linearly equivalent. Note that h and 4, o h are linearly equivalent
for each @ € N™. Our goal can be achieved by bounding the number of pairwise linearly
nonequivalent solutions of rank n — 1 of two equations.

Let us first look at erasing solutions. Let 5 (E) denote the equation in n— 1 unknowns
resulting from E by erasing the variable xy.

Lemma 15. Let h be an erasing solution of rank n—1 of E. Then h(zy) is the empty word
for exactly one k, and 0, (E) is trivial. Moreover, Ty, = N (ey,) where ey, is the canonical
basis vector defined by (ex); = Oi-

Proof. If h(xy) is the empty word, then g(h); - ex = 0 for each i. Since h is erasing and
of rank n — 1, we deduce that h erases exactly one k and I', = N (eg). The restriction
of h on =\ {x} is a solution of rank n — 1 of an equation Jx(E) over n — 1 variables,
therefore 0, (E) is trivial by the defect effect (see Remark 1). O

We have the following consequence.

Lemma 16. Let h and I’ be linearly nonequivalent erasing solutions of rank n — 1 of
equations F1 and E5. Then E1 and FEo are equivalent.

Proof. By Lemma 15, h and A’ erase different variables x, and z; respectively, and both
E; = (u;,v;), i = 1,2, are of the form

(4) (4) (1) (%)
U =T T.yT1 T.(i)Te +-T.@)T
v U TR B O G T s
(2) (1) (1) (i)
4 0 ji) 1 jé) 2 ]sn)l m;

where j,(j) ¢ {a,b},i=1,2, k < my, and all r,(:), z,(f) are words in {z,,zp}* such that
g)|% = |z,(f)|% and |7',(;)|mb = |z,(:)|zb for each r,(:), z,?) with k < m;. Therefore both F;
and Fs are equivalent to x,zp = Tpx,. O

|r

Note the following fact.

Lemma 17. Let E and E' be strongly independent. Then there are k,l =1,2,...,n such
E,E’
that t,;~ # 0.

Proof. Independence implies that £ and E’ are both nontrivial. If tfl’E, = 0 for all
k,0=1,2,...,n, then Sg(B8) and Sg/(B) are linearly dependent for each 5. By Lemma 7
and Lemma 15, Sg(L(h)) and Sg/(L(h)) are both nonzero for any morphism h of rank
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n — 1. Therefore Sg(L(h)) - P(h) =0 if and only if Sg/(L(h)) - P(h) =0, and E and E’
are not strongly independent. O

The next observation is a variant of a similar claim in the proof of [10, Theorem 5.3]:

Lemma 18. For every pair of equations E and E' and every 1 < k < { < n, the polyno-

/

mial tféE contains at most 2(|E|y, + |Elg,) minimal monomials.

Proof. Let

— . . . . . . /— . . . . . .
E=(xyi,... T, TjyTjy ... L5, ), E = (zyzy ... 2y, , Tz .. 25,),

a—1

Qz = Z Xi;

a—1
Q. =-> IIxi.

a:i!, =k t=1 a:jl =k t=1
a—1 a—1
+ - _
Qe— E:HX%’ Qe—_E:Hij
a:il, =0 t=1 a:jl=0t=1

so that Sg/ », = Qﬁ + Q) and Sgr 5, = QZ' + @y . Then

tkEéE = SEJ%QZ_ +SE7377€Q€_ +SE7$2QI-: +SE,WQI; :

Since monomials in Q? are totally ordered by divisibility, there is at most one minimal
monomial in g QZ', for each monomial p in Sg 5, . Analogous arguments hold for all four
summands in the above expression of tkEZ’E’. Since Sg 4, contains |E|;, monomials and
Sg sz, contains |E|,;, monomials, the proof is completed. O

We can now prove the desired bounds.

