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Preliminaries and definitions

B. M. Schein (1992) considered systems of the form (®; 0, ),
where @ is a set of functions closed under
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@ the composition " 0" of functions (and hence (¥, 0) is a
function semigroup), and
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Preliminaries and definitions

B. M. Schein (1992) considered systems of the form (®; 0, ),
where @ is a set of functions closed under

@ the composition " 0" of functions (and hence (¥, 0) is a
function semigroup), and

o the set theoretic subtraction "\" (and hence is a subtraction
algebra in the sense of Abbott (1969)).
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Preliminaries and definitions

Preliminaries and definitions

Definition of a subtraction algebra

By a subtraction algebra we mean an algebra (X; —) with a single

binary operation "-" that satisfies the following identities: for any
x,y,z € X,
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Preliminaries and definitions

Preliminaries and definitions

Definition of a subtraction algebra

By a subtraction algebra we mean an algebra (X; —) with a single

binary operation "-" that satisfies the following identities: for any
x,y,z € X,
(§1) x—(y —x) = x;
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Preliminaries and definitions

Preliminaries and definitions

Definition of a subtraction algebra

By a subtraction algebra we mean an algebra (X; —) with a single
binary operation "-" that satisfies the following identities: for any
x,y,z € X,

(S1) x—(y —x) =x;
(52) X*(X*y)zy*(y*X)
(53) (x—y)—z=(x—-2) -

The last identity permits us to omit parentheses in expressions of
the form (x — y) — z.
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Preliminaries and definitions

An order in a subtraction algebra

The subtraction determines an order relation on X:
a<bifandonlyifa—b=0

where 0 = a — a is an element that does not depend on the choice
of a € X. We let

A. Yousefian Darani Some new classes of ideals in subtraction algebras



Preliminaries and definitions

An order in a subtraction algebra

The subtraction determines an order relation on X:
a<bifandonlyifa—b=0

where 0 = a — a is an element that does not depend on the choice
of a € X. We let

@ aANb=a—(a—b)
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Preliminaries and definitions

An order in a subtraction algebra

The subtraction determines an order relation on X:
a<bifandonlyifa—b=0

where 0 = a — a is an element that does not depend on the choice
of a € X. We let

@ aANb=a—(a—b)

@ The complement of an element b € [0, a] is a — b;
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Preliminaries and definitions

An order in a subtraction algebra

The subtraction determines an order relation on X:
a<bifandonlyifa—b=0

where 0 = a — a is an element that does not depend on the choice
of a € X. We let

@ aANb=a—(a—b)
@ The complement of an element b € [0, a] is a — b;

e If b,c €0, a], then
bvec=(bA)Y=a-((a—b)A(a—¢c)) =
a—((a—b)—(((a—b)—(a—c)))).
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Preliminaries and definitions

Properties of a subtraction algebra

In a subtraction algebra X, the following are true:
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Preliminaries and definitions

Properties of a subtraction algebra

In a subtraction algebra X, the following are true:

(p1) (x—y)—y=x—y.

(p2) x—0=xand 0 —x = 0.

(p3) (x —y) —x=0.

(p4) x—(x—y) <.

(p5) (x=y)—(y —x)=x—vy.

(06) x— (x— (x—y)) =x— .

(p7) (x=y)—(z-y)<x—2z

(p8) x <y if and only if x =y — w for some w € X.

(p9) x <y impliesx—z<y—zandz—y <z—xforall ze X.

(p10) x,y < z implies that x —y = x A (z — y).

A. Yousefian Darani Some new classes of ideals in subtraction algebras



Preliminaries and definitions

Definition of an ideal
A nonempty subset A of a subtraction algebra X is called an ideal

of X if it satisfies:
(I1) 0 € A.
(I2) y e Aand x — y € Aimply x € A for all x,y € A.

