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> A algebra finite dimensional over a field K

> A~ algebra: replacing the product zy in A by the commutator
[z,y] = zy — yz, z,y € A.

> Ak(A) algebra: provided with commutator [z, y] = zy — yx and
associator A(x,y, z) = (zy)z — x(yz), ©,y,z € A.

A
associative = A~ Lie algebra
alternative —> A~ Malcev algebra

a(zy) = 2’y
(yo)z = ya®, 3,y € A

not necessarily associative — Ak(A) Akivis algebra

Malcev ) Akivis
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| CONVERSELY |

Theorem (Poincaré-Birkhoff-Witt)

Any Lie algebra is isomorphic to a subalgebra of A~ for a suitable
associative algebra A.

Theorem

An arbitrary Akivis algebra can be isomorphically embedded into an
Akivis algebra Ak(A) for an algebra A.

Reference: I. P. Shestakov, Every Akivis algebra is linear, Geometriae Dedicata 77
(1999), 215-223.

Malcev 2 ) Akivis v
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QUESTION:

Is any Malcev algebra isomorphic to a subalgebra of A~, for some
alternative algebra A?

> J. M. Pérez-Izquierdo and I. Shestakov: presented enveloping
algebra of Malcev algebras (constructed in a more general way)

enveloping algebra | generalize the enveloping algebra of Lie algebra
not alternative, in general
has a basis of P-B-W Theorem type
inherits properties of the enveloping of Lie algebras

Reference: J. M. Pérez-Izquierdo and I. P. Shestakov, An envelope for Malcev
algebras, J. Algebra 272 (2004), 379-393.

Not alternative!

QUESTION: Is the enveloping algebra for simple Malcev algebras alternative? )
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Simple Malcev algebras

ALGEBRAS

@ v s L endowed with a bilinear multiplication is Lie algebra if
L1 [z,y] = —[y, z] (anti-symmetry)
L2 [[z,y], 2] + [[y, 2], ] + [[2, 2], y] = 0 (Jacobi identity)

@ v s M endowed with a bilinear multiplication is Malcev algebra if
M1 zy = —yx (anti-symmetry)
M2 (zy)(zz) = ((zy)2)z + ((y2)x)z + ((22)z)y (Malcev identity)

© v s A endowed with a bilinear multiplication and a trilinear
multiplication A(, , ) is Akivis algebra if
Al [z,y] = —y, z] (@nti-symmetry)
A2 [z, y], 2] + [y, 2], =] + [z, 2], y] = Az, y,2) + Ay, 2, 7) + A(z, 2,y)
Ay, z,z) — Az, z,y) — A(z,y, x)
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Simple Malcev algebras

| SIMPLE MALCEV ALGEBRAS|

M is simple if it has no ideals except itself and zero, and M M # {0}.

A simple Malcev algebra is either a simple Lie algebra or isomorphic to
the 7-dim simple (non-Lie) Malcev algebras M («, 3,7). J

Simple Malcev algebra: (if field K char# 2, 3)

( simple Lie algebras

isomorphic to 7-dim simple (non-Lie) Malcev algebra M («, 3, 7),
L with a8y # 0
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Simple Malcev algebras

| SIMPLE MALCEV ALGEBRAS|

M is simple if it has no ideals except itself and zero, and M M # {0}.

A simple Malcev algebra is either a simple Lie algebra or isomorphic to
the 7-dim simple (non-Lie) Malcev algebras M («, 3,7). J

Simple Malcev algebra: (if field K algebraically closed, char= 0)

( simple Lie algebras : | special linear algebra A4,, (sl(n+ 1,K), n > 1)
orthogonal algebraB,, (so(2n + 1,K), n > 2)
symplectic algebraC,, (sp(2n,K), n > 3)
orthogonal algebraD,, (so(2n,K), n > 4)
exceptional Lie algebras: Fs, F7, Eg, Fy, Go

isomorphic to 7-dim simple (non-Lie) Malcev algebra M (—1,—-1,—1)

\
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Simple Malcev algebras

[ SIMPLE (NON-LIE) MALCEV ALGEBRA M(a, 5,7) |

e Each algebra M (a, 3, ) over a field K (char# 2) is isomorphic to
the algebra C~ /K, C is suitable Cayley-Dickson algebra over K.

e Two algebras of this type are isomorphic <= the corresponding
Cayley-Dickson algebras are isomorphic.