Theorem 19. Let E, E’ be strongly independent equations in n unknowns and m be the
number of their pairwise linearly nonequivalent solutions of rank n — 1. Then

(1) m < |E[ +[E"],
(2) there exist indices 1 <k < € <n such that m < 2(|E|z, + |E|z,)-

Proof. Using Lemma 17, let hy, hs, ..., hy, be pairwise linearly nonequivalent solutions
of rank n — 1 of E and E’. By Lemma 16, we can suppose that hi, hs,...,h,,_1 are
nonerasing. For each i = 1,2,...,m — 1, let A() be a vector with coprime coefficients
such that T, =N ()\(i)). Let 1 <k </ <n besuch that t = tkEE’E/ #0.
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Since XAéBi) — X/\g), i=1,2,...,m, are pairwise non-associated irreducible polynomi-
als, and (X’\g) — X)‘g)) | t by Lemma 12, the product H:’;l(X’\g) - X’\g)) is a divisor
of the polynomial ¢. If )\g) =0 or )\g) =0, then Ty, = N (/\(i)) implies that the mor-
phism h; is erasing.

(1) As degree of every factor is positive and deg(t) < |E|+|E’|, the number of pairwise
linearly nonequivalent solutions of rank n — 1 is bounded by |E| + |E’|.

(2) Furthermore, all factors X X’\g), 1 =1,2...,m — 1, satisfy hypotheses of
Theorem 14, which implies that ¢ contains at least m minimal monomials. The proof is
completed by Lemma 18. O

As anticipated in [10, p. 16], the improvement given by Theorem 19 with respect
to [10, Theorem 5.3.] has consequences for the size of strongly independent systems of
equations. The following lemma shows the main idea (cf. Theorem 3.5 of [10]).

Lemma 20. Let h be a solution of rank n — 1 of nontrivial equations E and E'. Let h' be
a solution of E of rank n— 1 that is not a solution of E'. Then h and I/ are not linearly
equivalent.

Proof. Suppose that h and A’ are linearly equivalent. Then L(h') € T, and Sg(L(h'))
and Sg/(L(R')) are linearly dependent by Lemma 12. Since &/ is of rank n—1, at most one
letter can be erased, which implies that both Sg(L(R')) and Sg/(L(h')) are nonzero by
Lemma 7. Then Sg(L(R'))-P(h') = 0 implies Sg/(L(h"))-P(h') = 0, a contradiction. O

Remark 2. Let us stress the message of the previous lemma. Independence of equations is
defined by distinct sets of solutions. Lemma 20, however, shows that the strong indepen-
dence has more linear algebraic flavor: independent equations are distinguished not only
by different solutions h and i’ but also by different spaces I'j, and I'j,,. More precisely, if
two equations have a common solution h, then they are equivalent for length types from
the whole I'y,.

The following example (suggested by Aleksi Saarela) shows that this is not a vacuous
property, since an equation can have (even infinitely many) different but linearly equiv-
alent principal solutions. Consider the well known conjugacy equation (zz,zy). It has
infinitely many distinct principal solutions

gi:x > ab, yw ba, z— (ab)a,
but I'y, = N((1,—-1,0)) for all 4.
We are ready to prove the following bounds.

Theorem 21. Let T = {E1, Ea,...,Eny,} be a strongly independent system. Then m <
|E1| + |E2| + 2 and there are 1 < k < £ <n such that m < 2(|E1|y, + |E1le,) + 2.
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If T has a solution of rankn—1, then m < |Eq1|+|E2|+1 and there are 1 <k <{<n
such that m < 2(|F1ls, + |File,) + 1.

Proof. For each i = 1,...,m, the system T\ {E;} has a solution ¢; of rank n — 1 that is
not a solution of E;. Let m > 3 (otherwise the claim is trivial), and let 1 < ¢, j,k < m be
three distinct numbers. Then ¢; is a solution of E; and Ej, while ¢; is a solution of Ej,
but not of F;. Lemma 20 implies that ¢; and ¢; are not linearly equivalent. Therefore £,
and Fs have m — 2 common solutions ¢;, i = 3,4,...,m, of rank n — 1, pairwise linearly
nonequivalent. The first two bounds now follow from Theorem 19.

Let T have a solution ¢g. Lemma 20 again implies that ¢q is not linearly equivalent
to any of ¢;, i =1,2,...,m, and we have the second claim. O

Recall that an equation (u,v) is balanced, if |ul, = |v|, for each z € E. If E is
not balanced and h is a solution of rank n — 1, then I'j, is uniquely determined by
the length constraints induced by the equation. This implies that strongly independent
systems contain balanced equations only. This was first proved in [6] for equations in
three unknowns. In [10], the result was reproved and generalized to the form presented
here.