Definition of a prime ideal
Let X be a subtraction algebra. A prime ideal of X is defined to be
a proper ideal P of X such that if x Ay € P then x € Por y € P.
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Preliminaries and definitions

Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Set

(A:x S)={xe X|xANs e Aforeverysc S}
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Preliminaries and definitions

Definition and propo
Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Set

(A:x S)={xe X|xANs e Aforeverysc S}

Then
e If S = {s}, then we write (A :x s) instead of (A :x S).
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Preliminaries and definitions

on and proposition

Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Set

(A:x S)={xe X|xANs e Aforeverysc S}

Then

e If S = {s}, then we write (A :x s) instead of (A :x S).
o (A:x S)is an ideal of X and is called the residual of A by S.
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Preliminaries and definitions

Definition and proposition
Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Set

(A:x S)={xe X|xANs e Aforeverysc S}

Then
e If S = {s}, then we write (A :x s) instead of (A :x S).
o (A:x S)is an ideal of X and is called the residual of A by S.

@ The annihilator of S in X is the set (0 :x S) and we denote it
by Ann(S).
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Primal ideals

Primal ideals

Let X be a subtraction algebra and let A be an ideal of X. An
element a € X is called prime to A if

aNbeA(be X)=becA

Denote by S(A) the set of all elements of X that are not prime to
A, So

S(A)={ae X|anbec Aforsome be X\A}
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Primal ideals

Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Then
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Primal ideals

Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Then
(1) AC (A:x S). In particular A C (A :x x) for every x € X.
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Primal ideals

Let X be a subtraction algebra, A an ideal of X and S a nonempty
subset of X. Then

(1) AC (A:x S). In particular A C (A :x x) for every x € X.

(2) x € X is prime to A if and only if A = (A :x x).
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Primal ideals

Ezamplel
Let X ={0,x,y,1} and define” —"

on X by

< X OO

< X O
< < O O X

It is easy to check that (X; —) is a
operation A on X is as follows:

X O X O
O O O o+

subtraction algebra. Then the

A. Yousefian Darani
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Primal ideals

< X O >
O O O OO
X O X O X
< < O O
R< X Ol

Now set /| = {0,x}. Then / is an ideal of X.
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Primal ideals

< X O >
O O O OO
X O X O X
< < O O
R< X Ol

Now set /| = {0,x}. Then / is an ideal of X.

@ The element x is not prime to / since y € X\/ with
xANy=0¢€l.
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Primal ideals

< X O >
O O O OO
X O X O X
< < O O
R< X Ol

Now set /| = {0,x}. Then / is an ideal of X.
@ The element x is not prime to / since y € X\/ with
xANy=0¢€l.
@ Also y is prime to /, for if z € X is such that y A z € /, then
y A z=0. Thus either z =0 or z = x both lie in X.
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Primal ideals

Primeness of adjoint ideal

Let X be a subtraction algebra and let A be an ideal of X. If S(A)
is a proper ideal of X, then S(A) is a prime ideal of X.
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Primal ideals

Definition of a primal ideal

Let X be a subtraction algebra and let A be an ideal of X.

e Ais said to be a primal ideal of X provided that S(A) forms
an ideal of X. If S(A) is a proper ideal of X, then it is a prime
ideal of X, called the adjoint prime ideal P of A. In this case
we also say that A is a P-primal ideal of X.
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Primal ideals

Definition of a primal ideal

Let X be a subtraction algebra and let A be an ideal of X.

e Ais said to be a primal ideal of X provided that S(A) forms
an ideal of X. If S(A) is a proper ideal of X, then it is a prime
ideal of X, called the adjoint prime ideal P of A. In this case
we also say that A is a P-primal ideal of X.

o X is called a coprimal subtraction algebra provided that the
zero ideal of X is primal.
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Primal ideals

An example of a primal ideal

Ezxample2

Let X ={0,1,2,3,4,5} and define” —" on X by

1B W N R OO
01 O O U1 O O~
O O WO WwolN
Gl O N P OW
C1 O W Ol W o~
O B~ WP = OO

g AW~ o]
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Primal ideals

Then (X; —) is a subtraction algebra. The operation A on X is as
follows:

Tl AWN R o>
[cNoNoNoNoNollo
O WD KHOIR
g~ O N D OIN
OO WO WOolw
or~O DM DON
1O O Ul O oo
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Primal ideals

Set A= {0,4}. Then Ais an ideal of X and:
e S(A) = X. So Ais a primal ideal of X.
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Primal ideals

Set A= {0,4}. Then Ais an ideal of X and:
e S(A) = X. So Ais a primal ideal of X.
@ Ais not a prime ideal of X since 3 A2 =0 € A but neither 3
nor 2 belong to A. Therefore a primal ideal of X need not be

primal. We will prove in a theorem that every prime ideal of
X is primal.
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Primal ideals

Set A= {0,4}. Then Ais an ideal of X and:
e S(A) = X. So Ais a primal ideal of X.
@ Ais not a prime ideal of X since 3 A2 =0 € A but neither 3
nor 2 belong to A. Therefore a primal ideal of X need not be

primal. We will prove in a theorem that every prime ideal of
X is primal.

e By (1), for an ideal A of a subtraction algebra X, S(A) need
not be a proper ideal of X.
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Primal ideals

Let X be a subtraction algebra and A an ideal of X.
(1) If Ais proper, then A C S(A).
(2) If Ais a P-primal ideal of X, then A C P.
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Primal ideals

Prime=- primal

Let X be a subtraction algebra. Then every prime ideal of X is
primal.
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Primal ideals

Definition of a zero-divisor

Definition

Let X be a subtraction algebra. An element a € X is called a
zero-divisor of X provided that a A b = 0 for some nonzero element

be X.
Is an ideal of 7
Let X = {0,x,y,1} and assume that " —" is defined on X as in

Examplel. Then:
o Z(X) = {0,x,y}.
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Primal ideals

Definition of a zero-divisor

Definition

Let X be a subtraction algebra. An element a € X is called a
zero-divisor of X provided that a A b = 0 for some nonzero element
be X.

Is an ideal of 7
Let X = {0,x,y,1} and assume that " —" is defined on X as in
Examplel. Then:

e Z(X)=1{0,x,y}.

@ Sincel—-x=yeX,xeXbutl¢X,soZ(X)is not an

ideal of X. This example shows that, for a subtraction algebra
X, Z(X) need not necessarily be an ideal of X.
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Primal ideals

Determining the coprimality via

Let X be a subtraction algebra. Then X is coprimal if and only if
Z(X) is an ideal of X.
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Weakly prime and weakly primal ideals

Weakly prime ideals

Let X be a subtraction algebra. An ideal P of X is said to be a
weakly prime ideal of X if whenever 0 # x A y € P then either
x€PoryeP.
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Weakly prime and weakly primal ideals

Prime=- weakly prime but not conversely

Let X be a subtraction algebra.
(1) Every prime ideal of X is weakly prime.
(2) Let X = {0,a, b, c,d} be a set with the following Cayley table:

o 0 T v OO
o v O w OlT
O N0 T v O Q

o 0 T v O
O T T O O|lw
O O O O Oln

Then (X; —) is a subtraction algebra. The operation A on X is as
follows:
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Weakly prime and weakly primal ideals

o 0 T v O

O O O O OO0
O v O v Olw
O T T O O|T
O 0 T v Ol0
O O O O Oola

Set P = {0, b}. Then
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Weakly prime and weakly primal ideals

o 0 T v O

O O O O OO0
O v O v Olw
O T T O O|T
O 0 T v Ol0
O O O O Oola

Set P = {0,b}. Then

o P is a weakly prime ideal of X since if 0 # x A y € P, then
x Ay = b. One can check that in any cases either x = b or
y = b, that is either x € P or y € P.
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Weakly prime and weakly primal ideals