If {e1,...,er} is basis of M(«a, 3,7), the multiplication table:

€1 €92 €3 €4 €5 (& €7
el 0 es —Qes es —Qey —er7 aeg
ex | —es3 0 Be1 €6 er —Bes  —fes
e3 | aes —feq 0 er —aeg Bes  —afey
eq | —es  —eg  —er 0 Vel ez ves
€5 Qaey —er Qeg —Ye1 0 —Yes3 ayen
eg | er Bes —Bes —yea  es 0 —pBver
er | —aeg  Pes afes —yez3 —avyex fBye; 0
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Enveloping algebra of Lie algebras

‘ ENVELOPING ALGEBRA OF A LIE ALGEBRA‘

> L Lie algebra.

The universal enveloping algebra of L is a pair (,¢),
@ ilis associative algebra with identity element 1
@ 1: L — 4~ is Lie homomorphism

such that for any associative algebra B having an identity element 1
and any Lie homomorphism ¢ : L — B~

2t
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Enveloping algebra of Lie algebras

‘ ENVELOPING ALGEBRA OF A LIE ALGEBRA‘

> L Lie algebra.

The universal enveloping algebra of L is a pair (,¢),

@ ilis associative algebra with identity element 1

@ 1: L — 4~ is Lie homomorphism
such that for any associative algebra B having an identity element 1
and any Lie homomorphism ¢ : L — B~

there exists a unique homomorphism of algebras ¢’ : {{ — B such
that (1) =land p = ¢’ o
]

-2
N
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Enveloping algebra of Lie algebras

‘ PROPERTIES OF A ENVELOPING ALGEBRA‘

1. The pair (4, ¢) is unique (up to an isomorphism).

2. sl is generated by the image «(L) (as an algebra).

3. Ly, Lo Lie algebras and (i1,,¢1), (L1,, t2) are the respective
universal enveloping algebras, homomorphism « : Ly — L.
Then there exists a unique homomorphism o' : £, — &I, such
that .o 0 = o/ 04y,

L —=>1L,

0y 7)uz
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Enveloping algebra of Lie algebras

‘ PROPERTIES OF A ENVELOPING ALGEBRA‘

1. The pair (4, ¢) is unique (up to an isomorphism).

2. sl is generated by the image «(L) (as an algebra).

3. Ly, Lo Lie algebras and (i1,,¢1), (L1,, t2) are the respective
universal enveloping algebras, homomorphism « : Ly — L.
Then there exists a unique homomorphism o' : £, — &I, such
that .o 0 = o/ 04y,

L —=>1L,

0y 7)uz

Consequence of property 3. instead of study representations of Lie
algebras, we can study the representations of the universal enveloping
algebra (associative)
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Motivation Simple Malcev algebras Enveloping algebra of Lie algebras Enveloping algebra of simple Malcev al

4. I bilateral ideal in L and J ideal in 4{ generated by «(I). If l € L
then j: 1+ I — «(I) + J is a homomorphism of L/I into B,
where 98 = /7, and (8, 7) is a universal enveloping algebra for
L/I.

5. 4 has unique anti-automorphism = such that 7 o« = — and
2 =1.

6. There is unique homomorphism § of Ll into 4 ® LI (the diagonal
mapping of i) such that 6(c(a)) = t(a) ® 1 + 1 ® 1(a), a € L.

7. If D is a derivation in L then there exists unique derivation D’ in 4
suchthat oD =D"o.

Elisabete Barreiro (Univ. Coimbra, Portugal) ICAL Prague 2010 10/16



Enveloping algebra of Lie algebras

] EXISTENCE OF ENVELOPING ALGEBRA OF A LIE ALGEBRA\
> Tensor algebra of Lie algebra L:

T(L)=JT'L=1"LUT'LUT*LU---U I"L U--
\ ~~ ~~ ~~ S~
=0 K L L®L L@ QL
(m copies)
V@ QU)W @ W) =11 Q@ QUp W Q- @ Wy, € TTTFL

Tensor algebra T'(L) | associative algebra with unit element

generated by 1 with any basis of L

> J two sided ideal in T'(L) generated by the elements:

ry—yRz—|z,y],Ya,y € L.