Our approach and notation allows to characterize balanced equations by the following
simple formula.

Lemma 22. E be a balanced equation in n unknowns if and only if
(SE21sSEzss -3 SEm,) (X1 —1,Xo—1,...,X,, —1)=0.
Proof. Let
E=(xixiy.. .Ti, Tj;Tjy ... 2j,) .

Then

a—1 a—1
Spa(Xe—1) = > [[X - > [[X | (Xe—1) =

aiig=~¢t=1 aijo=~0t=1
a a a—1 a—1
= 2 - > I ) - 2 X - X I
aiig=~L1t=1 a:jo=~C1t=1 aiig=~0t=1 ajo=~Lt=1

This implies that, for each a < r the monomial = [];_, X;, vanishes in
(SE21:SEmss -3 SEm,) (X1 —1,Xo—1,..., X, — 1)

since y is contained in Sg 4, (X —1) and —p is contained in Sg 4, (Xg41 —1). Similarly,
the monomial [];_, X, vanishes for each a < s. Therefore
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s r
(SEw>SBass - SEm,) - (X1 =1, X = 1, X, — 1) = [[ X5, - [[ X0,
t=1 t=1

which is zero if and only if the equation is balanced. O

Of special interest is the case of three variables, and that for two reasons. First,
because this is the simplest case for which there is no bound known independent of
the length of equations. In other words, it is an open question whether independent
systems of equations over three variables can be arbitrarily large. Second, because for
n = 3, solutions of rank n — 1 are precisely all nontrivial (that is, nonperiodic) solutions.
Lemma 22 implies the following property of balanced equations over three variables.

Theorem 23. Let By and Es be balanced equations in variables {x1,x2,23}. Then

(tag, ts1,t12) =t(X1 —1,Xo—1,X3—1)

for some polynomial t € Z[ X1, Xo, X3], where t;; = tﬁl’Ez,
Proof. Work in the vector space Q(X1,Xa,X3)%. Let vi = (Sg, 21, SEi 200 SEiz5)s
i = 1,2. The claim holds for ¢ = 0 if v; and vy are linearly dependent. Other-
wise, the cross product (teg,t31,t12) = vi X va is equal to ¢ (X; — 1, X5 — 1, X5 — 1),
t € Q(X1, X2, X3), by Lemma 22. Since to3, t31,t12 € Z[X1, X2, X3], it is easy to see that
also t € Z[ X1, X5, X5]. O

For independent systems over three unknowns we have the following result (compare
with [10, Corollary 6.4]).

Theorem 24. Let E1,...,E,, m > 2, be an independent system of equations in three
unknowns having a nonperiodic solution. Then

(1) all E; are balanced,
(2) m <|Ei1|+|E2| +1, and
(3) m < 2(|E1|x + |Erly) + 1 for any pair z, y of unknowns.

Proof. Suppose that E; = (u;,v;) is not balanced and let ¢; be a solution of T\ {E}},
with j # 4, that is not a solution of E; = (uj,v;). The constraint |h'(u;)| = |h/(v;)]
imposed on any solution h’ of E; implies that all nonperiodic solutions of F; are linearly
equivalent. By Lemma 20, each nonperiodic solution of E; is a solution of whole T'.
Therefore ¢; is periodic and |p;(u;)| # |¢;(v;)]. We deduce that the length type of
any common solution of F; and E; has to satisfy two independent linear constraints,
a contradiction with the existence of a common nonperiodic solution. This proves that
all E; are balanced.
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Since balanced equations agree on periodic solutions (each periodic morphism is a so-
lution) and T is independent, we obtain that T is strongly independent. Theorem 21
implies (2), and also (3) for some pair of unknowns. From proofs of Theorem 21 and
Theorem 19 we can see that the choice of xy, and xy for which (3) holds depends solely on
the condition ¢ty # 0. Theorem 23 implies that we can choose any pair of unknowns. O

We conclude by an example, which shows that our results allow to obtain in a simple
way concrete information about particular cases. Consider the following system of two
independent equations in three unknowns x = x1, y =z, and z = z3:

By = (xyxz, zzyx),

Es = (xyxxz, 202yT).
We denote X = X1, Y = X5 and Z = X3 and calculate

(SEva)SEry, SEr ) = (1+ XY —Z - XYZ, X - XZ, X?Y — 1),
(SEsesSEauy SEz) = 1+ XY + X°Y - Z - ZX - X°YZ, X — X*Z, X’Y — 1)

and
(tas,ta1, t12) = X(X?Y = Z)(X —L,Y = 1,Z - 1).