O O O O oOolo
O T T O O|T
O 0O T v Ol0n
O O O O Ol

o N0 T v O
O v O v O|lw

Set P = {0,b}. Then
o P is a weakly prime ideal of X since if 0 # x A y € P, then
x Ay = b. One can check that in any cases either x = b or
y = b, that is either x € P or y € P.
e cANd=0¢€ P while c ¢ Pand d ¢ P. Therefore P is not a
prime ideal of X.
This example shows that a weakly prime ideal of X need not
necessarily be prime.
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Weakly prime and weakly primal ideals

A characterization for weakly prime ideals

Let P be a proper ideal of a subtraction algebra X. Then the
following are equivalent:

(i) P is weakly prime.

(ii) For every pair of ideals A and B of X, 0 # AA B C P implies
that AC Por B C P.
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Weakly prime and weakly primal ideals

Let X be a subtraction algebra and let A be an ideal of X. An
element a € X is called weakly prime to Aif 0 £aAbec A

(b € X) implies that b € A. We denote by w(A) the set of all
elements of X that are not weakly prime to A.
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Weakly prime and weakly primal ideals

Remark

Let A be a proper ideal of a subtraction algebra X.
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Weakly prime and weakly primal ideals

Remark

Let A be a proper ideal of a subtraction algebra X.
o 0 is always weakly prime to A, so 0 ¢ w(A).
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Weakly prime and weakly primal ideals

Remark

Let A be a proper ideal of a subtraction algebra X.
o 0 is always weakly prime to A, so 0 ¢ w(A).

e If a € X is prime to A, then a is weakly prime to A.
Consequently w(A) C S(A).
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Weakly prime and weakly primal ideals

Remark

Let A be a proper ideal of a subtraction algebra X.
o 0 is always weakly prime to A, so 0 ¢ w(A).

e If a € X is prime to A, then a is weakly prime to A.
Consequently w(A) C S(A).

e w(0) = () where 0 is the zero ideal of X.
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Weakly prime and weakly primal ideals

Let X be a subtraction algebra and let A be an ideal of X. If
P := w(A) U {0} is an ideal of X, then P is a weakly prime ideal
of X.
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Weakly prime and weakly primal ideals

Definition of weakly primal ideals

Definition

Let X be a subtraction algebra and let A be an ideal of X. A'is
said to be a weakly primal ideal of X provided that

P := w(A)U {0} forms an ideal of X; this ideal is always a weakly
prime ideal, called the weakly adjoint ideal P of A. In this case we
also say that A is a P-weakly primal ideal of X.
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Weakly prime and weakly primal ideals

In this example we show that the concepts " primal ideal” and
"weakly primal ideal” are different concepts. Indeed we show that
neither imply the other. Let X = {0,1,2,3,4,5} and define " —"
on X as in the Example2.
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Weakly prime and weakly primal ideals

In this example we show that the concepts " primal ideal” and
"weakly primal ideal” are different concepts. Indeed we show that
neither imply the other. Let X = {0,1,2,3,4,5} and define " —"
on X as in the Example2.

Example (Primal # weakly primal)

Set A= {0,4}. Then, by Example2, A is a primal ideal of X. It is
easy to see that w(A) = {1,2,4}. Set

P=w(A)u{0} ={0,1,2,4}. Sincel1 € P,3—1=0¢€ P and
3¢ P, Pis not an ideal of X. So A is not a weakly primal ideal of
X. This example shows that a primal ideal need not be weakly
primal.
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Weakly prime and weakly primal ideals

Ezample (Weakly primal # primal)

Now set B = {0,3}. Then B is an ideal of X. Also
S(B)={0,1,3,4,5}. Since1 € S(B),2—1=5¢ S(B) and

2¢ S(B), S(B) is not an ideal of X. So B is not a primal ideal of
X. Moreover w(B) = {3}. Hence w(B) U {0} = B. So B is a
weakly primal ideal of X. This example shows that a weakly primal
ideal of X need not be primal.