> M(L)=T(L)/Jand v: L — (L) defined by t(z) =z + J,z € L

’ (U(L), ) enveloping algebra of L ‘
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Enveloping algebra of Lie algebras

Poincaré-Birkhoff-Witt Theorem

L Lie algebra (finite or infinite dimensional)
{z1,z2,...} ordered basis of L. Then:

x21®$12®®$1ka 1 <o < - <0, k € N.

with the unit element, form a basis of $(L).

If dim L < oo
{z1,...,x,} ordered basis of L. Then:

it @ @apm, withm; >0 (i=1,...,n)

form a basis of LI(L).
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Enveloping algebra of simple Malcev algebras

| OUR APPROACH: |

> Root space decomposition of (non-Lie) Malcev algebra M («, 3, 7):
<h=ei1>

—~~
Mo, B,7v)= H @M z®&M_, g,

M; /5 = <:U1 = e3 + ivaeg, 1o = e5 +iv/aey, 13 = e7 — i\/566>,
M_; /e = <y1 = e3 —ivaey, Yo = e5 — iv/aes, Yz = er + i\/a€6>-

multiplication table:

h T1 T2 T3 Y1 Y2 Y3
h 0 i/azy ivazy i/azg —iyayy —iyVays —iyvays
1 —ivaz 0 2i~/ay3 —2iv/aBya 2i/aBh 0 0
To —iyvazs —2i/ays 0 2iv/ayy1 0 2iy/avyh 0
z3 | —iazz  2iv/aByz —2iv/ayy1 0 0 0 2i/afyh
Y1 ivayy —2i/aBh 0 0 0 —2i/ars 2iy/aBzo
Yo ivays 0 —2i/avh 0 2i/azs 0 —2iy/ayzy
Y3 ivays 0 0 —2ivapyh  —2iaBzy 2ivayzy 0
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Enveloping algebra of simple Malcev algebras

Recover the initial algebra of the simple (non-Lie) Malcev algebra
7-dimensional M («, 53,7).
Enveloping algebra U(M («, ,7)):

@ alternative algebra generated by h, z1, x2, 3, Y1, Y2, ¥3

@ multiplication zy satisfying relation: zy — yx = [z, y], where
commutator [,] is multiplication in M («, ,7)
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Enveloping algebra of simple Malcev algebras

Relations holding in any alternative algebra:

(@,y,2) = §J(2,9,2), [z,9]o(x,9,2)=0,| Va,y,2 € UM(a, 5,7))

Jacobian J(z,y, z) = [[z,y], 2] + [[v, 2], z] + [[2, z], y], associator (z,y, z) = (zy)z — z(yz),
Jordan product z o y = zy + yz.

Reference: K. A. Zhevlakov, A. M. Slinko, I. P. Shestakov, A. I. Shirshov, Rings that are nearly
associative Academic Press, New York, 1982.

Multiplication table in U(M (a, 3,7)):

h T z2 z3 Y1 Y2 Y3
h 0 i@xl i@zz i@xg —z£y1 —ZLyQ —z£y3
oy | =i 0 iays  —ivafy:  ivaph 0 0
ey | —ixy  —ivays 0 iy 0 ivavh 0
o3 | —ifes  ivaBy:  —ivaym 0 0 0 ivapyh
v | iy —iyaBh 0 0 0 —iars  ivaBaa
yo | iy 0 —iJavh 0 ivars 0 —iv/ayz1
ys | iy 0 0 —ivapyh  —ivapzy _ivayz 0
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Enveloping algebra of simple Malcev algebras

PROPOSITION
The algebra U(M («, 8,7)) is alternative <= it is trivial. J
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Enveloping algebra of simple Malcev algebras

PROPOSITION
The algebra U(M («, 3,7)) is alternative <= it is trivial.

CONCLUSION:

A associative = A~ Lie algebra

A alternative = A~ Malcev algebra

Given an simple Malcev algebra M of finite dimension:

¢ If M is Lie algebra then there exists an associative algebra A such
that M C A~

e If M is Malcev algebra then does not exist an alternative algebra A
(apart from the trivial) such that M c A~
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