The polynomial ¢t = X (X?Y — Z) characterizes possible nonperiodic common solutions
of F/q and FEs. Note that the bound of Theorem 19 comes from the bound on the number
of hyperplanes covering length types of solutions of rank n— 1. In other words, this is the
number of factors of the form X*¢ — X*e dividing the corresponding determinant. In
the present example, there is only one such factor, namely (X?Y — Z). This means that
each possible common solution h of Fy and Es of rank two must satisfy 2|h(x)|+|h(y)| =
|h(2)]. Whether such a solution exists can be checked by standard means.

References

[1] M.H. Albert, J. Lawrence, A proof of Ehrenfeucht’s conjecture, Theoret. Comput. Sci. 41 (1985)
121-123.

[2] Christian Choffrut, Juhani Karhuméki, Combinatorics of words, in: Handbook of Formal Languages,
vol. 1, Springer, Berlin, 1997, pp. 329-438.

[3] Elena Czeizler, Juhani Karhumiki, On non-periodic solutions of independent systems of word equa-
tions over three unknowns, Internat. J. Found. Comput. Sci. 18 (4) (2007) 873-897.

[4] V.S. Guba, Equivalence of infinite systems of equations in free groups and semigroups to finite
subsystems, Mat. Zametki 40 (3) (1986) 321-324, 428.

[6] Tero Harju, Juhani Karhumiki, Wojciech Plandowski, Independent systems of equations, in: Alge-
braic Combinatorics on Words, in: Encyclopedia Math. Appl., Cambridge University Press, 2002.

[6] Tero Harju, Dirk Nowotka, On the independence of equations in three variables, Theoret. Comput.
Sci. 307 (1) (2003) 139-172.

[7] Juhani Karhumiki, Wojciech Plandowski, On the size of independent systems of equations in semi-
groups, in: Mathematical Foundations of Computer Science 1994, Kosice, 1994, in: Lecture Notes
in Comput. Sci., vol. 841, Springer, Berlin, 1994, pp. 443-452.


http://refhub.elsevier.com/S0021-8693(15)00152-0/bib416C62657274s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib416C62657274s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib68616E64626F6F6B636F6D62696E61746F72696373s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib68616E64626F6F6B636F6D62696E61746F72696373s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib456C656E61s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib456C656E61s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib47756261s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib47756261s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4C6F746861697265s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4C6F746861697265s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4469726Bs1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4469726Bs1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4A7568616E69s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4A7568616E69s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib4A7568616E69s1

S. Holub, J. Zemlicka / Journal of Algebra 434 (2015) 283-301 301

[8] Juhani Karhuméki, Wojciech Plandowski, On the defect effect of many identities in free semigroups,
in: Mathematical Aspects of Natural and Formal Languages, World Scientific, 1994, pp. 225—-233.
[9] M. Lothaire, Combinatorics on Words, Cambridge Math. Lib., Cambridge University Press, Cam-
bridge, 1997.
[10] Aleksi Saarela, Systems of word equations, polynomials and linear algebra: a new approach, Euro-
pean J. Combin. 47 (2015) 1-14.


http://refhub.elsevier.com/S0021-8693(15)00152-0/bib646566656374s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib646566656374s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib6C6F7431s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib6C6F7431s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib53616172656C613134s1
http://refhub.elsevier.com/S0021-8693(15)00152-0/bib53616172656C613134s1

	Algebraic properties of word equations
	1 Introduction
	2 Solutions of word equations
	3 Word equations and polynomials
	4 Independent systems of word equations
	References