V.
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2-absorbing and weakly 2-absorbing ideals

2-absorbing and weakly 2-absorbing ideals

A proper ideal A of a subtraction algebra X is said to be a
2-absorbing (resp. weakly 2-absorbing) ideal if whenever
a,b,ce X withaANbAceA, (resp. 04 aAbAc € A) then
aANbeAoraNce Aor bAc €A
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2-absorbing and weakly 2-absorbing ideals

We can generalize the concept of 2-absorbing ideals in a
subtraction algebra X to the concept of (1, m)-absorbing ideals.
Suppose that m, n are two positive integers with n > m. We say
that an ideal A of X is a (n, m)-absorbing ideal if whenever

ai, as,...,a, € X and a; A a»... A\ a, € A, then there are m of a;’s
whose meet lies in X. The concept of weakly (m, n)-absorbing
ideals is defined in a similar way.
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2-absorbing and weakly 2-absorbing ideals

Let X be a subtraction algebra and assume that A is an ideal of X.
Then
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2-absorbing and weakly 2-absorbing ideals

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.
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2-absorbing and weakly 2-absorbing ideals

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.
@ Every prime ideal of X is 2-absorbing.
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2-absorbing and weakly 2-absorbing ideals

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.
@ Every prime ideal of X is 2-absorbing.

o Every weakly prime ideal of X is weakly 2-absorbing.
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2-absorbing and weakly 2-absorbing ideals

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.
@ Every prime ideal of X is 2-absorbing.

Every weakly prime ideal of X is weakly 2-absorbing.

(]

A'is (n, m)-absorbing if and only if it is (m + 1, m)-absorbing.
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2-absorbing and weakly 2-absorbing ideals

Proposition

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.

@ Every prime ideal of X is 2-absorbing.

o Every weakly prime ideal of X is weakly 2-absorbing.

e Ais (n, m)-absorbing if and only if it is (m + 1, m)-absorbing.

e If Ais (n, m)-absorbing, then it is (n, k)-absorbing for every
positive integer k > n.
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2-absorbing and weakly 2-absorbing ideals

Proposition
Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.

@ Every prime ideal of X is 2-absorbing.

o Every weakly prime ideal of X is weakly 2-absorbing.

A'is (n, m)-absorbing if and only if it is (m + 1, m)-absorbing.

(]

(]

If A'is (n, m)-absorbing, then it is (n, k)-absorbing for every
positive integer k > n.

Ais a prime ideal if and only if it is a (2, 1)-absorbing ideal.
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2-absorbing and weakly 2-absorbing ideals

Proposition

Let X be a subtraction algebra and assume that A is an ideal of X.
Then

o Every 2-absorbing ideal of X is weakly 2-absorbing.

@ Every prime ideal of X is 2-absorbing.

o Every weakly prime ideal of X is weakly 2-absorbing.

A'is (n, m)-absorbing if and only if it is (m + 1, m)-absorbing.

(]

If A'is (n, m)-absorbing, then it is (n, k)-absorbing for every
positive integer k > n.

(]

Ais a prime ideal if and only if it is a (2, 1)-absorbing ideal.

A is a 2-absorbing ideal if and only if it is a (3, 2)-absorbing
ideal.
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2-absorbing and weakly 2-absorbing ideals

Examples of -absorbing and weakly ~-absorbing

Theorem

Let X be a subtraction algebra.

o If P; and P» are distinct prime ideals of X, then P; N P> is a
2-absorbing ideal of X.

A. Yousefian Darani Some new classes of ideals in subtraction algebras



2-absorbing and weakly 2-absorbing ideals

Examples of -absorbing and weakly ~-absorbing

Theorem

Let X be a subtraction algebra.

o If P; and P» are distinct prime ideals of X, then P; N P> is a
2-absorbing ideal of X.

o If P; and P, are distinct weakly prime ideals of X, then
P1 N Py is a weakly 2-absorbing ideal of X.
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2-absorbing and weakly 2-absorbing ideals

Thank you for your
attention.
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