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Notation

@ R is an associative ring with unit.
@ R-Mod is the category of left R-modules.

@ R-simp is a complete irredundant set of representatives of
the isomorphism classes of simple left R-modules.
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definition of a preradical

Definition
A preradical over the ring R is a functor ¢ : R-Mod — R-Mod
such that:

@ oM < M for each M € R-Mod.

@ For each homomorphism f: M — N, f(cM) < oN.
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Preradicals

R-pr as a complete (big) lattice

Let o, 7 in R-pr.
@ Order: o < 7 if for each M in R-Mod o(M) < 7(M)
@ Join: (o V1)(M) =o(M) + (M)
@ Meet: (o AT)(M) =o(M)N (M)
@ Least element: zero functor
@ Greatest element: identity functor

Note: Join and meet can be defined
for arbitrary classes of preradicals.
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Preradicals

another two operations in R-pr

Let o, 7 in R-pr.
@ Product: (o1)(M) = o(1(M)).
@ Coproduct: (o : 7)(M) is the submodule of M such that
o(M) < (o:7)(M)and (o :7)(M)/a(M)=1(M/o(M)).

Notation:
0'2 = 00

oo =(0:0)

o is idempotent if 0? = o.

o is a radical if oo = 0.

o is nilpotent if ¢ = 0 for some n.
o is unipotent if o, = 1 for some n.
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alpha and omega preradicals

Definition
Let M € R-Mod. A submodule N of M is called fully invariant

(written N < M) if for each endomorphism f : M — M we have
f(N) <N

For each M € R-Mod and each N <; M we define
the preradicals o and w¥ as follows:

Definition

Let K € R-Mod.
ay(K) = X {f(N) | f € Homp(M, K)}

W(K) = N{f~'(N) | f € Homg(K, M)}
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alpha and omega preradicals

some properties

Proposition

If o € R-pr then:
o= \{aM, | M e R-Mod} = N{wM, | M € R-Mod}.

Proposition

If o € R-pr and M, N € R-Mod then:
o(M)=N <= N <;Mand opf <o <wy.
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atoms and coatoms in R-pr

R-pr is an atomic and coatomic big lattice.

The set of atoms is {a£5|S € R-simp}.

The set of coatoms is {w!|/is a maximal ideal of R}.
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some definitions on primeness for preradicals

Definitions
o € R-pris called:
@ primeif o # 1 and for any 7, € R-pr T < o implies 7 < o
orn=Xo.
@ coprimeif o # 0 and for any 7, € R-pr o < (7 : n) implies
o=xTOro =Xn.

© semiprimeif ¢ # 1 and for any = € R-pr 7% < o implies
T 0.

© semicoprime if o # 0 and for any T € R-pr o < 1 implies
o=T.
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semicoprime preradicals: basic properties

Proposition
Leto € R—pr and {Ui}iel C R—pr. Then:
@ If o is semicoprime then o is coprime.

@ If o; is semicoprime for each i € I then \/,_, 0; is
semicoprime.

Q If o is semicoprime then e(c) is semicoprime.

e(c) = N\{r € R-pr|to = o} is called the equalizer of o.

/1

a q R g g q
For each maximal ideal / of R, g is @ coprime preradical.

Therefore \/{ag% |  maximal ideal of R} is semicoprime.
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product and coproduct of submodules

Let M € R-Mod and let K, L <;; M.
@ The product of K and Lin M is
(KL)m = alfa}!(M) = o} (L).
@ The coproduct of Kand Lin M is
(K:mL)= (WK Wi !(M).
In other words, (K :y L)/K = wM(M/K).

Notation: K2 = KK
Ko = (K : K).
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Definitions
Let M € R-Mod. N <4 M is called:
@ primein Mif N # M and for any K,L € R-Mod KL < N
implies K < Nor L <N.
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implies N < K.
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some definitions on primeness for modules

Definitions
M € R-Mod is called:
@ prime if O is prime in M.
@ coprime if M is coprime in M.
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some definitions on primeness for modules

M € R-Mod is called:
@ prime if O is prime in M.
@ coprime if M is coprime in M.
© semiprime if 0 is semiprime in M.

© semicoprime if M is semicoprime in M.
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two theorems involving modules and preradicals

Let M € R-Mod and let 0 # N <z M. The following conditions
are equivalent:

@ N is semicoprime in M.

M

aMi : . =
@ ay IS a semicoprime reradical

Let M € R-Mod be such that for each N <z M we have
(wi)o = WZ’V;N)- If o € R-pris semicoprime and o(M) # 0 then
o(M) is semicoprime in M.
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comparing three preradicals

Proposition

Let us consider the following preradicals:
@ % =\/{o € R-pr| o is semicoprime}.
Q= \/{ag% | 1is maximal ideal of R}.
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Some Operators

comparing three preradicals

Proposition

Let us consider the following preradicals:
@ % =\/{o € R-pr| o is semicoprime}.
Q= \/{ag% | 1is maximal ideal of R}.
©Q vo = A{r € R-pr| 7 is unipotent}.

Then n < 00 < 1.
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a characterization of rings

For a ring R the following conditions are equivalent:
@ Riis afinite product of simple rings.
@ Each coatom of R-pris a radical.
© 1 is a semicoprime preradical.
© kR s a semicoprime module.

Q O =1.
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7= N{p € Rpr |1 = p,pisaradical}

| A

Proposition

Q@ C:Rpr— Rprand( ): R-pr — R-prare
order-preserving assignments.

@ For each radical p we have C(p) < p.
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two operators on R-pr

Let 7 € R-pr. We define:
C(r) = \/{o € R-pr | o < 7,0 is semicoprime}
7= N{p € Rpr |1 = p,pisaradical}

| A

Proposition

Q@ C:Rpr— Rprand( ): R-pr — R-prare
order-preserving assignments.

@ For each radical p we have C(p) < p.
© For each semicoprime preradical o we have o < C(p).

N
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a Galois connection between R-scp and R-rad

Notation:
R-scp denotes the class of all semicoprime preradicals.
R-rad denotes the class of all radicals.

( ): R-scp — R-rad and C : R-rad — R-scp form a Galois
connection between those ordered classes of preradicals.

| A

Corollary

@ C( )is aclosure operator on R-scp .

@ C( ) is an interior operator on R-rad.

N
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